


Richard Ohnsorge

Einführung in die Mathematik III



E I N F Ü H R U N G E N
– Naturwissenschaften –

Band 3

LIT



Richard Ohnsorge

Einführung in die Mathematik III
Differentialgeometrie und Funktionalanalysis

LIT



Bibliografische Information der Deutschen Nationalbibliothek
Die Deutsche Nationalbibliothek verzeichnet diese Publikation in der
Deutschen Nationalbibliografie; detaillierte bibliografische Daten sind
im Internet über http://dnb.d-nb.de abrufbar.

ISBN 978-3-643-11309-2

© LIT VERLAG Dr. W.Hopf Berlin 2011
Verlagskontakt:
Fresnostr. 2 D-48159 Münster
Tel. +49 (0) 2 51-620320 Fax +49 (0) 2 51-92260 99
e-Mail: lit@lit-verlag.de http://www.lit-verlag.de

Auslieferung:
Deutschland: LIT Verlag Fresnostr. 2, D-48159 Münster
Tel. +49 (0) 2 51-620 32 22, Fax +49 (0) 2 51-922 60 99, e-Mail: vertrieb@lit-verlag.de

Österreich: Medienlogistik Pichler-ÖBZ, e-Mail: mlo@medien-logistik.at



C∗





Rn

R2

R3



C(X, K)

f : G ⊂ X → K



A∗

C∗

C∗





‖ v ‖2:=

√√√√ n∑
i=1

v2
i

M(m × n) = {m × n − aij ∈ R}
A ∈ M(2 × 2, R) AT A = AAT = 1

∃u ∈ [0, 2π) : A =
(

cos u − sin u
sin u cos u

)
det A = 1

u ∈ {0, π}
1 −1

∃u ∈ [0, 2π) : A =
(

cos u sin u
sin u − cos u

)
det A = −1

1,−1

A =
(

a b
c d

)
AT A = 12

AAT =
(

a b
c d

)(
a c
b d

)

=
(

a2 + b2 ac + bd
ac + bd c2 + d2

)
=
(

1 0
0 1

)



a2 + b2 = 1
c2 + d2 = 1

}
⇒ ∃u′ ∈ [0, 2π) :

⎧⎪⎪⎨
⎪⎪⎩

a = cos u
b = sin u
c = sin u′

d = cos u′

0 = ac + bd

= cos u sin u′ + sin u cos u′

= sin(u + u′)
⇐⇒ u + u′ ∈ Zπ

u + u′ = 2π

c = sin u′ = sin(2π − u) = − sin u

d = cos u′ = cos(2π − u) = cos u

det A = ad − bc = cos u cos u − sin u(− sin u) = 1

u + u′ = π

c = sin u′ = sin(π − u) = sin u

d = cos u′ = cos(π − u) = − cos u

det A = ad − bc = cos u(− cos u) − sin u sin u = −1

det(A − tE) =
∣∣∣∣ cos u − t − sin u

sin u cos u − t

∣∣∣∣
= (cos u − t)2 + sin2 u

= t2 − 2t cos u + 1

det(A − tE) = 0 ⇐⇒ 4 cos2 u − 4 ≥ 0
⇐⇒ cos2 u = 1
⇐⇒ u ∈ {0, π}
⇒ ±1

det(A − tE) =
∣∣∣∣ cos u − t sin u

sin u − cos u − t

∣∣∣∣
= − cos2 u − t cos u + t cos u + t2 − sin2 u

= t2 − 1 = (t − 1)(t + 1)



F : Rn → Rn ⇐⇒

∀v, w ∈ V : 〈F (v), F (w)〉 = 〈v, w〉

∀v ∈ V : ‖ F (v) ‖=‖ v ‖
〈v, w〉 = 0 ⇒ 〈F (v), F (w)〉 = 0

F−1

|c| = 1

‖ F (v) ‖2= 〈F (v), F (v)〉 = 〈v, v〉 =‖ v ‖2

〈F (v), F (w)〉 = 〈v, w〉 = 0

‖ F (v) ‖= 0 ⇒ ‖ v ‖=‖ F (v) ‖= 0
⇒ v = 0

F : V → V v, w ∈ V〈
F−1(v), F−1(w)

〉
=
〈
F (F−1(v)), F (F−1(w))

〉
= 〈v, w〉

‖ v ‖=‖ F (v) ‖=‖ cv ‖= |c| ‖ v ‖

|c| = 1

p(x) = ax3 + bx2 + cx + d = 0 a 
= 0
R

p(x) = ax3 + bx2 + cx + d = 0 a 
= 0
a > 0

lim
x→∞

p(x)
x2

= lim
x→∞

(
ax + b +

c

x
+

d

x2

)
= a lim

x→∞x + b = ∞

lim
x→−∞

p(x)
x2

= lim
x→∞

(
ax + b +

c

x
+

d

x2

)
= a lim

x→−∞x + b = −∞



p(x) > x2 > 0
p(y) < −y2 < 0

u p(u) = 0 a < 0

A ∈ M(3 × 3, R) AT A = AAT = 1
det A = 1

A =

⎛
⎝ −1 0 0

0 1 0
0 0 −1

⎞
⎠ A =

⎛
⎝ 1 0 0

0 cos u − sin u
0 sin u cos u

⎞
⎠

det A = −1

A =

⎛
⎝ 1 0 0

0 1 0
0 0 −1

⎞
⎠ A =

⎛
⎝ −1 0 0

0 cos u − sin u
0 sin u cos u

⎞
⎠

det(A − tE) = x3 + ...

R

∃ c1 = ±1 w1

w1 w1, w2, w3

W = Lin(w2, w3)

〈F (w2), w1〉 =
1
c1

〈F (w2), F (w1)〉

=
1
c1

〈w2, w1〉 = 0

〈F (w3), w1〉 =
1
c1

〈F (w3), F (w1)〉

=
1
c1

〈w3, w1〉 = 0

W = Lin(w2, w3)
F |W : W → W



∀v, w ∈ R3 : 〈F (v), F (w)〉 = 〈v, w〉
⇒ ∀v, w ∈ W : 〈F (v), F (w)〉 = 〈v, w〉

F |W : W → W

MB(F ) =
(

c1 0
0 A′

)
=: A

det A = c1 det A′

det A = 1, c1 = −1
det A′ = −1 w1, w2

c2 = 1, c3 = −1

A =

⎛
⎝ −1 0 0

0 1 0
0 0 −1

⎞
⎠

det A = 1, c1 = 1
det A′ = 1

∃u ∈ (0, 2π) : A =

⎛
⎝ 1 0 0

0 cos u − sin u
0 sin u cos u

⎞
⎠

det A = −1, c1 = 1
det A′ = −1 w1, w2

c2 = 1, c3 = −1

A =

⎛
⎝ 1 0 0

0 1 0
0 0 −1

⎞
⎠

det A = −1, c1 = −1
det A′ = 1

∃u ∈ (0, 2π) : A =

⎛
⎝ −1 0 0

0 cos u − sin u
0 sin u cos u

⎞
⎠



Rn

f ∈ C∞ ⇐⇒
I ⊂ R c : I → Rn ⇐⇒ c ∈ C∞

∀t ∈ I : ċ(t) 
= 0

c : R → Rn, t �→ c0 + t · v
v, c0 ∈ Rn v 
= 0

c : R → R2, t �→
(

r cos t

r sin t

)
r > 0

c : R → R3, t �→
⎛
⎝ r sin t

r cos t
ht

⎞
⎠

r > 0 h > 0

ċ(t) = v

‖ ċ(t) ‖2 = ‖ v ‖2
v �=0
> 0

ċ(t) =
(−r sin t

r cos t

)
‖ ċ(t) ‖2 = (−r sin t)2 + (r cos t)2

= r2 > 0



ċ(t) =

⎛
⎝ r cos t

−r sin t
h

⎞
⎠

‖ ċ ‖2 = r2 cos2 t + r2 sin2 t + h2

= r2 + h2 > 0

c : I → Rn J ⊂ R
g : J → I g, g−1

J
c̃=c◦g−→ Rn

g ↘ ↗ c
I

c̃ = c ◦ g : J → Rn

⇐⇒

∀t ∈ J : ġ(t) > 0

∀t ∈ I :
d

dt
(g−1)(t) > 0

⇐⇒

∀t ∈ J : ġ(t) < 0

∀t ∈ I :
d

dt
(g−1)(t) < 0

c ◦ g

id : R → R, t �→ t



d

dt
id ≡ 1

1 =
(

d

dt
id

)
(t)

=
d

dt
(g−1 ◦ g)(t)

=
(

dg−1

dt

)
(g(t)) · ġ(t)

∀t ∈ J : ġ(t) 
= 0

ġ

∃s, t : ġ(s) > 0 ġ(t) < 0

ġ

∃u ∈ J : ġ(u) = 0

∀t ∈ J : ġ(t) 
= 0

(
d

dt
g−1

)
(g(t)) =

1
ġ(t)

d

dt
c̃(t) =

d

dt
(c ◦ g)(t)

= ċ(g(t))︸ ︷︷ ︸
�=0,

ġ(t)︸︷︷︸
�=0,


= 0

g : R → R, t �→ 2t

g : R → R, t �→ −t



g−1 : R → R, t �→ 1
2
t

C∞
d

dt
c̃(t) = ċ(g(t)) · ġ(t) = 2ċ(g(t))

g = g−1 C∞

d

dt
c̃(t) = ċ(g(t)) · ġ(t) = −ċ(g(t))

c : I → Rn ⇐⇒

∀t ∈ I : ‖ ċ(t) ‖= 1

⇐⇒

∃K ∈ R ∀t ∈ I : ‖ ċ(t) ‖≡ K

c : I → Rn g

c ◦ g : J → Rn

t0 ∈ I

h : I → Rn, s �→
∫ s

t0

‖ ċ(t) ‖︸ ︷︷ ︸
>0

dt

h′(s) =‖ ċ(s) ‖> 0

h ∈ C∞

h : I → h(I)

h−1

g := h−1 : h(I) → I



g, h ∈ C∞

ġ(t) =
(

d

dt
h−1

)
(t)

=
1

h′(g(t))
=

1
‖ ċ(g(t)) ‖

∥∥∥∥ d

dt
(c ◦ g)(t)

∥∥∥∥ = ‖ ċ(g(t))ġ(t) ‖

=
∥∥∥∥ċ(g(t))

1
‖ ċ(g(t) ‖

∥∥∥∥
= 1

c1 : I1 → Rn c2 : I2 → Rn g : I1 → I2

c1 = c2 ◦ g
c1 c2

∃t0 ∈ R : g(t) = t + t0

c1 c2

∃t0 ∈ R : g(t) = −t + t0

1 = ‖ ċ1(t) ‖
=

∥∥∥∥ d

dt
(c2 ◦ g)(t)

∥∥∥∥
= ‖ ċ2(g(t)) · ġ(t) ‖
= ‖ ċ2(g(t)) ‖︸ ︷︷ ︸

=1

|ġ(t)| = |ġ(t)|

c1 c2 ġ(t) > 0

∀t ∈ I1 : ġ(t) = 1

g(t) = t + t0



c1 c2 ġ(t) < 0

∀t ∈ I1 : ġ(t) = −1

g(t) = −t + t0

A · AT = AT · A = 1 b ∈ Rn

F : Rn → Rn, v �→ Av + b

Rn

n × n b ∈ Rn

F (x) = Ax + b

c : I → Rn F ◦c

d

dt
(F ◦ c)(t) =

d

dt
(Ac(t) + b) = Aċ(t)

∥∥∥∥ d

dt
(F ◦ c)(t)

∥∥∥∥2

= 〈Aċ(t), Aċ(t)〉

=
〈
AT Aċ(t), ċ(t)

〉
= 〈ċ(t), ċ(t)〉 = 1

c1, c2 : I → Rn ⇐⇒
g : J → I c1 = c2 ◦ g

c1, c2 ⇐⇒
g : J → I c1 = c2 ◦ g



c1 ∼ c1 J = I

id, id−1 : I → I, t �→ t

c1 = c2 ◦ id
c1 ∼ c2 ⇒ c2 ∼ c1 c1 = c2 ◦ g
g−1

c2 = c2 ◦ g ◦ g−1 = c1 ◦ g−1

c1 ∼ c2, c2 ∼ c3 ⇒ c1 ∼ c3 c1 = c2 ◦ g c2 = c3 ◦ h
g ◦ h (g ◦ h)−1 = h−1 ◦ g−1

d

dt
(g ◦ h) = ġ(h(t))︸ ︷︷ ︸

>0

· ḣ(t)︸︷︷︸
>0

> 0

c1 = c2 ◦ g = c3 ◦ h ◦ g

∀t ∈ J : ġ(t) > 0

∀t ∈ J : ġ(t) < 0



Rn P = (a0, . . . , ak)
ai ∈ Rn ai+1 
= ai i = 0, . . . , k − 1

P = (a0, . . . , ak)

L(P ) =
k−1∑
i=0

‖ ai+1 − ai ‖

(ai, ai+1)

L(ai, ai+1) =‖ ai+1 − ai ‖
c : [a, b] → Rn

L(c) =
∫ b

a

‖ ċ(t) ‖ dt

a = t0 < . . . < tk = b

s := max
0≤i≤n−1

|ti+1 − ti|

c : [a, b] → Rn

∀ε > 0 ∃δ > 0 ∀ a = t0 < . . . < tk = b ≤ δ

|L(c) − L(P )| < ε

P = (c(t0), . . . , c(tk))
c(ti+1) = c(ti) c(ti+1)

‖ c(ti+1) − c(ti) ‖=‖ 0 ‖= 0

L(c) =
∫ b

a

‖ ċ(t) ‖ dt

∀ε′ > 0 ∃δ0 > 0 ∀ ≤ δ :∣∣∣∣∣
∫ b

a

‖ ċ(t) ‖ dt −
k−1∑
i=0

‖ ċ(ti+1) ‖ ·(ti+1 − ti)

∣∣∣∣∣ < ε′



∀1 ≤ j ≤ n : ċj : [a, b] → R

[a, b]

∃δj > 0 ∀t, s ∈ [a, b] : (|t − s| < δj ⇒ |ċj(t) − ċj(s)| < ε′)

a = t0 < . . . < tk = b

δ := min{δ1, . . . , δk}

cj

∀1 ≤ j ≤ n ∃uij ∈ (ti, ti+1) : cj(ti+1) − cj(ti) = ċj(uij)(ti+1 − ti)

|ti+1 − uij | ≤ |ti+1 − ti| < δ

ui = (ui1, . . . , uik)

| ‖ c(ti+1) − c(ti) ‖ − ‖ ċ(ti+1) ‖ (ti+1 − ti) |
= | ‖ ċ(ui) ‖ (ti+1 − ti)− ‖ ċ(ti+1) ‖ (ti+1 − ti) |
= | ‖ ċ(ui) ‖ − ‖ ċ(ti+1) ‖| (ti+1 − ti)
≤ ‖ ċ(ui) − ċ(ti+1) ‖ (ti+1 − ti)

= (ti+1 − ti)

√√√√√n−1∑
i=0

|ċj(uij) − ċj(ti+1)|2︸ ︷︷ ︸
<ε′2 |ti+1−ti|<δ

≤ √
nε′(ti+1 − ti)

∣∣∣∣∣
k−1∑
i=0

‖ c(ti+1) − c(ti) ‖ −
k−1∑
i=0

‖ ċ(ti+1) ‖ (ti+1 − ti)

∣∣∣∣∣
≤ √

nε′(b − a)

|L(P ) − L(c)|

≤
∣∣∣∣∣L(P ) −

k−1∑
i=0

‖ ċ(ti+1) ‖ (ti+1 − ti)

∣∣∣∣∣
+

∣∣∣∣∣
k−1∑
i=0

‖ ċ(ti+1) ‖ (ti+1 − ti) − L(c)

∣∣∣∣∣
≤ √

nε′(b − a) + ε′



0 < ε <
ε′

1 +
√

n(b − a)

|L(P ) − L(c)| < ε

c : [a, b] → Rn

L[P ] ≤ L[P ′]
L[P ] ≤ L(c)
supP L[P ] = L[c]

P = (t0, . . . , tk) P ′ = P ∪ sj sj ∈ (tj , tj+1)
P ′ = (t0, . . . , tj , sj , tj+1, . . . , tk)

L(P ) =
j−1∑
i=0

‖ ti+1 − ti ‖ + ‖ tj+1 − tj ‖ +
k−1∑

i=j+1

‖ ti+1 − ti ‖

≤
j−1∑
i=0

‖ ti+1 − ti ‖ + ‖ tj+1 − sj ‖ + ‖ sj − tj ‖

+
k−1∑

i=j+1

‖ ti+1 − ti ‖

= L(P ′)

P ′ = P ∪ {s1, . . . , sn}

L(P ) ≤ L(P ′)

L(P ) > L(c) ε > 0

L(P ) = L(c) + ε

< δ

L(P ′) ≥ L(P ) ≥ L(c) + ε

|L(P ′) − L(c)| < ε



< δ

∀n ∈ N ∃ Pn : |L(Pn) − L(c)| <
1
n

L(c) − lim
n→∞L(Pn) = lim

n→∞ |L(Pn) − L(c)| = 0

L(c) = L(c ◦ g)

g : [a′, b′] → [a, b]
∀t : ġ(t) > 0 g(a′) = a

g(b′) = b

L(c ◦ g) =
∫ b′

a′

∥∥∥∥ d

dt
(c ◦ g)(t)

∥∥∥∥ dt

=
∫ b′

a′
‖ ċ(g(t)) ‖ |ġ(t)|dt

=
∫ b=g(b′)

a=g(a′)
‖ ċ(s) ‖ ds

= L(c)

∀t : ġ(t) < 0 g(a′) = b
g(b′) = a

L(c ◦ g) =
∫ b′

a′

∥∥∥∥ d

dt
(c ◦ g)(t)

∥∥∥∥ dt

=
∫ b′

a′
‖ ċ(g(t)) ‖ |ġ(t)|︸ ︷︷ ︸

=−ġ(t)

dt

= −
∫ a=g(b′)

b=g(a′)
‖ ċ(s) ‖ ds

= L(c)

c : [a, b] → Rn ‖ ċ ‖= 1

L[c|[a,s]] = L[(a, s)]

L[c|[a,s]] =
∫ s

a

‖ ċ(t) ‖ dt =
∫ s

a

1dt = s − a =



R2

S1 = {v ∈ R2 :‖ v ‖= 1}

n : S1 ⊂ R2 → S1 ⊂ R2, v �→
(

0 −1
1 0

)
v

◦

‖ n(v) ‖2 =
〈(

0 −1
1 0

)
v,

(
0 −1
1 0

)
v

〉

=
〈(

0 1
−1 0

)(
0 −1
1 0

)
v, v

〉
= 〈v, v〉
= 1

〈v, n(v)〉 =
〈(

v1

v2

)
,

(
0 −1
1 0

)(
v1

v2

)〉

=
〈(

v1

v2

)
,

( −v2

v1

)〉
= −v1v2 + v1v2 = 0

v, w ∈ R2

det(v, w) =
〈

v,

(
0 1
−1 0

)
w

〉

det(w, v) =
〈

v,

(
0 −1
1 0

)
w

〉

det(v, w) = v1w2 − v2w1

=
〈(

v1

v2

)
,

(
w2

−w1

)〉

=
〈

v,

(
0 1
−1 0

)
w

〉



det(w, v) = w1v2 − w2v1

=
〈(

v1

v2

)
,

(−w2

w1

)〉

=
〈

v,

(
0 −1
1 0

)
w

〉

v, w R2

⇐⇒
det(v, w) = 1

‖ ċ ‖= 1

n(t) :=
(

0 −1
1 0

)
ċ(t)

(ċ(t), n(t))

‖ ċ(t) ‖ = 1
‖ n(ċ(t)) ‖ = 1

n(t) ⊥ ċ(t)

ċ, n

det(ċ, n) =
〈

ċ,

(
0 1
−1 0

)
n

〉

=
〈

ċ,

(
0 1
−1 0

)(
0 −1
1 0

)
ċ

〉

=
〈

ċ,

(
1 0
0 1

)
ċ

〉
= 1

k
ċ(t) c̈(t)



〈ċ(t), c̈(t)〉 = 0

ċ, n c̈(t)⊥ċ(t)
k : I → R

c̈(t) = k(t) · n(t)

k(t) = 〈c̈(t), n(t)〉
= det(ċ(t), c̈(t))

〈ċ, ċ〉 ≡ 1

0 =
d

dt
1 = 〈c̈, ċ〉 + 〈ċ, c̈〉 = 2 〈c̈, ċ〉

k(t) = k(t) 〈n(t), n(t)〉
= 〈k(t)n(t), n(t)〉
= 〈c̈(t), n(t)〉
=

〈
c̈,

(
0 −1
1 0

)
ċ

〉
= det(ċ(t), c̈(t))

⇐⇒

⇐⇒

k(t0) > 0
⇐⇒ 〈c̈(t0), n(t0)〉 > 0

⇐⇒
〈

lim
t↘t0

ċ(t) − ċ(t0)
t − t0︸ ︷︷ ︸

>0

, n(t0)

〉
> 0

〈ċ(t0),n(t0)〉=0⇐⇒ lim
t↘t0

〈ċ(t), n(t0)〉 > 0

⇐⇒ t0 + ε > t > t0 ċ(t)
n(t0)

⇐⇒



k(t0) < 0

k

c : R → R2, t �→ r

(
cos t

r

sin t
r

)

k =
1
r

ċ(t) =
(− sin t

r

cos t
r

)

‖ ċ(t) ‖2 =
(
− sin

t

r

)2

+
(

cos
t

r

)2

= 1

c̈(t) =
1
r

(− cos t
r

− sin t
r

)

k(t) = det(ċ, c̈)

=
1
r

det
( − sin t

r − cos t
r

cos t
r − sin t

r

)

=
1
r

(
− sin

t

r

)2

+
1
r

(
cos

t

r

)2

=
1
r

c : I → R2(
c̈

ṅ

)
=
(

0 k
−k 0

)(
ċ

n

)
=
(

kn

−kċ

)
c̈ = kn k

〈n, n〉 = 1

0 =
d

dt
〈n, n〉 = 2 〈ṅ, n〉

ṅ ⊥ n



ċ, n a(t) ∈ R

ṅ(t) = a(t) · ċ(t)
〈n, ċ〉 = 0

0 = 〈ṅ, ċ〉 + 〈n, c̈〉
= 〈aċ, ċ〉 + 〈n, kn〉
= a + k

a = −k

ṅ = −kċ

b ∈ R2 A

det(Av, Aw) = det(v, w)

F = Ax + b

F = Ax + b

k(F ◦ c) = k(c)

d

dt
(F ◦ c) =

d

dt
(Ac(t) + b) = Aċ(t)

d2

dt2
(F ◦ c) =

d

dt
(Aċ) = Ac̈(t)

k(F ◦ c) = det(Aċ, Ac̈)
V or= det(ċ, c̈)
= k(c)



c : I → R2

k(t) =
det(ċ(t), c̈(t))

‖ ċ(t) ‖3

g : J → I c̃ = c ◦ g∥∥∥∥ d

ds
c̃

∥∥∥∥ ≡ 1

d

ds
c̃ =

d

ds
(c ◦ g)(s)

= ċ(g(s)) · ġ(s)

1 =
∥∥∥∥ d

ds
c̃

∥∥∥∥
= ‖ċ(g(s))‖ · |ġ(s)|

ġ(s) = |ġ(s)| =
1

‖ ċ(g(s)) ‖

d2

ds2
(c ◦ g)(s) =

d

ds
(ċ(g(s)) · ġ(s))

= c̈(g(s)) · ġ(s)2 + ċ(g(s)) · g̈(s)

k(c̃) = det
(

d

ds
c̃,

d2

ds2
c̃

)
= ġ(s)3 det (ċ(g(s)) , c̈(g(s))) + ġ(s) · g̈(s) · det (ċ(g(s)), ċ(g(s)))︸ ︷︷ ︸

=0

=
det(ċ(t), c̈(t))

‖ ċ(t) ‖3



R3

R2 ċ(t)
◦

R3 ċ(t)
c̈(t0) 
= 0 c̈(t0)

c : I → R3

k : I → R, t �→‖ c̈(t) ‖

t0 ∈ I k(t0) 
= 0

n(t0) =
1

k(t0)
c̈(t0) =

c̈(t0)
‖ c̈(t0) ‖

t0

k = 〈n, c̈〉

〈n(t0), ċ(t0)〉 = 0

c : I → R3

⇐⇒ c̈ ≡ 0
⇐⇒ k = 0

〈n, c̈〉 =
〈

c̈

‖ c̈ ‖ , c̈

〉
=

1
‖ c̈ ‖ ‖ c̈ ‖2=‖ c̈ ‖

= k

‖ ċ ‖≡ 1

0 =
d

dt
〈ċ, ċ〉 = 2 〈c̈, ċ〉

〈n(t0), ċ(t0)〉 =
1

k(t0)
〈c̈(t0), ċ(t0)〉 = 0



⇒ ⇐⇒ ∃a, v ∈ R3

c : R → R3, t �→ a + vt

ċ(t) = v c̈(t) ≡ 0
⇐

c̈ ≡ 0 ⇒ ċ = v = konstant

⇒ c = a + v · t

a, b ∈ R3

a × b =

⎛
⎝ a2b3 − a3b2

a3b1 − a1b3

a1b2 − a2b1

⎞
⎠ ∈ R3

〈a × b, c〉 = det(a, b, c)

〈a × b, a × b〉 = 〈a, a〉 〈b, b〉 − 〈a, b〉2√〈a × b, a × b〉 a, b

〈a × b, c〉 = (a2b3 − a3b2)c1 + (a3b1 − a1b3)c2 + (a1b2 − a2b1)c3

= det

⎛
⎝ a1 b1 c1

a2 b2 c2

a3 b3 c3

⎞
⎠

= det(a, b, c)

〈a, a〉 〈b, b〉 − 〈a, b〉2
= (a2

1 + a2
2 + a2

3)(b
2
1 + b2

2 + b2
3) − (a1b1 + a2b2 + a3b3)2

= a2
1b

2
1 + a2

1b
2
2 + a2

1b
2
3

+a2
2b

2
1 + a2

2b
2
2 + a2

2b
2
3

+a2
3b

2
1 + a2

3b
2
2 + a2

3b
2
3

−a2
1b

2
1 − a1a2b1b2 − a1a3b1b3

−a1a2b1b2 − a2
2b

2
2 − a2a3b2b3

−a1a3b1b3 − a2a3b2b3 − a2
3b

2
3

=

〈⎛⎝ a2b3 − a3b2

a3b1 − a1b3

a1b2 − a2b1

⎞
⎠ ,

⎛
⎝ a2b3 − a3b2

a3b1 − a1b3

a1b2 − a2b1

⎞
⎠〉



2 = ‖ a ‖2‖ b ‖2 sin2 u

= ‖ a ‖2‖ b ‖2 (1 − sin2 u)

= 〈a, a〉 〈b, b〉 − 〈a, b〉2

R3 ⇐⇒

det(a, b, c) > 0

a, b ∈ R3 a, b, a × b

det(a, b, a × b) = 1

〈a, a〉 = 1 = 〈b, b〉
〈a, b〉 = 0

〈a, a × b〉 = a1(a2b3 − a3b2) + a2(a3b1 − a1b3) + a3(a1b2 − a2b1)
= 0

〈b, a × b〉 = b1(a2b3 − a3b2) + b2(a3b1 − a1b3) + b3(a1b2 − a2b1)
= 0

〈a × b, a × b〉 = 〈a, a〉 〈b, b〉 − 〈a, b〉2
= 1 · 1 − 0 = 1

det(a, b, a × b) = 〈a × b, a × b〉
= 1

ċ(t0), n(t0)
R3



c : I → R3 t ∈ I
k(t) 
= 0

b(t) := ċ(t) × n(t)

ċ(t), n(t), b(t)
t

w(t) := 〈ṅ(t), b(t)〉

Lin(ċ, n)

w = det(ṅ, ċ, n)

w = 〈ṅ, b〉
= 〈ṅ, ċ × n〉
= det(ṅ, ċ, n)

b ∈ R3, A 3 × 3

∀u, v, w ∈ R3 : det(Au, Av, Aw) = det(u, v, w)

F = Ax + b

c : I → R3 k > 0 F := Ax+b
c̃ := F ◦c

k̃ = k

w̃ = w

d

dt
c̃ = Ḟ (c(t))ċ(t) = Aċ(t)

d2

dt2
c̃ = Ac̈(t)



∥∥∥∥ d

dt
c̃

∥∥∥∥2

= 〈Aċ, Aċ〉 = 〈ċ, ċ〉 = 1∥∥∥∥ d2

dt2
c̃

∥∥∥∥2

= 〈Ac̈, Ac̈〉 = 〈c̈, c̈〉 > 0

ñ

k̃2 =
∥∥∥∥ d2

dt2
c̃

∥∥∥∥2

=‖ c̈ ‖2= k2

ñ =
Ac̈

k̃
= An

w̃ = det
(

d

dt
ñ,

d

dt
c̃, ñ

)
= det(Aṅ, Aċ, An)
= det(ṅ, ċ, n) = w

c : I → R3 ∀t ∈ I : k(t) 
= 0

⎛
⎝ c̈

ṅ

ḃ

⎞
⎠ =

⎛
⎝ kn

−kċ + wb
−wn

⎞
⎠ =

⎛
⎝ 0 k 0

−k 0 w
0 −w 0

⎞
⎠
⎛
⎝ ċ

n
b

⎞
⎠

c̈ = k · n
〈n, ċ〉 = 0 〈n, n〉 = 1

0 =
d

dt
〈n, ċ〉 = 〈ṅ, ċ〉 + 〈n, c̈〉

= 〈ṅ, ċ〉 + k

0 =
d

dt
〈n, n〉 = 2 〈ṅ, n〉

ṅ = 〈ṅ, ċ〉 ċ + 〈ṅ, n〉︸ ︷︷ ︸
=0

n + 〈ṅ, b〉 b

= −kċ + wb



〈b, ċ〉 = 0 〈b, n〉 = 0 〈b, b〉 = 1

0 =
d

dt
〈b, ċ〉 =

〈
ḃ, ċ

〉
+ 〈b, c̈〉

=
〈
ḃ, ċ

〉
+ k 〈b, n〉 =

〈
ḃ, ċ

〉
0 =

d

dt
〈b, n〉 =

〈
ḃ, n

〉
+ 〈b, ṅ〉

=
〈
ḃ, n

〉
+ w

0 =
d

dt
〈b, b〉 = 2

〈
ḃ, b

〉

ḃ =
〈
ḃ, ċ

〉
︸ ︷︷ ︸

=0

ċ +
〈
ḃ, n

〉
n +

〈
ḃ, b

〉
︸ ︷︷ ︸

=0

b

= −wn

k, w : I → R C∞ k > 0
c : I → R3 k w

d

dt

⎛
⎜⎜⎝

c
ċ
n
b

⎞
⎟⎟⎠ =

⎛
⎜⎜⎝

0 1 0 0
0 0 k 0
0 −k 0 w
0 0 −w 0

⎞
⎟⎟⎠
⎛
⎜⎜⎝

c
ċ
n
b

⎞
⎟⎟⎠

c(t0) = 0
ċ(t0) = e1

n(t0) = e2

b(t0) = e3



d

dt
〈ċ, ċ〉 = 2 〈c̈, c〉 = 2k 〈n, ċ〉

d

dt
〈n, n〉 = 2 〈ṅ, n〉 = 2 〈−kċ + wb, n〉

= 2w 〈b, n〉 − 2k 〈ċ, n〉
d

dt
〈b, b〉 = 2

〈
b, ḃ

〉
= −2w 〈b, n〉

d

dt
〈b, ċ〉 =

〈
ḃ, ċ

〉
+ 〈b, c̈〉

= −w 〈n, ċ〉 + k 〈b, n〉
d

dt
〈b, n〉 =

〈
ḃ, n

〉
+ 〈b, ṅ〉

= −w 〈n, n〉 + w 〈b, b〉 − k 〈b, ċ〉
d

dt
〈n, ċ〉 = 〈ṅ, ċ〉 + 〈n, c̈〉

= −k 〈ċ, ċ〉 + w 〈b, ċ〉 + k 〈n, n〉

d

dt

⎛
⎜⎜⎜⎜⎜⎜⎝

〈ċ, ċ〉
〈n, n〉
〈b, b〉
〈b, ċ〉
〈b, n〉
〈n, ċ〉

⎞
⎟⎟⎟⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 2k
0 0 0 0 2w −2k
0 0 0 0 −2w 0
0 0 0 0 k −w
0 −w w −k 0 0
−k k 0 w 0 0

⎞
⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎝

〈ċ, ċ〉
〈n, n〉
〈b, b〉
〈b, ċ〉
〈b, n〉
〈n, ċ〉

⎞
⎟⎟⎟⎟⎟⎟⎠

t = 0 ċ, n, b ⎛
⎜⎜⎜⎜⎜⎜⎝

1
1
1
0
0
0

⎞
⎟⎟⎟⎟⎟⎟⎠



t �→

⎛
⎜⎜⎜⎜⎜⎜⎝

1
1
1
0
0
0

⎞
⎟⎟⎟⎟⎟⎟⎠

t ∈ I⎛
⎜⎜⎜⎜⎜⎜⎝

〈ċ, ċ〉
〈n, n〉
〈b, b〉
〈b, ċ〉
〈b, n〉
〈n, ċ〉

⎞
⎟⎟⎟⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎜⎜⎝

1
1
1
0
0
0

⎞
⎟⎟⎟⎟⎟⎟⎠

∀t ∈ I ċ, n, b

∃t1 < t2 :
{

det(ċ, n, b)(t1) = +1
det(ċ, n, b)(t2) = −1

det

∃t1 < t3 < t2 : det(ċ, n, b)(t3) = 0

∀t ∈ I : ċ, n, b
〈ċ, ċ〉 = 1

c̃ : I → R k
w

p := c̃(t0)

A :=
(

d

dt
c̃(t0), ñ(t0), b̃(t0)

)−1

d
dt c̃, ñ, b̃

AT = A−1

det A−1 = det AT = detA = 1

F := Ax + p



ĉ := F ◦w
c̃

ĉ(t0) = 0(
d

dt
ĉ(t0), n̂(t0), b̂(t0)

)
= (e1, e2, e3)

(c, v, n, b), (ĉ, d
dt ĉ, n̂, b̂)

c = ĉ = F ◦ c̃

c : R → R3, t �→ 1√
2

⎛
⎝ cos t√

2

sin t√
2

t

⎞
⎠

w =
1
2

ċ(t) =
1√
2

⎛
⎜⎝ − 1√

2
sin t√

2
1√
2

cos t√
2

1√
2

⎞
⎟⎠

‖ ċ(t) ‖ =
1
2

(
1
2

(
− sin

t√
2

)2

+
1
2

(
cos

t√
2

)2

+ 1

)

=
1 + 1

2
= 1

c̈(t) =
1√
2
3

⎛
⎝ − cos t√

2

− sin t√
2

0

⎞
⎠

k = ‖ c̈(t) ‖= 1
2



n(t) =
c̈(t)
k(t)

=

⎛
⎝ − cos t√

2

− sin t√
2

0

⎞
⎠

b(t) = ċ(t) × n(t) =
1√
2

⎛
⎝ − sin t√

2

cos t√
2

1

⎞
⎠×

⎛
⎝ − cos t√

2

− sin t√
2

0

⎞
⎠

=
1√
2

⎛
⎝ sin t√

2

− cos t√
2

1

⎞
⎠

w(t) = 〈ṅ(t), b(t)〉

=

〈
1√
2

⎛
⎝ sin t√

2

cos t√
2

0

⎞
⎠ ,

1√
2

⎛
⎝ sin t√

2

− cos t√
2

1

⎞
⎠〉

=
1
2



A ⊂ X f :
A → A 0 < L < 1

‖ f(x) − f(y) ‖≤ L ‖ x − y ‖

∃! x ∈ A : f(x) = x

∀y ∈ A : lim
n→∞ fn(y) = x

(xn)n xn := fn(y)

‖ xn+1 − xn ‖≤ Ln ‖ x1 − x0 ‖

‖ x2 − x1 ‖=‖ f(x1) − f(x0) ‖≤ L ‖ x1 − x0 ‖
n → n + 1

‖ xn+2 − xn+1 ‖ = ‖ f(xn+1) − f(xn) ‖
≤ L ‖ xn+1 − xn ‖
≤ L · Ln ‖ x1 − x0 ‖
= Ln+1 ‖ x1x0 ‖

‖ xn+p − xn ‖ ≤
∥∥∥∥∥

p∑
i=1

(xn+i − xn+i−1)

∥∥∥∥∥
≤

p∑
i=1

‖ xn+i − xn+i−1 ‖

a)

≤
p∑

i=1

Ln+i ‖ x1 − x0 ‖

≤ Ln ‖ x1 − x0 ‖
p∑

i=1

Li

≤ Ln

1 − L
‖ x1 − x0 ‖



(xn)n

limn→∞ xn = x
∀n ∈ N : xn ∈ A

x ∈ A

‖ x − y ‖< ε
L

‖ f(x) − f(y) ‖≤ L ‖ x − y ‖< L
ε

L
= ε

f(x) = f
(

lim
n→∞xn

)
= lim

n→∞ f(xn) = lim
n→∞xn+1 = x

y

‖ y − x ‖ = ‖ f(y) − f(x) ‖≤ L ‖ y − x ‖
(1 − L)︸ ︷︷ ︸

>0

‖ y − x ‖︸ ︷︷ ︸
≥0

= 0

x = y



U ⊂ X f : U → Y
y ∈ B(x, ε) ⊂ U

‖ f(x) − f(y) ‖≤‖ Df ‖
B(x,ε)

‖ x − y ‖

∃ε′ > 0 : B(x, ε′) ⊂ U

∀ε′ > ε > 0 : B(x, ε) ⊂ U

‖ Df ‖: B(x, ε) → R

B(x, ε) ‖ Df ‖

L := max{‖ Df(y) ‖: y ∈ B(x, ε)}

g : [0, 1] → U, t �→ y + t(x − y)
Fε : [0, 1] → R, t �→‖ f(g(t)) − f(y) ‖ −t(L + ε) ‖ x − y ‖

t0 ∈ [0, 1) y = g(t0)

lim
t↘t0

∥∥∥∥f(g(t)) − f(g(t0))
t − t0

∥∥∥∥ = ‖ D(f ◦ g)(t0) ‖
= ‖ Df(g(t0)) g′(t0) ‖
= ‖ Df(g(t0)) (x − y) ‖
≤ ‖ Df ‖

B(x,ε)
‖ x − y ‖

= L ‖ x − y ‖

‖ · ‖

∃δ > 0 ∀t ∈ (t0, t0 + δ] :
∥∥∥∥f(g(t)) − f(g(t0))

t − t0

∥∥∥∥ ≤ (L + ε) ‖ x − y ‖



Fε(t) − Fε(t0)
t − t0

Def
=

‖ f(g(t)) − f(y) ‖ −t(L + ε) ‖ x − y ‖
t − t0

−‖ f(g(t0)) − f(y) ‖ −t0(L + ε) ‖ x − y ‖
t − t0

Δ≤ ‖ f(g(t)) − f(g(t0)) ‖
t − t0

− (L + ε) ‖ x − y ‖
≤ (L + ε) ‖ x − y ‖ −(L + ε) ‖ x − y ‖
= 0

Fε (t0, t0 + δ)
t0 ∈ [0, 1] Fε

Fε(0) = ‖ f(g(0)) − f(y) ‖ −0(L + ε) ‖ x − y ‖
= 0

∀ε > 0 : Fε(1) ≤ 0

Fε ε

‖ f(x) − f(y) ‖ −L ‖ x − y ‖ = F0(1)
= lim

ε→0
Fε(1)

≤ 0
‖ f(x) − f(y) ‖ ≤ L ‖ x − y ‖

U ⊂ X, V ⊂ Y F : U → V F, F−1

G = F−1

dim X = dim Y
∀x ∈ U : DG(F (x)) = (DF (x))−1

F ◦ G = idU

G ◦ F = idV



y = F (x)

idY (y) = DidY (y) = D(F ◦ G)(y)
= DF (G(y)) ◦ DG(y)
= DF (x) ◦ DG(F (x))

idX = DidX = D(G ◦ F )(x)
= DG(F (x)) ◦ DF (x)

DF (x) : X → Y

DG(F (x)) = (DF (x))−1

dim Y
Y =DF (x)X

= dimBild DF (x)
= dim Bild DF (x) + Null DF (x)︸ ︷︷ ︸

=0

= dimX

U ⊂ X a ∈ U F : U → Y

U0(a) ⊂ U V := F (U0)
F (a)

F : U0 → V

F−1 : V → U0

∀x ∈ U0 : DF (x)

DF det DF

det DF (a) 
= 0

ε > 0

∀x ∈ B(a, ε) ⊂ U : detDF (x) 
= 0

y ∈ Y

fy : X → X, x �→ DF (a)−1(y − F (x + a)) + x

fy(0) = DF (a)−1(y − F (a))
Dfy(x) = −DF (a)−1DF (a + x) + idX

Dfy(0) = −idX + idX = 0



Dfy Dfy(0) = 0

∃0 < r < ε :

{
B(0, 2r) ⊂ B(0, ε)
‖ Dfy ‖

B(0,2r)
≤ 1

2

M =‖ DF (a)−1 ‖
y ∈ B

(
F (a),

r

M

)
x ∈ B(0, 2r)

‖ fy(x) ‖ = ‖ fy(x) − fy(0) + fy(0) ‖
≤ ‖ fy(x) − fy(0) ‖ + ‖ fy(0) ‖
≤ ‖ Dfy ‖

B(0,2r)
‖ x − 0 ‖ + ‖ DF (a)−1(y − F (a)) ‖

≤ 1
2
2r + ‖ DF (a)−1 ‖︸ ︷︷ ︸

=M

‖ y − F (a) ‖︸ ︷︷ ︸
< r

M

< r + M
r

M
= 2r

fy : B(0, 2r) → B(0, 2r)

x1, x2 ∈ B(0, 2r)

‖ fy(x2) − fy(x1) ‖ ≤ ‖ Dfy ‖
B(0,2r)

‖ x2 − x1 ‖

≤ 1
2
‖ x2 − x1 ‖

B(0, 2r) fy y ∈ B
(
F (a), r

M

)
x ∈ B(0, 2r)

x = fy(x)
⇐⇒ x = DF (a)−1(y − F (x + a)) + x

⇐⇒ 0 = DF (a)−1(y − F (x + a))
DF (a)⇐⇒ y = F (x + a)

∀y ∈ B
(
F (a),

r

M

)
∃! x ∈ B(0, 2r) : fy(x) = x

∀y ∈ B
(
F (a),

r

M

)
∃! x ∈ B(0, 2r) : y = F (x + a)



F−1 : B
(
F (a),

r

M

)
→ B(a, 2r), y �→ x

U0 := F−1
(
B
(
F (a),

r

M

))
⊂ B(a, 2r)

−1 y1, y2 ∈ B
(
F (a),

r

M

)
x1 + a := F−1(y1)
x2 + a := F−1(y2)

fF (a)(x) = DF (a)−1(F (a) − F (x + a)) + x

x2 − x1 = fF (a)(x2) − fF (a)(x1) + DF (a)−1(F (x1 + a) − F (x2 + a))

‖ x2 − x1 ‖ ≤ 1
2
‖ x2 − x1 ‖ +M ‖ F (x2 + a) − F (x1 + a) ‖

‖ F−1(y2) − F−1(y1) ‖ = ‖ x2 − x1 ‖
≤ 2M ‖ F (x2 + a) − F (x1 + a) ‖
= 2M ‖ y2 − y1 ‖

F−1

U ⊂ X F : U → Y

∀x ∈ U : DF (x)

U1 ⊂ U ⇒ F (U1)

U1 ⊂ U

∀x ∈ U1 ∃ Ux F : Ux → F (Ux)

F−1 : F (Ux) → Ux F (Ux)

F (U1) =
⋃

x∈U

F (Ux)



U ⊂ X, V ⊂ Y F : U → V

∀x ∈ U : DF (x)

F−1 : F (U) → U

∀x ∈ U ∃ Ux : F : Ux → F (Ux)
F−1 : F (Ux) → Ux

F : U → F (U)
F−1 : F (U) → U

B(a, ε) ⊂ U

H : B(0, ε) → X, x �→ (DF (a))−1(F (x + a) − F (a))

H(0) = (DF (a))−1(F (a) − F (a)) = 0

B(a, ε)
DH(0) = (DF (a))−1DF (a) = idX

H(y) = H(z) ⇒ H(y) − H(z) = 0
⇒ (DF (a))−1(F (y + a) − F (z + a)) = 0

DF (a) ⇒ F (y + a) − F (z + a) = 0
F ⇒ y = z

y ∈ Bild(H)
⇐⇒ y = (DF (a))−1(F (x + a) − F (a))
⇐⇒ F (x + a) = DF (a)y + F (a)
⇐⇒ H−1(y) = x = F−1(DF (a)y + F (a)) − a



F−1 : B
(
F (a),

r

M

)
→ B(a, 2r)

ε < 2r

H−1 : H(B(0, ε)) → B(0, 2ε)

H−1

H(x) = H(0)︸ ︷︷ ︸
=0

+ DH(0)︸ ︷︷ ︸
=id

x + r(x)

= x + r(x)

lim
x→0

r(x)
‖ x ‖ = 0

H−1(x) = H−1(x − r(x) + r(x))
= x − r(x)
= 2x − H(x)

H−1

a + H−1(y) = F−1(DF (a)y + F (a))
F−1(z) = F−1(DF (a)DF (a)−1(z − F (a)) + F (a))

= a + H−1(DF (a)−1(z − F (a))

F−1 F (a)
a ∈ U



C∞

S ⊂ R3 ⇐⇒

∀p ∈ S ∃ V (p) ⊂ R3, U ⊂ R2 ∃ F : U → V ∩ S :
1.)
2.) F, F−1

3.) ∀q ∈ U : dFq : R2 → R3

F−1

S ⊂ R3 (U1, F1, V1), (U2, F2, V2)

F−1
2 ◦ F1 : F−1

1 (V1 ∩ V2) → F−1
2 (V1 ∩ V2)

F−1
1 (V1 ∩ V2 ∩ S) ⊂ R2 F−1

2 ◦F1−→ F−1
2 (V1 ∩ V2 ∩ S) ⊂ R2

F1 ↘ F2 ↙↗ F−1
2

S ∩ V1 ∩ V2 ⊂ R3

F−1
2 , F1 F−1

2 ◦ F1

U ⊂ R2 f : U → R

(f) = {(x, y, f(x, y)) ∈ R3 : (x, y) ∈ U}

F : U → Graph(f) ⊂ R3, (x, y) �→ (x, y, f(x, y))



F−1 : Graph(f) → U, (x, y, f(x, y)) �→ (x, y)

DF =

⎛
⎜⎝

1 0
0 1
∂f

∂x

∂f

∂y

⎞
⎟⎠

S ⊂ R3 p ∈ S
V (p) V ∩ S

f : W ⊂ R2 → V

(U, F, V ) u0 ∈ U

Rang

⎛
⎜⎜⎜⎜⎜⎝

∂F1

∂u1

∂F1

∂u2
∂F2

∂u1

∂F2

∂u2
∂F3

∂u1

∂F3

∂u2

⎞
⎟⎟⎟⎟⎟⎠ (u0) = 2

det

⎛
⎜⎝

∂F1

∂u1

∂F1

∂u2
∂F2

∂u1

∂F2

∂u2

⎞
⎟⎠ (u0) 
= 0

pr : R3 → R2, (x, y, z) �→ (x, y)
pr ◦ F : U → R2, (u1, u2) �→ (F1(u1, u2), F2(u1, u2))

u0 ∈ U ⊂ R2 (F1,F2)=pr◦F→ pr(F (u0)) ∈ R2

F ↘ ↗ pr
F (u0) ∈ V ∩ S

U(u0), W (pr ◦ F (u0))

(F1, F2) = pr ◦ F : U → W



pr ◦ F

(F1, F2)−1 = (pr ◦ F )−1 : W → U, (x, y) �→ (u1(x, y), u2(x, y))

F, F−1 V = F (U) F (u0)

(u1, u2) = (F1, F2)−1(F1(u1), F2(u2))

S ∩ V = {(F1, F2, F3)(u1, u2) : (u1, u2) ∈ U}
= {(id1, id2, F3 ◦ (F1, F2)−1) ◦ (F1, F2)(u1, u2) : (u1, u2) ∈ U}
= {(x, y, F3 ◦ (F1, F2)−1) : (x, y) ∈ W}
= (F3 ◦ (F1, F2)−1 : W → R3)

U ⊂ R3

f : U ⊂ R3 → R

Df(a) 
= 0

S := f−1(a)

=

⎧⎨
⎩
⎛
⎝ x

y
z

⎞
⎠ ∈ U : f(x, y, z) = a

⎫⎬
⎭

p ∈ f−1(a)
∂f

∂z

= 0

F : U ⊂ R3 → R3,

⎛
⎝ x

y
z

⎞
⎠ �→

⎛
⎝ x

y
f(x, y, z)

⎞
⎠

DFp =

⎛
⎜⎝

1 0 0
0 1 0
∂f

∂x

∂f

∂y

∂f

∂z

⎞
⎟⎠

det DFp =
∂f

∂z

= 0



V (p), W (F (p)) F :
V → W F−1 : W → V

F (x, y, z) = (x, y, f(x, y, z))

F−1 : W → V,

⎛
⎝ x

y
t

⎞
⎠ �→

⎛
⎝ x

y
g(x, y, t)

⎞
⎠

F−1

g : W ∩ {R2 × {a}} → R, (x, y, a) �→ g(x, y, a)

x, y

Graph(g) = {(x, y, g(x, y, t)) : (x, y, t) ∈ W ∩ {R2 × {a}}}
= {(x, y, z) ∈ V : f(x, y, z) = a}
= f−1(a) ∩ V

p ∈ f−1(a) f−1(a)

F = F−1 : W ∩ R2 × {a} → V,

(
x

y

)
�→

⎛
⎝ x

y
g(x, y)

⎞
⎠

(W ∩ R2 × {a}, F , V ∩ f−1(a))

S2 =
{
(x, y, z) : x2 + y2 + z2 = 1

}

f : R3 → R, (x, y, z) �→ x2 + y2 + z2

∂f

∂x
= 2x

∂f

∂y
= 2y

∂f

∂z
= 2z



Df(1) 
= 0 f−1(1) = S2

S = S2

V := V +
3 :=

⎧⎨
⎩
⎛
⎝ x

y
z

⎞
⎠ : z > 0

⎫⎬
⎭

S2 ∩ V3

f : U → R, (x, y) �→
√

1 − (x2 + y2)

U =
{
(x, y) ∈ R2 : x2 + y2 < 1

}

F+
3 : U → R3,

(
x

y

)
�→

⎛
⎝ x

y√
1 − (x2 + y2)

⎞
⎠

V −
3 :=

⎧⎨
⎩
⎛
⎝ x

y
z

⎞
⎠ : z < 0

⎫⎬
⎭

F−
3 : U → R3,

(
x

y

)
�→

⎛
⎝ x

y

−√1 − (x2 + y2)

⎞
⎠

V +
1 :=

⎧⎨
⎩
⎛
⎝ x

y
z

⎞
⎠ : x > 0

⎫⎬
⎭

V −
1 :=

⎧⎨
⎩
⎛
⎝ x

y
z

⎞
⎠ : x < 0

⎫⎬
⎭

F±
1 : U → R3,

(
y

z

)
�→

⎛
⎝ ±√1 − (y2 + z2)

y
z

⎞
⎠



V +
2 :=

⎧⎨
⎩
⎛
⎝ x

y
z

⎞
⎠ : y > 0

⎫⎬
⎭

V −
2 :=

⎧⎨
⎩
⎛
⎝ x

y
z

⎞
⎠ : y < 0

⎫⎬
⎭

F±
2 : U → R3,

(
x

z

)
�→

⎛
⎝ x

±√1 − (x2 + z2)
z

⎞
⎠

V ±
1 S2

S2 (0, a, 0)

(y − a)2 + z2 = r2

y �→
√

x2 + y2

z2 = r2 − (
√

x2 + y2 − a)2

f : R3 → R, (x, y, z) �→ z2 +
(√

x2 + y2 − a
)2

T = f−1(r2)

(x, y) 
= (0, 0)

∂f

∂z
= 2z

∂f

∂y
=

2y
(√

x2 + y2 − a
)

√
x2 + y2

∂f

∂x
=

2x
(√

x2 + y2 − a
)

√
x2 + y2

r2



F : U ⊂ Rn → Rm

F (p) + DpF (x − p)

p ∈ S

S ⊂ R3 p ∈ S

X = {c : (−ε, ε) → S : c(0) = p, ċ(0) = X}

ċ(0) = X

TpS = {X ∈ R3 | ∃ε > 0 ∃c : (−ε, ε) → S c(0) = p, ċ(0) = X}

TpS

S ⊂ R3 p ∈ S
u0 := F−1(p) ∈ U

TpS = BildDu0F
Def
= Du0FR2

TpS R3

∂F
∂u1

, ∂F
∂u2

⊃

∀X ∈ Bild(Du0F ) ∃Y ∈ R2 : X = Du0F (Y )

∃ε > 0 ∀t ∈ (−ε, ε) : u0 + tY ∈ U

c : (−ε, ε) → S, t �→ F (u0 + tY )



c(0) = F (u0) = p

ċ(0) =
d

dt
F (u0 + tY )|t=0

= Du0F · Y
= X

X ∈ TpS

⊂

c : (−ε, ε) → S

c(0) = p

ċ(0) = X

∃ε > 0 : c(−ε, ε) ⊂ V

u := F−1 ◦ c : (−ε, ε) → U ⊂ R2

(−ε, ε) F−1◦c→ U
c ↘ F ↙↗ F−1

V ∩ S

Y := u̇(0) ∈ R2

Du0F (Y ) =
d

dt
(F ◦ u)|t=0

=
d

dt
c|t=0 = X

X ∈ Bild(Du0F )

dim TpS = dim Du0FR2 = 2

DF (e1) = ∂F
∂u1

DF (e2) = ∂F
∂u2



TpS

S1, S2 ⊂ R3 p ∈ S1

f : S1 → S2 ⇐⇒
∃(U1, F1, V1) S1 ∃(U2, F2, V2) S2

F−1
2 ◦ f ◦ F1 : F−1

1 (f−1(V2 ∩ S2)) → U2

U1
F−1

2 ◦f◦F1−→ U2

F1 ↓ ↓ F2

S1 ∩ V1
f−→ S2 ∩ V2

(Ũi, F̃i, Ṽi) Si

F̃−1
2 ◦ f ◦ F̃1 = (F̃−1

2 ◦ F2)︸ ︷︷ ︸ ◦ (F−1
2 ◦ f ◦ F1)︸ ︷︷ ︸ ◦ (F−1

1 ◦ F̃1)︸ ︷︷ ︸

S1, S2 ⊂ R3 f : S1 → S2

p ∈ S1

dpf : TpS1 → Tf(p)S2,
d

dt
c|t=0 �→ d

dt
(f ◦ c)|t=0

dpf(X)
dpf

(U1, F1, V1) (U2, F2, V2) S1 S2

f(p) U1 V1

f(S1 ∩ V1) ⊂ V2

c : (−ε, ε) → S ∩ V

c(0) = p

ċ(0) = X

c(−ε, ε) ⊂ V1 ∩ S1

f ◦ c : (−ε, ε) → V2 ∩ S2



d

dt
(f ◦ c)|t=0 ∈ Tf(p)S2

u0 ∈ U1 ⊂ R2 f̃=F−1
2 ◦f◦F1−→ U2 ⊂ R2

F1 ↓↑ F−1
1 F2 ↓↑ F−1

2

p ∈ V1 ∩ S1
f−→ V2 ∩ S2 � f(p)

c ↖ ↗ f ◦ c
(−ε, ε)

f̃ := F−1
2 ◦ f ◦ F1 : U1 → U2

dpf(X) =
d

dt
(f ◦ c)|t=0

=
d

dt
(F2 ◦ F−1

2 ◦ f ◦ F1 ◦ F−1
1 ◦ c)|t=0

= Dp(F2 ◦ f̃ ◦ F−1
1 )

d

dt
c|t=0︸ ︷︷ ︸
=X

F2, f̃ , F−1
1 Dp(F2 ◦ f̃ ◦ F−1

1 )
dpf

V ⊂ R3 f : V → R S = f−1(0) ⊂ R3

∀p ∈ S : Df(p) 
= 0

TpS = Df(p)⊥

⊂ X ∈ TpS c : (−ε, ε) → S

c(0) = p

ċ(0) = X

c(−ε, ε) ⊂ S

∀t ∈ (−ε, ε) : (f ◦ c)(t) = 0



0 =
d

dt
(f ◦ c)|t=0

= 〈Df(c(0)), ċ(0)〉
= 〈Df(p), X〉

dim TpS = dim Df(p)⊥ = 2

TpS = Df(p)⊥

S2

TpS
2 = p⊥

f : R3 → R,

⎛
⎝ x

y
z

⎞
⎠ �→ x2 + y2 + z2 − 1

S2 = f−1(0)

Df

⎛
⎝ x

y
z

⎞
⎠ = 2

⎛
⎝ x

y
z

⎞
⎠

TpS
2 = p⊥



p ∈ S R3 TpS

v1, v2 TpS v = a1v1 + a2v2, w = b1v1 +
b2v2

(a1, a2)
(

g11 g12

g21 g22

)(
b1

b2

)
= 〈v, w〉

gij := g(vi, vj)

(gij)ij ∀v : vT (gij)ijv > 0

〈v, w〉 =

〈
2∑

i=1

aivi,

2∑
j=1

bjvj

〉

=
2∑

i=1

2∑
j=1

aibj 〈vi, vi〉

=
2∑

i=1

2∑
j=1

aibjgij

= (a1, a2)
(

g11 g12

g21 g22

)(
b1

b2

)

gij = 〈Xi, Xj〉 = 〈Xj , Xi〉 = gji

gij

∀v 
= 0 : vT (gij)ijv > 0
⇐⇒ ∀v 
= 0 : 〈v, v〉 > 0

DuF (e1), DuF (e2) gp

gij = 〈DuF (ei), DuF (ej)〉
Def
=

〈
∂F

∂ui
(u),

∂F

∂uj
(u)

〉



(U, F, V ), (U, F , V ) g, g

H := F
−1 ◦ F

gij(u) =
∑
k,l

∂Hk

∂ui
(u)

∂H l

∂uj
(u)gkl(H(u))

g = (DuH)T · g(H(u)) · DuH√
det g =

√
det g ◦ H · det DuH

gij(u) =
〈

∂F

∂ui
,

∂F

∂uj

〉

=
〈

∂(F ◦ H)
∂ui

,
∂(F ◦ H)

∂uj

〉

=

〈∑
k

∂F

∂uk
(H(u))

∂Hk

∂ui
,
∑

l

∂F

∂ul
(H(u))

∂H l

∂uj

〉

=
∑
k,l

∂Hk

∂ui

∂H l

∂uj

〈
∂F

∂uk
(H(u)),

∂F

∂ul
(H(u))

〉

=
∑
k,l

∂Hk

∂ui

∂H l

∂uj
gkl(H(u))

g(u) = (DuH)T · g(H(u)) · DuH

det g(u) = det(DuH)T · det g(H(u)) · det DuH

S ⊂ R3

F : R2 → R3, (u1, u2) �→ p0 + u1X + u2Y

p, X, Y ∈ R3

(gij(u))ij =
( 〈X, X〉 〈X, Y 〉

〈Y, X〉 〈Y, Y 〉
)

p0 = 0, X = e1, Y = e2

g =
(

1 0
0 1

)



∂F

∂u1
= X,

∂F

∂u2
= Y

g11 =
〈

∂F

∂u1
,

∂F

∂u1

〉
= 〈X, X〉

g12 = g21 =
〈

∂F

∂u1
,

∂F

∂u2

〉
= 〈X, Y 〉 = 〈Y, X〉

g22 =
〈

∂F

∂u2
,

∂F

∂u2

〉
= 〈Y, Y 〉

F : (0,∞) × (0, 2π) → R3,

(
r

a

)
�→

⎛
⎝ r cos a

r sin a
0

⎞
⎠

(gij(r, a))ij =
(

1 0
0 r2

)

g11(r, a) =
〈

∂F

∂r
,
∂F

∂r

〉

=

〈⎛⎝ cos a
sin a
0

⎞
⎠ ,

⎛
⎝ cos a

sin a
0

⎞
⎠〉

= cos2 a + sin2 a = 1

g12(r, a) = g21(r, a) =
〈

∂F

∂a
,
∂F

∂r

〉

=

〈⎛⎝ −r sin a
r cos a
0

⎞
⎠ ,

⎛
⎝ cos a

sin a
0

⎞
⎠〉

= −r sin a cos a + r cos a sin a = 0



g22(r, a) =
〈

∂F

∂a
,
∂F

∂a

〉

=

〈⎛⎝ −r sin a
r cos a
0

⎞
⎠ ,

⎛
⎝ −r sin a

r cos a
0

⎞
⎠〉

= r2 cos a + r2 sin a = r2

S =
{
(x, y, z) ∈ R3 : x2 + y2 = 1

}

F : (0, 2π) × R → R3,

(
a

h

)
�→

⎛
⎝ cos a

sin a
h

⎞
⎠

(gij)ij =
(

1 0
0 1

)

g11(a, h) =
〈

∂F

∂a
,
∂F

∂a

〉

=

〈⎛⎝ − sin a
cos a

0

⎞
⎠ ,

⎛
⎝ − sin a

cos a
0

⎞
⎠〉

= cos2 a + sin2 a = 1

g12 = g21 =
〈

∂F

∂a
,
∂F

∂h

〉

=

〈⎛⎝ − sin a
cos a

0

⎞
⎠ ,

⎛
⎝ 0

0
1

⎞
⎠〉

= 0



g22 =
〈

∂F

∂h
,
∂F

∂h

〉

=

〈⎛⎝ 0
0
1

⎞
⎠ ,

⎛
⎝ 0

0
1

⎞
⎠〉

= 1

S2 =

⎧⎨
⎩
⎛
⎝ x

y
z

⎞
⎠ ∈ R3 : x2 + y2 + z2 − 1 = 0

⎫⎬
⎭

F :
(−π

2
,
π

2

)
× (0, 2π) → R3,

(
b

a

)
�→

⎛
⎝ cos b cos a

cos b sin a
sin b

⎞
⎠

g =
(

1 0
0 cos2 b

)

∂F

∂b
=

⎛
⎝ − sin b cos a

− sin b sin a
cos b

⎞
⎠ ,

∂F

∂a
=

⎛
⎝ − cos b sin a

cos b cos a
0

⎞
⎠

g11 =
〈

∂F

∂b
,
∂F

∂b

〉
= sin2 b cos2 a + sin2 b sin2 a + cos2 b

= sin2 b + cos2 b

= 1
g12 = g21 = − sin b cos a(− cos b sin a) − sin b sin a cos b cos a

= 0
g22 = cos2 b sin2 a + cos2 b cos2 a

= cos2 b



S ⊂ R3

N : S → R3 ⇐⇒
∀p ∈ S : N(p)⊥TpS

⇐⇒
∀p ∈ S :‖ N(p) ‖= 1

∀v ∈ TpS : 〈−N(p), v〉 = −〈N(p), v〉 = 0

S ⊂ R3 ⇐⇒

∀ (U, F, V ), (U, F , V ) V ∩ V 
= ∅

det(F
−1 ◦ F ) > 0

∂F
∂u1

, ∂F
∂u2

∂F
∂u1

, ∂F
∂u2

TpS

∂F

∂u1
= a11

∂F

∂u1
+ a12

∂F

∂u2

∂F

∂u2
= a21

∂F

∂u1
+ a22

∂F

∂u2

DF = D(F ◦ F−1 ◦ F )
= D(F ◦ F−1) ◦ DF

A := (aij)ij = D(F ◦ F−1)

⇒

N : U → R3, u �→
∂F
∂u1

× ∂F
∂u2

‖ ∂F
∂u1

× ∂F
∂u2

‖



∂F

∂u1
× ∂F

∂u2

=
(

a11
∂F

∂u1
+ a12

∂F

∂u2

)
×
(

a21
∂F

∂u1
+ a22

∂F

∂u2

)

=
∂F

∂u1
× ∂F

∂u2
· (a11a22 − a12a21)

= det A︸ ︷︷ ︸
>0

· ∂F

∂u1
× ∂F

∂u2

N : S → R3, p �→
∂F
∂u1

× ∂F
∂u2

‖ ∂F
∂u1

× ∂F
∂u2

‖

⇒ (Vi)i∈I

∂F
∂u1

, ∂F
∂u2

N(p) =
∂F
∂u1

× ∂F
∂u2

‖ ∂F
∂u1

× ∂F
∂u2

‖ (p)

f : F (U) → {±1}, p �→
〈

N(p),
∂F
∂u1

× ∂F
∂u2

‖ ∂F
∂u1

× ∂F
∂u2

‖

〉

f ≡

∂F

∂u1
× ∂F

∂u2
= detA · ∂F

∂u1
× ∂F

∂u2

det A > 0



(U, F, V ) S
RangDF−1(p)F = 2 ∂F

∂u1
, ∂F

∂u1

N(p) :=
∂F
∂u1

× ∂F
∂u2

‖ ∂F
∂u1

× ∂F
∂u2

‖

S ∩ V

S ⊂ R3 N : S → S2 ⊂ R3

⇐⇒

⇐
⇒ V (u)

N = DuF (e1) × DuF (e2)
N = −DuF (e1) × DuF (e2)

DuF (e1), DuF (e2)

DuF (e1) × DuF (e2)

±DuF (e1) × DuF (e2)

(U, F, V )

N(p) =
∂F
∂u1

× ∂F
∂u2

‖ ∂F
∂u1

× ∂F
∂u2

‖



p ∈ V ∩ V det A < 0 ∂F
∂u1

∂F
∂u2

det A > 0

V ∩ V det A 
= 0

∀p ∈ V ∩ V : det A(p) > 0

f : U ⊂ R3 → R Df(a) 
= 0

S = f−1(a)

TpS = Df(p)⊥

N =
Df

‖ Df ‖

F : (0, 2π) × (−1, 1) → R3,

(
u1

u2

)
�→

⎛
⎝

(
2 − u2 sin u1

2

)
sin u1(

2 − u2 sin u1
2

)
cos u1

u2 cos u1
2

⎞
⎠

F : (0, 2π) × (−1, 1) → R3,

(
u1

u2

)
�→

⎛
⎝

(
2 − u2 sin

(
π
4 + u1

2

))
cos u1

− (
2 − u2 sin

(
π
4 + u1

2

))
sin u1

u2 cos
(

π
4 + u1

2

)
⎞
⎠

u1 = 0 F u1 = π
2 F (U), F (U)

V ∩ V =
{

F

(
u1

u2

)
: u1 ∈

(π

2
, 2π

)}
∪
{

F

(
u1

u2

)
: u1 ∈

(
0,

π

2

)}

F
−1 ◦ F : U → U, (u1, u2) �→

(
u1 − π

2
, u2

) {
u1 ∈

(π

2
, 2π

)}
F

−1 ◦ F : U → U, (u1, u2) �→
(

3π

2
+ u1,−u2

) {
u1 ∈

(
0,

π

2

)}



det D(F
−1 ◦ F ) = det

(
1 0
0 1

)
= 1 > 0

{
u1 ∈

(π

2
, 2π

)}
det D(F

−1 ◦ F ) = det
(

1 0
0 −1

)
= −1 < 0

{
u1 ∈

(
0,

π

2

)}

R3

N ≡ e3

N ≡ id

S2 × R

N

⎛
⎝ x

y
z

⎞
⎠ =

⎛
⎝ x

y
0

⎞
⎠

〈⎛⎝ x
y
0

⎞
⎠ ,

⎛
⎝ 0

0
1

⎞
⎠〉 = 0

f = x2 + y2 + z2 − 1 = 0 p = (x, y, z)T

TpS = Df(p)⊥ = 2

⎛
⎝ x

y
z

⎞
⎠⊥

= 2p⊥

∀p ∈ S : N(p) = p

f = x2 + y2 − 1 = 0

TpS = Df(p)⊥ = 2

⎛
⎝ x

y
0

⎞
⎠⊥



S ⊂ R3

N : S → S2

dpN : TpS → TpS, X �→ dpN(X)

IIp : TpS × TpS → R, (X, Y ) �→ − 〈dpN(X), Y 〉

TN(p)S
2 = N(p)⊥

Def
= TpS

dpN : TpS → TpS

〈dpN(X), Y 〉
dpN 〈·, ·〉 IIp

S ⊂ R3

∀X, Y ∈ TpS : 〈dpN(X), Y 〉 = 〈X, dpN(Y )〉

u := F−1(p)
TpS

Xi = DuF (ei) =
∂F

∂ui
(u)



N(p)⊥TpS t ∈ (−ε, ε)

0 =
〈
Du+tej

F (ei), N(F (u + tej))
〉

0 =
d

dt

〈
Du+tej F (ei), N(F (u + tej))

〉 |t0
=

〈
d

dt
(Du+tej

F (ei))t=0, N(F (u))
〉

+
〈

DuF (ei),
d

dt
(N(F (u + tej)))|t0

〉

Du+tej F (ei) N(F (u + tej))
j = 1

d

dt
Du+te1F (ei)|t=0 =

d

dt

(
∂F

∂ui
(u + te1)

)
|t=0

=

⎛
⎜⎝

∂2F1
∂u1∂ui

∂2F1
∂u2∂ui

∂2F2
∂u1∂ui

∂2F2
∂u2∂ui

∂2F3
∂u1∂ui

∂2F3
∂u2∂ui

⎞
⎟⎠ (u + te1)

d

dt

(
u1 + t

u2

)
|t=0

=

⎛
⎜⎝

∂2F1
∂u1∂ui

∂2F1
∂u2∂ui

∂2F2
∂u1∂ui

∂2F2
∂u2∂ui

∂2F3
∂u1∂ui

∂2F3
∂u2∂ui

⎞
⎟⎠ (u)

(
1
0

)

=

⎛
⎜⎝

∂2F1
∂u1∂ui

∂2F2
∂u1∂ui

∂2F3
∂u1∂ui

⎞
⎟⎠ =

(
∂2F

∂u1∂ui

)

d

dt
N(F (u + te1))|t=0

= dpN ◦
⎛
⎝ ∂F1

∂u1
∂F1
∂u2

∂F2
∂u1

∂F2
∂u2

∂F3
∂u1

∂F3
∂u2

⎞
⎠ (u)

d

dt

(
u1 + t

u2

)
︸ ︷︷ ︸

=(1
0)

= dpN(DuF (e1))

0 =
〈

∂2F

∂uj∂ui
(u), N(p)

〉
+ 〈Xi, dpN(Xj)〉



〈Xi, dpN(Xj)〉 =
〈

∂2F

∂ui∂uj
(u), N(p)

〉

=
〈

∂2F

∂uj∂ui
(u), N(p)

〉
= 〈Xj , dpN(Xi)〉

X = a1X1 + a2X2, Y = b1X1 + b2X2 ∈ TpS
dpN

〈X, dpN(Y )〉 =
2∑

i,j=1

aibj 〈Xi, dpN(Xj)〉

=
2∑

i,j=1

aibj 〈Xj , dpN(Xi)〉

= 〈Y, dpN(X)〉

S ⊂ R3 p ∈ S
u := F−1(p) g, h, w

−dpN DuF (e1), DuF (e2)
TpS

h = w · g

gij(u) = 〈DuF (ei), DuF (ej)〉
hij(u) = IIp(DuF (ei), DuF (ej))

= 〈−dpN(DuF (ei)), DuF (ej)〉

−dpN wj
i

−dpN(DuF (ei)) =
2∑

k=1

wk
i (u)DuF (ek)



hij(u) = 〈−dpN(DuF (ei)), DuF (ej)〉

=
2∑

k=1

wk
i (u) 〈DuF (ek), DuF (ej)〉

=
2∑

k=1

wk
i (u)gkj(u)

=
((

w1
1 w2

1

w1
2 w2

2

)(
g11 g12

g21 g22

))
ij

h = w · g

∀v 
= 0 : vT gv > 0

g

gv = 0 ⇒ vT gv = 0
⇒ v = 0

g

S2 N(p) = p

dpN ≡ Id

N = ez

dpN ≡ 0

N ≡ id

dpN ≡ id

N ≡ ez =
dpN ≡ 0



S ⊂ R3

c : (−ε, ε) → S
k⊥ ċ(0)

k⊥ := 〈c̈(0), N(p)〉 =
{

k(0) 〈n(0), N(p)〉 k(0) 
= 0
0 k(0) = 0

|k⊥| ≤ k(0)

|k⊥| = | 〈c̈(0), N(p)〉 |
≤ ‖ c̈(0) ‖ ‖ N ‖︸ ︷︷ ︸

=1

= k(0)

k⊥ IIp

S ⊂ R3

p ∈ S c : (−ε, ε) → S
c(0) = p

k⊥ = II(ċ(0), ċ(0))

k⊥

∀t ∈ (−ε, ε) : 〈N(c(t)), ċ(t)〉 = 0

0 =
d

dt
〈N(c(t)), ċ(t)〉 |t=0

=
〈

d

dt
N(c(t))|t=0, ċ(0)

〉
+ 〈N(p), c̈(t)|t=0〉

= 〈dpN(ċ(0)), ċ(0)〉 + k⊥
= −IIp (ċ(0), ċ(0)) + k⊥



k⊥

N(p) �→ −N(p) k⊥

II(−ċ(0),−ċ(0)) = II(ċ(0), ċ(0))

〈c̈(0),−N(p)〉 = −〈c̈(0), N(p)〉

k1 k2 dpN

k1 ≤ k2

dpN : TpS → TpS

∀X, Y : 〈dpN(X), Y 〉 = 〈X, dpN(Y )〉
X1, X2 ∈ TpS

DuF (e1), DuF (e2) TpS

N(p) → −N(p)

dp(−N)(p) → −dpN(p)

k1 → −k1

k2 → −k2

TpS

X = X1 cos a+X2 sin a ∈ TpS

k⊥ = k1 cos2 a + k2 sin2 a

k1 k2



X ∈ TpS ‖ X ‖2= 1 〈X1, X2〉 = 0

X = 〈X, X1〉X1 + 〈X, X2〉X2

= cos a · X1 + sin a · X2

dpN(X) = k1 cos aX1 + k2 sin aX2

II(X, X) = −〈dpN(X), X〉
= 〈k1 cos aX1 + k2 sin aX2, cos aX1 + sin aX2〉

〈X1,X2〉=0
= k1 cos2 a + k2 sin2 a

= k1 + (k2 − k1) sin2 a = k⊥

k2 − k1 ≥ 0 sin2 a = 0
sin2 a = 1

S ⊂ R3 p ∈ S

K(p) = k1k2 = det(dpN)

H(p) =
k1 + k2

2
=

1
2
Spur(dpN)

H = H · N

det(dp(−N)) = (−k1)(−k2) = k1k2 = det(dpN)

Spur(dp(−N)) =
−k1 + (−k2)

2
= −Spur(dpN)

H(−N) =
−k1 + (−k2)

2
(−N) =

k1 + k2

2
N = H(N)



R3

k1 = k2 = 0
K ≡ H ≡ 0

k1 = k2 = 1
K ≡ H ≡ 1

dpN ≡ 0 k1 = k2 = 0

K = k1k2 = 0

H =
k1 + k2

2
= 0

dpN ≡ id =
(

1 0
0 1

)
k1 = k2 = 1

K = k1k2 = 1

H =
k1 + k2

2
= 1

F : R × R → R3,

(
t

z

)
�→

⎛
⎝ cos t

sin t
z

⎞
⎠

X1 = (0, 0, 1) k1 = 0
X2 = (− sin t0, cos t0, 0) k2 = 1

Wp =
(

1 0
0 0

)
K = 0

H =
1
2



∂F

∂t
= (− sin t0, cos t0, 0)

∂F

∂r
= (0, 0, 1)

N =

⎛
⎝ − sin t0

cos t0
0

⎞
⎠×

⎛
⎝ 0

0
1

⎞
⎠ =

⎛
⎝ cos t0

sin t0
0

⎞
⎠

dpN

c : (−ε, ε) → S, t �→
⎛
⎝ cos(t + t0)

sin(t + t0)
z

⎞
⎠

c(0) =

⎛
⎝ cos t0

sin t0
z

⎞
⎠ = p, ċ(0) =

⎛
⎝ − sin t0

cos t0
0

⎞
⎠

c : (−ε, ε) → S, t �→
⎛
⎝ cos(t0)

sin(t0)
z + t

⎞
⎠

c(0) =

⎛
⎝ cos t0

sin t0
z

⎞
⎠ = p, ċ(0) =

⎛
⎝ 0

0
1

⎞
⎠

N

⎛
⎝ cos t0

sin t0
z

⎞
⎠ =

⎛
⎝ cos t0

sin t0
0

⎞
⎠

Wp

⎛
⎝ − sin t0

cos t0
0

⎞
⎠ = −dpN

⎛
⎝ − sin t0

cos t0
0

⎞
⎠ = − d

dt
N

⎛
⎝ cos(t + t0)

sin(t + t0)
z

⎞
⎠

t=0

= − d

dt

⎛
⎝ cos(t + t0)

sin(t + t0)
0

⎞
⎠

t=0

=

⎛
⎝ − sin t0

cos t0
0

⎞
⎠



Wp

⎛
⎝ 0

0
1

⎞
⎠ = −dpN

⎛
⎝ 0

0
1

⎞
⎠ = − d

dt
N

⎛
⎝ cos t0

sin t0
z + t

⎞
⎠

t=0

= − d

dt

⎛
⎝ cos t0

sin t0
0

⎞
⎠

t=0

=

⎛
⎝ 0

0
0

⎞
⎠

W ≡
(

1 0
0 0

)
k1 = 0
k2 = 1

K ≡ H ≡ 1
2

S =
{
(x, y, z) ∈ R3 : z = y2 − x2

}

g : R2 → R, (x, y) �→ y2 − x2

k1 = −2
k2 = 2

S = f−1(0)

f : R3 → R, (x, y, z) �→ z − y2 + x2

Df

⎛
⎝ x

y
z

⎞
⎠ =

⎛
⎝ 2x

−2y
1

⎞
⎠

N(x, y, z) =
Df(x, y, z)

‖ Df(x, y, z) ‖ =

⎛
⎝ 2x

−2y
1

⎞
⎠ 1√

4x2 + 4y2 + 1



p = 0 ∈ R3

Np =

⎛
⎝ 0

0
1

⎞
⎠

X1 =

⎛
⎝ 1

0
0

⎞
⎠ , X2 =

⎛
⎝ 0

1
0

⎞
⎠

TpS

c : R → S, t �→
⎛
⎝ t

0
−t2

⎞
⎠

c(0) = p

c1(t)2 − c2(t)2 + c3(t) = t2 − t2 = 0

ċ(0) =

⎛
⎝ 1

0
−2t

⎞
⎠ |t=0 =

⎛
⎝ 1

0
0

⎞
⎠ = X1

dpN(X1) =
d

dt
N(c(t))|t=0 =

d

dt

⎛
⎝ 2t

0
1

⎞
⎠ 1√

4t2 + 1
|t=0

=

⎛
⎝ 2

0
0

⎞
⎠ = 2X1

Wp(X1) = −2X1 k1 = −2

c : R → S, t �→
⎛
⎝ 0

t
t2

⎞
⎠

c(0) = p

c1(t)2 − c2(t)2 + c3(t) = −t2 + t2 = 0

ċ(0) =

⎛
⎝ 0

1
2t

⎞
⎠ |t=0 =

⎛
⎝ 0

1
0

⎞
⎠ = X2



dpN(X2) =
d

dt
N(c(t))|t=0 =

d

dt

⎛
⎝ 0

−2t
1

⎞
⎠ 1√

4t2 + 1
|t=0

=

⎛
⎝ 0

−2
0

⎞
⎠ = −2X2

Wp(X2) = 2X2 k2 = 2
p = 0 ∈ R3

K(p) = −4
H(p) = 0



f ∈ O(‖ u ‖3) ⇐⇒

∃ U(0) ∃c ∈ R ∀u ∈ U(0) :
∣∣∣∣ f(u)
‖ u ‖3

∣∣∣∣ ≤ c

S ⊂ R3 p ∈ S X1, X2

TpS
(X1, X2, N(p))

R3

(U, F, V )

F (0, 0) = p (0, 0) ∈ U

∀i, j = 1, 2 : gij(0, 0) = δij

∀i, j, k = 1, 2 :
∂gij

∂uk
(0, 0) = 0

F (u) − p = u1X1 + u2X2 +
1
2

2∑
i,j=1

hij(0, 0)uiujN(u)

+O(‖ u ‖3)

(U1, F1, V1)
x0 ∈ U1 F1(x0) = p

V2 = V1

U2 := U1 − x0

F2 : U2 → V2 ∩ S, x �→ F1(x + x0)

(U2, F2, V2) (0, 0) ∈ U2 F2(0, 0) = p
Y1, Y2 ∈ R2

∀j = 1, 2 : D(0,0)F2(Yj) = Xj

A : R2 → R2, ej �→ Yj j = 1, 2

V3 := V2

U3 := A−1(U2)
F3 := F2 ◦ A



(U3, F3, V3) F3(0) = p

∂F3

∂ui
(0, 0) = D(0,0)F3(ei)

= D(0,0)(F2 ◦ A)ei

= (D(0,0)F2 ◦ A)ei

= D(0,0)F2(Yi) = Xi

g
(F3)
ij (0, 0) =

〈
∂F3

∂ui
(0, 0),

∂F3

∂uj
(0, 0)

〉
= 〈Xi, Xj〉

V or= δij

F3

F3(v1, v2) − p =
∂F3

∂v1
v1 +

∂F3

∂v2
v2 +

1
2

2∑
i,j=1

∂2F3

∂vi∂vj
(0, 0)vivj + O(‖ v ‖3)

= v1X1 + v2X2 +
1
2

2∑
i,j=1

vivj

〈
∂2F3

∂vi∂vj
(0, 0), N(p)

〉
N(p)

+
1
2

2∑
i,j,k=1

vivj

〈
∂2F3

∂vi∂vj
(0, 0), Xk

〉
Xk + O(‖ v ‖3)

=

⎛
⎝v1 +

1
2

2∑
i,j=1

vivj

〈
∂2F3

∂vi∂vj
(0, 0), X1

〉⎞⎠X1

+

⎛
⎝v2 +

1
2

2∑
i,j=1

vivj

〈
∂2F3

∂vi∂vj
(0, 0), X2

〉⎞⎠X2

+
1
2

2∑
i,j=1

vivj

〈
∂2F3

∂vi∂vj
(0, 0), N(p)

〉
N(p) + O(‖ v ‖3)

G : U3 → R2,

(
v1

v2

)
�→

⎛
⎝ v1 + 1

2

∑2
i,j=1 vivj

〈
∂2F3

∂vi∂vj (0, 0), X1

〉
v2 + 1

2

∑2
i,j=1 vivj

〈
∂2F3

∂vi∂vj (0, 0), X2

〉
⎞
⎠



G(0, 0) =
(

0
0

)

D(0,0)G =
(

1 0
0 1

)

U ′
3(0, 0) U(0, 0) U ′

3 ⊂ U3

G : U ′
3 → U

G, G−1

V ′
3 ⊂ V3 F ′

3 = F3|U ′
3

(U ′
3, F

′
3, V

′
3)

F := F ′
3 ◦ G−1

V := V ′
3

F (0, 0) = F ′
3(G

−1(0, 0)) = F ′
3(0, 0) = F3(0, 0) = p

uk := vk +
1
2

2∑
i,j=1

vivj

〈
∂2F3

∂vi∂vj
(0, 0), Xk

〉

F (u1, u2) − p

= F ′
3(G

−1(u1, u2)) − p

= F3(v1, v2) − p

=
2∑

k=1

⎧⎨
⎩vk +

1
2

2∑
ij=1

vivj

〈
∂2F3

∂vi∂vj
(0, 0), Xk

〉⎫⎬
⎭Xk

+
1
2

2∑
i,j=1

vivj

〈
∂2F3

∂vi∂vj
(0, 0), N(p)

〉
+ O(‖ v ‖3)

=
2∑

k=1

ukXk +
1
2

2∑
i,j=1

vivjh
(F3)
ij (0, 0)N(p) + O(‖ v ‖3)

h
(F3)
ij =

〈
∂2F3

∂vi∂vj
, N ◦ F3

〉



(U3, F3, V3)

G(0, 0) =
(

0
0

)

D(0
0)G =

(
1 0
0 1

)

G−1(0, 0) =
(

0
0

)

D(0
0)(G

−1) =
(

1 0
0 1

)

vj = uj + O(‖ u ‖2)
O(‖ v ‖3) = O(‖ u ‖3)

F (u1, u2) − p

=
2∑

k=1

ukXk +
1
2

2∑
i,j=1

(uiuj + O(‖ u ‖3)h(F3)
ij (0, 0)N(p) + O(‖ u ‖3)

=
2∑

k=1

ukXk +
1
2

2∑
ij=1

uiujh
(F3)
ij (0, 0)N(p) + O(‖ u ‖3)

hF
ij(0, 0) =

〈
∂F

∂ui∂uj
(0, 0), N(p)

〉
=

〈
h

(F3)
ij (0, 0)N(p), N(p)

〉
= h

(F3)
ij (0, 0)

∂F

∂ui
(u) = Xi +

2∑
k=1

hik(0, 0)ukN(p) + O(‖ u ‖2)



gij(u) =

〈
Xi +

2∑
k=1

hik(0, 0)ukN(p) + O(‖ u ‖2),

Xj +
2∑

l=1

hil(0, 0)ulN(p) + O(‖ u ‖2)

〉

= 〈Xi, Xj〉 +
2∑

k=1

hik(0, 0)uk 〈N(p), Xj〉︸ ︷︷ ︸
=0

+
2∑

l=1

hjl(0, 0)ul 〈Xi, N(p)〉︸ ︷︷ ︸
=0

+O(‖ u ‖2)

= δij + O(‖ u ‖2)

K(p) > 0
K(p) < 0
K(p) = 0, K 
= 0

K(p) = 0

hij

hij

det hij = 0 hij 
= 0
∀i, j = 1, 2 : hij = 0

∅ 
= S ⊂ R3

R0 := inf{R : S ⊂ B(0, R)}
= inf

R∈[0,∞)
{∀x ∈ S :‖ x ‖2≤ R}

∀R ≥ R0 ∀x ∈ S :‖ x ‖2≤ R

⇒ ∀x ∈ S :‖ x ‖2≤ R0

⇒ S ⊂ B(0, R0)



∂B(0, R0)

∃x ∈ S, y ∈ ∂B(0, R0) : d(x, y) = dist(S, S2(R0))

d(x, y) > 0

S ⊂ B

(
0, R0 − 1

2
d(x, y)

)

R0

p ∈ S ∩ S2(R0)

TpS = TpS
2(R0)

TpS
2(R0) = p⊥

∃X ∈ TpS : 〈X, p〉 
= 0

〈X, p〉 > 0
c : (−ε, ε) → S

c(0) = p

ċ(0) = X

c(t) = p + Xt + r(t)

lim
t→∞

r(t)
t

= 0

‖ c(t) ‖2 = ‖ p ‖2 +2 〈p, X〉 t + r(t)
= R2

0 + 2 〈p, X〉︸ ︷︷ ︸
>0

t + r(t)

‖ c(t) ‖2 −R2
0

t
= 2 〈p, X〉 + O(t)

‖ c(t) ‖> R0

S ⊂ B(0, R0)

‖ c(t) ‖≤ R0



X ∈ TpS E = Lin(N(p), X) S ⊂ B(0, R0) S ∩ E
S2(R0) ∩ E

c(t) c(0) = p, X = ċ(0)
c(0) = −R0 · N(p)

c(t) = p + tX +
1
2
t2c̈(0) + r(t)

lim
t→0

r(t)
t2

= 0

TpS = TpS
2(R0)

c̈(0)⊥X⊥p

‖ c(t) ‖2 = 〈c(t), c(t)〉
=

〈
p + tX +

1
2
t2c̈(0) + r(t), p + tX +

1
2
t2c̈(0) + r(t)

〉
= 〈p, p〉︸ ︷︷ ︸

=R2
0

+t2 〈p, c̈(0)〉︸ ︷︷ ︸
−R0k⊥

+ 〈p, r(t)〉

+t2 〈X, X〉︸ ︷︷ ︸
=1

+2t 〈X, r(t)〉 + t4
1
4
〈c̈(0), c̈(0)〉

+t2 〈c̈(0), r(t)〉 +
〈

r(t), p + tX +
1
2
t2c̈(0) + r(t)

〉

limn→∞ tn = 0

0 ≤ ‖ c(tn) ‖2 −R2
0

t2n
= −(R0k⊥ − 1) + bn

lim
n→∞ bn = 0

k⊥ ≥ 1
R0

K > 0



S1, S2 ⊂ R3

f : S1 → S2 ⇐⇒
∀p ∈ S1 : Dpf

S1 S2 ⇐⇒
∀p ∈ S1 ∃ U1(p) ⊂ S1, U2 ⊂ S2 ∃ f : U1 → U2

∀q ∈ S2 ∃ U ′
2(q) ⊂ S2, U

′
1 ⊂ S1 ∃ f : U ′

2 → U ′
1

f : S1 → S2

f−1 : S2 → S1

S1 S2

Dpf ⇐⇒ Dpf
−1 = (Dpf)−1

f : S1 → S2 f−1 : S2 → S1

S1 ∼ S1

df−1

S1 ∼ S2 ⇒ S2 ∼ S1

f1 ◦ f2

S1 ∼ S2, S2 ∼ S3 ⇒ S1 ∼ S3

〈·, ·〉 |TpS×TpS

U ⊂ S1 f(U) ⊂ S2

FS : S → R
⇐⇒
∀ f : S1 → S2

FS1 = FS2 ◦ f



HEbene = HZylinder ◦ f

HEbene ≡ 0

HZylinder ≡ 1
2

f = 0

⇐⇒

Dpf
T Dpf =

(
1 0
0 1

)
RangDpf = 2

S1 = R2 × {0} S2 = S1 × R

f : S1 → S2,

⎛
⎝ x

y
0

⎞
⎠ �→

⎛
⎝ cos x

sin x
y

⎞
⎠

Dpf =

⎛
⎝ − sin t 0

cos t 0
0 1

⎞
⎠

Dpf
T Dpf =

( − sin t cos t 0
0 0 1

)⎛⎝ − sin t 0
cos t 0
0 1

⎞
⎠

=
( − sin2 t + cos2 t 0

0 1

)

=
(

1 0
0 1

)



S1, S2

f

⎛
⎝ t + 2π

z
0

⎞
⎠ =

⎛
⎝ cos(t + 2π)

sin(t + 2π)
z

⎞
⎠ =

⎛
⎝ cos t

sin t
z

⎞
⎠ = f

⎛
⎝ t

z
0

⎞
⎠



∂F
∂u1

, ∂F
∂u2

, N(F (u))

∂2F

∂ui∂uj
(u) = C1

ij

∂F

∂u1
(u) + C2

ij

∂F

∂u2
(u) + hij(u)N(F (u))

(hij)ij

Ck
ij : U → R

Ck
ij = Ck

ji

∀X, Y ∈ TpS : 〈dpN(X), Y 〉 = 〈X, dpN(Y )〉

0 =
〈

∂2F

∂ui∂uj
(u), N(p)

〉
− 〈Xi,−dpN(Xj)〉

〈
∂2F

∂ui∂uj
(u), N(p)

〉
= 〈Xi,−dpN(Xj)〉
= hij

Ck
ij =

(
∂2F

∂ui∂uj

)k

=
(

∂2F

∂uj∂ui

)k

= Ck
ji



p ∈ S

prp : R3 → TpS, X �→ X − 〈X, N(p)〉 · N(p)

〈X − 〈X, N(p)〉N(p), N(p)〉
= 〈X, N(p)〉 〈N(p), N(p)〉︸ ︷︷ ︸

=1

−〈X, N(p)〉

= 0

prTpS(X) ∈ TpS

pr(X + aY ) = X + aY − 〈X + aY, N(p)〉N(p)
= X − 〈X, N(p)〉N(p) + a (Y − 〈Y, N(p)〉N(p))
= prX + a · prY

S ⊂ R3

TS = {(p, X) : p ∈ S, X ∈ TpS}

v : S → TS, p �→ (p, v(p))

⇐⇒
v =

∑2
i=1 ai(p) ∂F

∂ui (p) ai(p)
c : I → S

v : I → R3, t �→ v(t) ∈ Tc(t)S

d

dt
v : I → R3

TpS



v : I → R3

∇
dt

v : I →
⋃
p∈S

TpS, t �→ prc(t)(v̇(t))

prTc(t)S(X) ∈ Tc(t)S
∇
dtv

S ⊂ R3 c : I → S f : I → R

v + aw f · v

a)
∇
dt

(v + aw)(t) =
∇
dt

v(t) + a
∇
dt

w(t)

b)
∇
dt

(fv)(t) = ḟ(t)v(t) + f(t)
∇
dt

v(t)

c)
d

dt
〈v, w〉 (t) =

〈∇
dt

v(t), w(t)
〉

+
〈

v(t),
∇
dt

w(t)
〉

h : J → I h, h−1 ∈ C∞

∇
dt

(v ◦ h) = ḣ · ∇v

dt
◦ h

Tc(t)S

(v + aw)(t) = v(t) + aw(t) ∈ Tc(t)S

(fv)(t) = f(t)︸︷︷︸
∈R

·v(t) ∈ Tc(t)S

pr

(
d

dt
(v + aw)

)
= pr

(
d

dt
v + a

d

dt
w

)

= pr

(
d

dt
v

)
+ apr

(
d

dt
w

)

pr

(
d

dt
(fv)

)
= pr

(
df

dt
· v + f(t)

dv

dt

)

= ḟ(t)pr(v) + f(t)pr

(
dv

dt

)

= ḟ(t)v(t) + f(t)
∇
dt

v(t)



〈∇
dt

v, w

〉
+
〈

v,
∇w

dt

〉

=
〈

dv

dt
−
〈

dv

dt
, N

〉
· N, w

〉
+
〈

v,
dw

dt
−
〈

dw

dt
, N

〉
· N

〉
v⊥N⊥w=

〈
dv

dt
, w

〉
+
〈

v,
dw

dt

〉

=
d

dt
〈v, w〉

∇
dt

(v ◦ h) = pr

(
d

dt
(v ◦ h)

)

= pr

((
dv

dt
◦ h

)
· dh

dt

)
pr

= ḣ · ∇v

dt
◦ h

S ⊂ R3

wp ∈ TpS
wp

∇wp
v =

2∑
j,k=1

(
∂vk

∂uj
+

2∑
i=1

Ck
ijv

i

)
wj ∂F

∂uk

c : (−ε, ε) → S ċ(0) = wp

∇wpv :=
∇
dt

(v ◦ c)(0)

∇
dt

(
2∑

i=1

ai(c(t))
∂F

∂ui
(c(t))

)

=
2∑

k=1

⎛
⎝ȧk(c(t)) +

2∑
i,j=1

Ck
ij(c(t))a

i(c(t))ċj(t)

⎞
⎠ ∂F

∂uk
(c(t))

∇wv

∇wv(p) := ∇w(p)v(p)



(U, F, V ) S ⊂ R3 c : I → S
c(I) ⊂ V

v : I → R3, t �→
2∑

i=1

ai(t)
∂F

∂ui
(c(t))

I
c→ V ∩ S

v→ ⋃
t∈I Tc(t)S

F−1 ↓↑ F
U

d

dt

∂F

∂ui
(c(t)) =

d

dt

(
∂

∂ui
F ◦ F−1 ◦ F ◦ c

)

=
2∑

j=1

∂2F

∂ui∂uj
(F−1 ◦ F ◦ c)(t)

(
∂(F−1 ◦ F ◦ c(t))

dt

)
j

=
2∑

j=1

∂2F

∂ui∂uj
(c(t)) · ċj(t)

d

dt
a(c(t)) =

2∑
j=1

∂a

∂uj
ċj

=
2∑

j=1

∂a

∂uj
wj

∇
dt

(v ◦ c)(t)

= prTc(t)S

⎛
⎝ 2∑

i=1

ȧi(t)
∂F

∂ui
(c(t)) +

2∑
i,j=1

ai(t)
∂2F

∂ui∂uj
(c(t))ċj(t)

⎞
⎠

N(c(t))⊥Tc(t)S=
2∑

i=1

ȧi ∂F

∂ui
(c(t)) +

2∑
i,j=1

ai(t) ċj(t)︸︷︷︸
=wj

2∑
k=1

Ck
ij(c(t))

∂F

∂ui
(c(t))

=
2∑

j,k=1

(
∂ak

∂uj
+

2∑
i=1

Ck
ij(c(t))a

i(t)

)
wj ∂F

∂uk
(c(0))

p = c(0) wj = ċ(0)

∇ċ(0)v : TpS → TpS,
d

dt
c|t=0 �→ ∇

dt
v ◦ c|t=0



Ck
ij

ċ(t)
∇
dt ċ(t)

F : U → S

b1, b2 ∈ R v, v1, v2, w, w1, w2

f : S → R

∇w(b1v1 + b2v2) = b1∇wv1 + b2∇wv2

∇b1w1+b2w2v = b1∇w1v + b2∇w2v

∇fwv = f∇wv

∇w(fv) = Df(w)v + f∇wv

D(〈v1, v2〉)(w) = 〈∇wv1, v2〉 + 〈v1,∇wv2〉

∇w(b1v2 + b2v2) =
2∑

j,k=1

(
∂(b1v

k
1 + b2v

k
2 )

∂uj
+

2∑
i=1

Ck
ij(b1v

i
1 + b2v

i
2)

)
w

∂F

∂uk

= b1

2∑
j,k=1

(
∂vk

1

∂uj
+

2∑
i=1

Ck
ijv

i
1

)
wj ∂F

∂uk

+b2

2∑
j,k=1

(
∂vk

2

∂uj
+

2∑
i=1

Ck
ijv

i
2

)
wj ∂F

∂uk

= b1∇wv1 + b2∇wv2



∇b1w1+b2w2v =
2∑

j,k=1

(
∂vk

∂uj
+

2∑
i=1

Ck
ijv

i

)
(b1w

j
1 + b2w

j
2)

∂F

∂uk

= b1

2∑
j,k=1

(
∂vk

∂uj
+

2∑
i=1

Ck
ijv

i

)
wj

1

∂F

∂uk

+b2

2∑
j,k=1

(
∂vk

∂uj
+

2∑
i=1

Ck
ijv

i

)
wj

2

∂F

∂uk

= b1∇w1v + b2∇w2v

∇fwv =
2∑

j,k=1

(
∂vk

∂uj
+

2∑
i=1

Ck
ijv

i

)
fw

∂F

∂uk

= f

2∑
j,k=1

(
∂vk

∂uj
+

2∑
i=1

Ck
ijv

i

)
w

∂F

∂uk

= f∇wv

∇
dt

((fv) ◦ c)|t=0

= prTc(0)S

(
d

dt
(fv) ◦ c

)
|t=0

= prTc(0)S (Df(ċ) · v + f · Dvċ)
= Df(w) · v + f∇wv

D 〈v1(w), v2(w)〉
= 〈Dv1(w), v2(w)〉 + 〈v1(w), Dv2(w)〉
=

〈
prTc(t)S

d

dt
(v1 ◦ c)(t), v2(w)

〉
+
〈

v1(w), prTc(t)S
d

dt
(v2 ◦ c)(t)

〉
= 〈∇wv1, v2〉 + 〈v1,∇wv2〉



∇wz v w
v

∇2
v,wz = ∇v(∇wz) −∇∇vwz

∂F

∂uk

(∇2
v,wz)m =

∑
ij

∂2zm

∂ui∂uj
viwj +

∑
ijk

Cm
ij

∂zj

∂uk
(viwk + vkwi)

−
∑
ijk

Ck
ij

∂zm

∂uk
viwj

+
∑
ijk

(
∂Cm

kj

∂ui
+
∑

l

(Cm
li Cl

kj − Cm
klC

l
ij)

)
viwjzk

(v1, v2) (w1, w2)

∇2z : TpS × TpS → TpS, (vp, wp) �→ (∇2
v,wz)(p)

v(p) = vp, w(p) = wp

k = 1, 2

(∇wz)k :=
∑

l

∂zk

∂ul
wl +

∑
ij

Ck
ijz

iwj

q := ∇wz a = 1, 2

(∇v(∇wz))a = (∇vq)a =
2∑

m=1

vm

(
∂qa

∂um
vm +

2∑
b=1

Ca
bmqb

)

q=∇wz
=

2∑
m=1

vm ∂

∂um

⎛
⎝ 2∑

i,l=1

∂za

∂ul
wl +

2∑
i=1

Ca
ilz

iwl

⎞
⎠

+
2∑

b,m=1

vmCa
bm

⎛
⎝ 2∑

l=1

∂zb

∂ul
wl +

2∑
i,l=1

Cb
ilz

iwl

⎞
⎠



r := ∇vw

(∇∇vwz)a = (∇rz)a =
2∑

m=1

rm

(
∂za

∂um
+

2∑
b=1

Ca
bmzb

)

=
2∑

m=1

(
∂za

∂um
+

2∑
b=1

Ca
bmzb

)
·

2∑
l=1

vl

(
∂wm

∂ul
+

2∑
i=1

Cm
il wi

)

(∇2
v,wz

)a
= (∇v(∇wz) −∇∇vwz)a

=
∑
ml

⎛
⎜⎜⎝ ∂2za

∂ul∂um
wl +

∂za

∂ul

∂wl

∂um︸ ︷︷ ︸
A

⎞
⎟⎟⎠ vm

+
∑
ilm

⎛
⎜⎜⎝∂Ca

il

∂um
ziwl + Ca

il

∂zi

∂um
wl + Ca

ilz
i ∂wl

∂um︸ ︷︷ ︸
B

⎞
⎟⎟⎠ vm

+
2∑

lbm=1

(
∂zb

∂ul
wl +

2∑
i=1

Cb
ilz

iwl

)
Ca

bmvm

−
∑
ml

∂za

∂um

∂wm

∂ul︸ ︷︷ ︸
A

vl −
∑
mil

∂za

∂um
Cm

il wivl

−
∑
lbm

∂wm

∂ul
vlCa

bmzb︸ ︷︷ ︸
B

−
2∑

ilbm=1

Cm
il Ca

bmwivlzb

vp, wp

∇2
v,wz p ∈ S v(p), w(p)

p ∈ S, vp, wp ∈ TpS

R(vp, wp)z := ∇2
vp,wp

z −∇2
wp,vp

z



p = F (u0)

vp =
∑

i

vi ∂F

∂ui
(u0), wp =

∑
j

wj ∂F

∂uj
(u0), z =

∑
k

zk ∂F

∂uk

R(vp, wp)z =
2∑

ijkl=1

Rl
ijk(u0)viwjzk ∂F

∂ul
(u0)

Rl
ijk =

∂Cl
kj

∂ui
− ∂Cl

ki

∂uj
+
∑
m

(Cl
miC

m
jk − Cl

mjC
m
ki)

Ck
ij = Ck

ji

∂2xk

∂ui∂uj
=

∂2xk

∂uj∂ui



(R(vp, wp)z)m

=
∑
ij

∂2zm

∂ui∂uj
viwj

︸ ︷︷ ︸
A

+
∑
ijk

Cm
ij

∂zj

∂uk
viwk

︸ ︷︷ ︸
B

+
∑
ijk

Cm
ij

∂zj

∂uk
vkwi

︸ ︷︷ ︸
C

−
∑
ijk

Ck
ij

∂zm

∂uk
viwj

︸ ︷︷ ︸
D

+
∑
ijk

⎛
⎜⎝∂Cm

kj

∂ui
+
∑

l

(Cm
li Cl

kj − Cm
klC

l
ij)︸ ︷︷ ︸

E

⎞
⎟⎠ viwjzk

−
∑
ij

∂2zm

∂ui∂uj
wivj

︸ ︷︷ ︸
A

−
∑
ijk

Cm
ij

∂zj

∂uk
wivk

︸ ︷︷ ︸
B

−
∑
ijk

Cm
ij

∂zj

∂uk
wkvi

︸ ︷︷ ︸
C

+
∑
ijk

Ck
ij

∂zm

∂uk
wivj

︸ ︷︷ ︸
D

−
∑
ijk

⎛
⎜⎝∂Cm

kj

∂ui
+
∑

l

(Cm
li Cl

kj − Cm
klC

l
ij︸ ︷︷ ︸

E

)

⎞
⎟⎠wivjzk

=
∑
ijk

∂Cm
kj

∂ui
viwjzk −

∑
ijk

∂Cm
kj

∂ui
wivjzk

+
∑
ijkl

Cm
li Cl

kjv
iwjzk −

∑
ijkl

Cm
li Cl

kjw
ivjzk

=
∑
ijk

viwjzk

(
∂Cm

kj

∂ui
− ∂Cm

ki

∂uj
+
∑

l

(Cm
li Cl

kj − Cm
lj Cl

ki)

)

=
∑
ijk

Rl
ijkviwjzk

vp wp

Rp : TpS × TpS × TpS → TpS, (vp, wp, zp) �→ R(vp, wp)z

Rp(vp, wp)zp = −Rp(wp, vp)zp

R(v, v)z = 0



R(vp, wp)z =
2∑

ijkl=1

Rl
ijk(u0)viwjzk ∂F

∂ul
(u0)

v, w, z

Rl
ijk =

∂Cl
kj

∂ui
− ∂Cl

ki

∂uj
+
∑
m

(Cl
miC

m
jk − Cl

mjC
m
ki)

= −
(

∂Cl
ki

∂uj
− ∂Cl

kj

∂ui
+
∑
m

(Cl
mjC

m
ik − Cl

miC
m
kj)

)

= −Rl
jik

Rp(vp, wp)zp =
2∑

ijkl=1

Rl
ijk(u0)viwjzk ∂F

∂ul
(u0)

= −
2∑

ijkl=1

Rl
jik(u0)vjwizk ∂F

∂ul
(u0)

= −Rp(wp, vp)zp

R(v, v)z = −R(v, v)z
2R(v, v)z = 0

S ⊂ R3 p ∈ S
v, w ∈ TpS W (v) = −dpN(v)

R(v, w)z = II(w, z)W (v) − II(v, z)W (w)

(U, F, V )

∂2F

∂ui∂uj
=
∑

k

Ck
ij

∂F

∂uk
+ hij · N ◦ F



ul

∂3F

∂ul∂ui∂uj

=
∑

k

(
∂Ck

ij

∂ul

∂F

∂uk
+ Ck

ij

∂2F

∂ul∂uk

)
+

∂hij

∂ul
· N ◦ F + hij

∂(N ◦ F )
∂ul

=
∑

k

(
∂Ck

ij

∂ul

∂F

∂uk
+ Ck

ij

∑
m

Cm
lk

∂F

∂um
+

)

+ + hijDN

(
∂F

∂ul

)

=
∑
m

(
∂Cm

ij

∂ul
+
∑

k

Ck
ijC

m
lk − hijw

m
l

)
∂F

∂um
+

ui, ul

0 =
∂3F

∂ul∂ui∂uj
− ∂3F

∂ui∂ul∂uj

=
∑
m

(
∂Cm

ij

∂ul
− ∂Cm

lj

∂ui
+
∑

k

(Ck
ijC

m
lk − Ck

ljC
m
ik ) − hijw

m
l + hljw

m
i

)

· ∂F

∂um
+

=
∑
m

(Rm
lij − hijw

m
l + hljw

m
i )

∂F

∂um
+

Rm
lij − hijw

m
l + hljw

m
i = 0

Rl
ijk = hjkwl

i − hikwl
j

W (v) =
2∑

i,l=1

wl
iv

i ∂F

∂ul

II(w, z) =
2∑

j,k=1

wjhjkzk



R(v, w)z =
2∑

ijkl=1

Rl
ijkviwjzk ∂F

∂ul

=
2∑

ijkl=1

(hjkwl
i − hikwl

j)v
iwjzk ∂F

∂ul

= II(w, z)
2∑

i,l=1

wl
iv

i ∂F

∂ul
− II(v, z)

2∑
j,l=1

wl
jw

j ∂F

∂ul

= II(w, z)W (v) − II(v, z)W (w)

p ∈ S v, w, x, y ∈ TpS

〈R(v, w)x, y〉 = 〈R(x, y)v, w〉
〈R(v, w)x, y〉 = −〈R(v, w)y, x〉

R(v, w)x + R(x, v)w + R(w, x)v = 0

〈R(v, w)x, y〉
= 〈II(w, x)W (v) − II(v, x)W (w), y〉
= II(w, x)II(v, y) − II(v, x)II(w, y)
= II(y, v)II(x, w) − II(x, v)II(y, w)
= 〈II(y, v)W (x) − II(x, v)W (y), w〉
= 〈R(x, y)v, w〉

〈R(v, w)x, y〉 = 〈R(x, y)v, w〉
= 〈−R(y, x)v, w〉
= −〈R(v, w)y, x〉

R(v, w)x + R(x, v)w + R(w, x)v
= II(w, x)W (v) − II(v, x)W (w) + II(v, w)W (x) − II(x, w)W (v)

+II(x, v)W (w) − II(w, v)W (x)
= 0



p ∈ S v, w TpS

K(p) = 〈Rp(v, w)w, v〉

〈R(v, w)w, v〉
= 〈II(w, w)W (v) − II(v, w)W (w), v〉
= II(w, w) · II(v, v) − II(v, w)II(w, v)
= 〈−dpN(w), w〉 〈−dpN(v), v〉 − 〈−dpN(v), w〉 〈−dpN(v), w〉
= det(−dpN)
= K

p ∈ S v, w, x ∈ TpS

R(v, w)x = K(p)(〈w, x〉 v − 〈v, x〉w)

dim V = 2

V1 :=

⎧⎨
⎩

f : V × V × V × V → R
f(v, w, x, y) = −f(w, v, x, y)
f(v, w, x, y) = −f(v, w, y, x)

⎫⎬
⎭

f(u, u, v, w) = −f(u, u, v, w)
2f(u, u, v, w) = 0
f(u, v, w, w) = −f(u, v, w, w)

2f(u, v, w, w) = 0

e1, e2

f(v, w, x, y) = v1w2f(e1, e2, x, y) + v2w1f(e2, e1, x, y)
= (v1w2 − v2w1)f(e1, e2, x, y)
= (v1w2 − v2w1)(x1y2f(e1, e2, e1, e2) + x2y1f(e1, e2, e2, e1))
= (v1w2 − v2w1)(x1y2 − x2y1)f(e1, e2, e1, e2)

V1

e1, e2 TpS

f1(v, w, x, y) = 〈R(v, w)x, y〉
f2(v, w, x, y) = −K(p)(〈w, x〉 〈v, y〉 − 〈v, x〉 〈w, y〉)



f1, f2 ∈ V1

f1(e1, e2, e1, e2) = K(p) = f2(e1, e2, e1, e2)

f1 ≡ f2



U ⊂ R2

f : U → R, (x, y) �→ f(x, y)

y′ = f(x, y)

g : I ⊂ R → R

⇐⇒
a) Graph(g) = {(x, g(x)) ∈ I × R} ⊂ U

b) ∀x ∈ I : g′(x) = f(x, g(x))

R
g′(x) = f(x, g(x))

G ⊂ R × Rn

f : G ⊂ R × Rn → Rn, (x, y) �→ f(x, y)

y′ = f(x, y)

y′
1 = f1(x, y)

y′
n = fn(x, y)

g : I ⊂ R → Rn

⇐⇒
a) Graph(g) = {(x, y) ∈ I × Rn : y = g(x)} ⊂ U

b) ∀x ∈ I : g′(x) = f(x, g(x))

U ⊂ R × Rn

f : U ⊂ R × Rn → Rn

L ≥ 0 ⇐⇒
∀(x, y), (x, z) ∈ U : ‖ f(x, y) − f(x, z) ‖≤ L ‖ y − z ‖

f : U ⊂ R × Rn → Rn ⇐⇒
∀(a, b) ∈ U ∃ V (a, b) ⊂ U : f : V → Rn



g, h : (x0, x0 + a] → R

1.) ∀x ∈ (x0, x0 + ε] : g(x) < h(x)
2.) ∀x ∈ (x0, x0 + a] : g′(x) − f(x, g(x)) < h′(x) − f(x, h(x))

∀x ∈ (x0, x0 + a] : g(x) < h(x)

∃x1 ∈ (x0, x0 + a] : g(x) ≥ h(x)

x1 > ε
x1

∃x1 ∈ (x0, x0 + a] ∀x ∈ (x0, x1] : g(x) < h(x)
g(x1) = h(x1)

ε > δ > 0

g(x1) − g(x1 − δ)
δ

>
h(x1) − h(x1 − δ)

δ

lim
δ↓0

g(x1) − g(x1 − δ)
δ

≥ lim
δ↓0

h(x1) − h(x1 − δ)
δ

g′(x1) ≥ h′(x1)

g′(x1) = g′(x1)−f(x1, g(x1)) + f(x1, g(x1))︸ ︷︷ ︸
=0

2.)
< h′(x1) − f(x1, h(x1)) + f(x1, g(x1)︸ ︷︷ ︸

=h(x1)

)

= h′(x1)−f(x1, h(x1)) + f(x1, h(x1))︸ ︷︷ ︸
=0

= h′(x1)

∀x ∈ (x0, x0 + a] : g(x) < h(x)



g : J → Rn x0

‖ g(x) ‖ x0

lim inf
h↓0

, lim sup
h↓0

∣∣∣∣‖ g(x0) ‖ − ‖ g(x0 ± h) ‖
h

∣∣∣∣ ≤‖ g′(x0) ‖

− ‖ g′(x) ‖≤‖ g(x) ‖′±≤‖ g′(x) ‖

‖ · ‖ ∣∣∣∣‖ g(x0) ‖ − ‖ g(x0 ± h) ‖
h

∣∣∣∣ ≤
∥∥∥∥g(x0) − g(x0 ± h)

h

∥∥∥∥
lim sup

h↓0
, lim inf

h↓0

∣∣∣∣‖ g(x0) ‖ − ‖ g(x0 ± h) ‖
h

∣∣∣∣ ≤ ‖ g′(x0) ‖

x0 ∈ J
u : J → Rn z : J → Rm

b, d ∈ R, Graph(y), Graph(z) ⊂
D

‖ z(x0) − u(x0) ‖ < b

∀x ∈ J : ‖ z′(x) − f(x, z) ‖ < d

∀x ∈ J : ‖ u(x) − z(x) ‖< b exp(L(x − x0)) +
d

L
(exp(L(x − x0)) − 1)

r(x) = b exp(L(x − x0)) +
d

L
(exp(L(x − x0)) − 1)

r′(x) = bL exp(L(x − x0)) +
d

L
L exp(L(x − x0))

= L

(
b exp(L(x − x0)) +

d

L
L exp(L(x − x0))

)
+ d

= Lr(x) + d



∀x ∈ J : r′(x) = Lr(x) + d

r(x0) = b

lim
h→0

‖ (z − y)(x) ‖ − ‖ (z − y)(x ± h) ‖
h

≤ ‖ z′(x) − y′(x) ‖
= ‖ z′(x) − f(x, z) + f(x, z) − f(x, y) ‖
≤ ‖ z′(x) − f(x, z) ‖ + ‖ f(x, z) − f(x, y) ‖
< d + L ‖ z − y ‖

r′(x) − Lr(x) = d

> ‖ z − y ‖′− (x) − L ‖ z(x) − y(x) ‖

r(x0) = b >‖ z(x0) − y(x0) ‖
y, z x0

∃ε > 0 ∀(x0, x0 + ε] :‖ z(x) − y(x) ‖< r(x)

f(x, g(x)) = Lg(x)

∀x ∈ J : ‖ y(x) − z(x) ‖ < r(x)

= b exp(L(x − x0)) +
d

L
(exp(L(x − x0)) − 1)

J ⊂ R x0 ∈ J

∀x ∈ J : u′(x) = f(x, u(x))
u(x0) = u0

Sa = {(x, y) : x ∈ J, y ∈ B(u(x), a)}



a > 0 f : Sa → Rn

g : Sa → Rn

∀(x, y) ∈ Sa :‖ g(x, y) − f(x, y) ‖ < δ

‖ z0 − u0 ‖ < δ

∀ε > 0 ∃δ > 0

z′ = g(x, z(x))
z(x0) = z0

‖ z(x) − u(x) ‖< ε

u(x)

z(x) Sa (x, z(x)) ∈ Sa

‖ z(x0) − u(x0) ‖ = ‖ z0 − u0 ‖< δ

‖ z′(x) − f(x, z(x)) ‖ = ‖ g(x, z(x)) − f(x, z(x)) ‖< δ

b = d = δ

‖ u(x) − z(x) ‖ < δ exp(L(x − x0)) +
δ

L
(exp(L(x − x0)) − 1)

exp δ > 0

∀x ∈ J : ‖ u(x) − z(x) ‖≤ a

2

z(x) Sa

‖ u(x) − z(x) ‖< a

‖ u(x) − z(x) ‖≤ a

2
z(x) Sa

∀x ∈ J : ‖ u(x) − z(x) ‖< δ exp(L(x − x0)) +
δ

L
(exp(L(x − x0)) − 1)

J exp(L(x − x0)) J
δ

∀x ∈ J : ‖ u(x) − z(x) ‖< ε



c : I → S
v : I → R3 ⇐⇒

∀t ∈ I :
∇
dt

v ≡ 0

h : J → I c = c ◦ h

∀t ∈ J : ḣ(t) 
= 0

v ⇐⇒ ∀t ∈ I :
∇
dt

v = 0

⇐⇒ ∀t ∈ J : ḣ(t)︸︷︷︸
�=0

∇v

dt
◦ h = 0

⇐⇒ v ◦ h

c : I → S t0 ∈ I, v0 ∈ Tc(t)S

v(t0) = v0

Pc : Tc(t0)S → Tc(t1)S, v0 �→ v(t1)

c(I) ⊂ V

U
F ↓↑ F−1

I
c→ V

v(t) =
∑

k

ak(t)
∂F

∂uk
(u(t))

c(t) = F ◦ F−1 ◦ c(t)
= F (u1(t), u2(t))



∇
dt

v ≡ 0

⇐⇒ ȧk(t) +
2∑

i,j=1

Ck
ij(c(t))a

i(t)
d

dt
cj(t) ≡ 0

ak

c(I) ⊂
⋃
j∈J

Vj ∩ S

(U1, F1, V1), . . . , (Un, Fn, Vn)

c(I) ⊂
n⋃

j=1

Vj ∩ S

d

dt
〈X(t), Y (t)〉 = 0

Pc|t1t0c : Tc(t0)S → Tc(t1)S, X0 �→ X(t1)

d

dt
〈X, Y 〉 =

〈
∇X

dt︸︷︷︸
=0

, Y

〉
+

〈
X,

∇Y

dt︸︷︷︸
=0

〉

= 0

〈X(t), Y (t)〉 = konstant

v0, w0 ∈ Tc(t0)S v, w
v(t0) = v0, w(t0) = w0 a, b ∈ R

z(t) := av(t) + bw(t)



∇
dt

z = a
∇
dt

v + b
∇
dt

w = 0

c

z(t0) = av0 + bw0

Pc(av0 + bw0) = z(t0)
= av(t0) + bw(t0)
= aPc(v0) + bPc(w0)

Pc



c : I → S ⇐⇒

∀t ∈ I :
∇
dt

ċ(t) = 0

〈ċ(t), ċ(t)〉 =

〈ċ(t), ċ(t)〉 = a 
= 0

d

dt
〈ċ(t), ċ(t)〉

=
〈∇

dt
ċ(t), ċ(t)

〉
+
〈

ċ(t),
∇
dt

ċ(t)
〉

= 0

〈ċ(t), ċ(t)〉 =

c : I → S

⇐⇒ ċ

Def⇐⇒ ∇
dt

ċ = 0

Def⇐⇒ ċ

(U, h)
c(t0)



c : I → U

c : I → TU, t �→ (c(t), c′(t))

⇐⇒ 0 =
∇
dt

ċ

⇐⇒ 0 =
∑

k

⎛
⎝d2xk

dt2
+
∑
ij

Ck
ij

dxi

dt

dxj

dt

⎞
⎠ ∂

∂xk

⇐⇒ ∀1 ≤ k ≤ n : 0 =
d2xk

dt2
+
∑
ij

Ck
ij

dxi

dt

dxj

dt

⇐⇒ dxk

dt
= yk

∀1 ≤ k ≤ n :
dyk

dt
= −

∑
i,j

Ck
ijyiyj

(x1, . . . , xn, y1, . . . , yn) (x1, . . . , xn)

∀p ∈ S∃ V (p) ⊂ S, ε > 0 C∞

F : (−2, 2) × Bε1(q) × Bε2(0p) → S, t �→ F (t, q, w)

F (t, q, w)

F (0, q, w) = q

F ′(0, q, w) = w

F (t, q, av) = F (at, q, v)

Ck
ij

dxk

dt
= yk

∀1 ≤ k ≤ n :
dyk

dt
= −

∑
i,j

Ck
ijyiyj



∃ε1, ε2, δ > 0 ∃C∞

F : (−δ, δ) × Bε1(q) × Bε2(0p) → TU, t �→ F (t, q, v)

F (0, q, v) = q

F ′(0, q, v) = v

dxk

dt
= yk

∀1 ≤ k ≤ n :
dyk

dt
= −

∑
i,j

Ck
ijyiyj

∀a ∈ (0,∞) : F (t, q, av)
(
− δ

a
,
δ

a

)

h :
(
− δ

a
,
δ

a

)
→ M, t �→ F (at, q, v)

h(0) = q

h′(0) = av

h′(t) = aF ′(at, q, v)
D

dt

(
dh

dt

)
= ∇h′(t)h

′(t)

= a2∇F ′(at,q,v)F
′(at, q, v)

V or= 0

h t = 0 q
av

h(t) = F (t, q, av) = F (at, q, v)

F (t, q, v) |t| < δ, |v| < ε1

F

(
δt

2
, q,

2v

δ

)
|t| < 2, |v| <

δε1

2
= ε



p ∈ M TU ⊂ TM

exp : TU → M, (q, v) �→ F (1, q, v) = F

(
|v|, q, v

|v|
)

expq : Bε(0) ⊂ TqU → M, v �→ F (1, q, v) = F

(
|v|, q, v

|v|
)

U

exp, expq

expq(0) = q

d(expq)0(v) = v

d(expq)0 ≡ id

q ∈ M ε > 0

expq : Bε(0) ⊂ TqM → M

expq, exp−1
q

F : (−2, 2) × Bε1(q) × Bε2(0p) → R

expq(0) = F (1, q, 0)
= F (0, q, 0)
= q

d(expq)0(v) =
d

dt
(expq(tv))|t=0

=
d

dt
(F (1, q, tv))|t=0

=
d

dt
(F (t, q, v)|t=0

= F ′(0, q, v)
= v

d(expq)0 = idTqM

∃ε > 0 : expq : B(0, ε) → exp(B(0, ε)



exp−1
q

∀p ∈ M ∀v ∈ TpM ∃! cv ċ(0) = v
∀v ∈ TpM ∃s > 0 : csv(1)

c : I → S a, b ∈ R

c̃ : I → S, t �→ c(at + b)

∇
dt

d

dt
c(at + b) = a

∇
dt

ċ(at + b) = 0



(X, d) U ⊂ X ⇐⇒
∀x ∈ U ∃ε > 0 : B(x, ε) ∈ U

1.) ∅, X

2.) ∀1 ≤ i ≤ n : Ui ⇒
n⋂

i=1

Ui

3.) ∀i ∈ I : Ui ⇒
⋃
i∈I

Ui

B(x, ε)

∀ε > 0 : B(x, ε) ⊂ X

∅ ∅
∀x ∈ ∅ ∃ε > 0 : B(x, ε) ∈ ∅

Ui x ∈ ⋂n
i=1 Ui Ui

∀1 ≤ i ≤ n ∃εi : B(x, εi) ⊂ Ui

ε := min
1≤i≤n

εi

∀1 ≤ i ≤ n : B(x, ε) ⊂ Ui

B(x, ε) ⊂
n⋂

i=1

Ui



⋂n
i=1 Ui

Ui ∀i ∈ I x ∈ ⋃
i∈I Ui

∃j ∈ I : x ∈ Uj

Uj

∃ε > 0 : B(x, ε) ⊂ Uj

∃ε > 0 : B(x, ε) ⊂
⋃
i∈I

Ui

⋃
i∈I Ui

y ∈ B(x, ε) z ∈ B(y, ε − d(x, y))

d(z, x) ≤ d(z, y) + d(y, x)
< ε − d(x, y) + d(x, y)
= ε

z ∈ B(x, ε)
B(y, ε − d(x, y)) ⊂ B(x, ε)

B(x, ε)

ε

��
���δ

B(x, ε)

∀ U(x) ∃n ∈ N : B

(
x,

1
n

)
⊂ U(x)

B
(
x, 1

n

)
(0, 1)

∀x ∈ (0, 1) : lim
n→∞ fn(x) = f(x)



∞⋂
n=1

B

(
x,

1
n

)
= {x}

B
(
x, 1

n

)

Pot(X) = {Y | Y ⊂ X}
T ⊂ Pot(X)

1.) ∅, X ∈ T

2.) U, V ∈ T ⇒ U ∩ V ∈ T

3.) Ui ∈ T ⇒
⋃
i∈I

Ui ∈ T

1.) ∅, X ∈ Pot(X)
2.) U, V ∈ Pot(X) ⇒ U ∩ V ∈ Pot(X)

3.) Ui ∈ Pot(X) ⇒
⋃
i∈I

Ui ∈ Pot(X)

U ⊂ X ⇐⇒
U ∈ T

A ⊂ X ⇐⇒
AC ∈ T

N ⊂ X x ∈ X ⇐⇒
∃U ∈ T : x ∈ U ⊂ N



��	
�ε

V(x) x ∈
X ⇐⇒

∀ N(x)∃V ∈ V(x) : V (x) ⊂ N(x)

V ⊂ X ⇐⇒ V

⇒ x ∈ V

V ⊂ V

⇐

∀x ∈ V ∃ U(x) ⊂ V : x ∈ U(x) ⊂ V

V =
⋃

x∈V

U(x)

R2

ε

(Ai)i∈I⋂
i∈I Ai

⋃n
j=1 Aj



�

�
���

AC
i

∀i ∈ I : AC
i ⇒

⋃
i∈I

AC
i

⇒
⋂
i∈I

Ai =

(⋃
i∈I

AC
i

)C

∀1 ≤ i ≤ n : AC
i ⇒

n⋂
j=1

AC
j

⇒
n⋃

j=1

Aj =

⎛
⎝ n⋂

j=1

AC
j

⎞
⎠C

Y ⊂ X

Y =
⋂

A⊃Y

A

Y

Y

Y ⇐⇒ Y = Y

Y ⊂ X

y ∈ Y ⇐⇒ ∀ N(y) : N(y) ∩ Y 
= ∅
y ∈ Y \Y



⇐ Y

Y = Y

⇒

Y ⊂
⎛
⎝Y ∩

⋂
A⊃Y,A

A

⎞
⎠ ⊂ Y

Y ⊂ Y ⊂ Y

Y = Y

z ∈ Y =
⋂

A⊃Y,A

A

⇐⇒ ∀ : (A ⊃ Y ⇒ z ∈ A)

⇐⇒ ∀ :
(
z ∈ AC ⇒ Y ∩ AC 
= ∅)

U=AC

⇐⇒ ∀ U : z ∈ U ⇒ Y ∩ U 
= ∅
⇐⇒ ∀ U(z) : U ∩ Y 
= ∅
⇐⇒ ∀ N(z) : N ∩ Y 
= ∅

Y = {y ∈ R2 :‖ y ‖2< 1}
y ‖ y ‖2= 1

(I,≤) ⇐⇒
1.) i ≤ i

2.) i ≤ j, j ≤ i ⇒ i = j

3.) i1 ≤ i2, i2 ≤ i3 ⇒ i1 ≤ i3

(I,≤) ⇐⇒
∀i1, i2 ∈ I ∃i3 ∈ I : (i1 ≤ i3 i2 ≤ i3)

(I,≤) X

I → X, i �→ xi



(xi)i∈(I,≤) x ∈ X
xi → x ⇐⇒

∀ N(x) ∃i0 ∈ I ∀i ≥ i0 : xi ∈ N

i0
i ≥ i0 xi

�� �� � �� ��

���
�

� ��
�

�
�

��
��

x ∈ X

U1 ≤ U2
Def⇐⇒ U1 ⊃ U2

U1 ⊃ U1 ⇒ U1 ≤ U1

U1 ≤ U2 U2 ≤ U1 ⇒ U1 ⊃ U2 U2 ⊃ U1

⇒ U1 = U2

U1 ≤ U2, U2 ≤ U3 ⇒ U1 ⊃ U2, U2 ⊃ U3

⇒ U1 ⊃ U3

⇒ U1 ≤ U3

U3 := U1 ∩ U2

∀i = 1, 2 : U1 ∩ U2 ⊂ Ui

U3 ≥ U1

U3 ≥ U2



Y ⊂ X

z ∈ Y ⇐⇒ ∃ (yi)i Y : yi → z

Y = { Y }
Y

(Y )C

T1 T2 ⇐⇒ T1 = T2

T1 ⊂ T2 ⇐⇒ ∀x ∈ X ∀U(x) ∈ T1 ∃V (x) ∈ T2 : V ⊂ U

⇐ (xi)i xi → z U(z)

⇒ ∃i0 ∀i ≥ i0 : xi ∈ U(z)
⇒ ∀ U(z) : U ∩ Y 
= ∅
⇐⇒ z ∈ Y

⇒
z ∈ Y ⇐⇒ ∀ Ui(z) ∃yi ∈ Y ∩ Ui

∀i ≥ i0 : Ui ⊂ Ui0

⇒ ∀i ≥ i0 : yi ∈ Ui ⊂ Ui0

⇒ yi → z

⇒ U ∈ T1 ⊂ T2 V = U ∈ T2

⇐
U ∈ T1 ⇒ ∀x ∈ U ∃Vx ∈ T2 : Vx ⊂ U

⇒ U =
⋃

x∈U

Vx ∈ T2



⇐⇒
∀x 
= y ∃ U(x), V (y) : U(x) ∩ V (y) = ∅

x 
= y

∃z ∈ B

(
x,

d(x, y)
3

)
∩ B

(
y,

d(x, y)
3

)

d(x, y) ≤ d(x, z) + d(z, y)

<
d(x, y)

3
+

d(x, y)
3

=
2
3
d(x, y)

B

(
x,

d(x, y)
3

)
∩ B

(
y,

d(x, y)
3

)
= ∅

⇐⇒

(xi → x xi → y) ⇒ x = y

⇒ x 
= y

∀ U(x) ∃i0 ∈ I ∀i ≥ i0 : xi ∈ U(x)
∀ V (y) ∃i1 ∈ I ∀i ≥ i1 : xi ∈ V (y)

∃i2 ∈ I : (i2 ≥ i0 i2 ≥ i1)

∀ U(x), V (y) ∃i2 ∀i ≥ i2 : xi ∈ U(x) ∩ V (y)

∀x 
= y ∃U(x), V (y) : U(x) ∩ V (y) = ∅



x = y

⇐ x, y

∀ U(x), V (y) : U(x) ∩ V (y) 
= ∅

I = {U(x) ∩ V (y) | U(x), V (y) }

⊃

U(x) ∩ V (y) ⊃ U(x) ∩ V (y)
U1(x) ∩ V1(y) ≤ U2(x) ∩ V2(y) U2(x) ∩ V2(y) ≤ U1(x) ∩ V1(y)

⇒ U1(x) ∩ V1(y) ⊃ U2(x) ∩ V2(y) U2(x) ∩ V2(y) ⊃ U1(x) ∩ V1(y)
⇒ U1(x) ∩ V1(y) = U2(x) ∩ V2(y)

U1(x) ∩ V1(y) ≤ U2(x) ∩ V2(y) U2(x) ∩ V2(y) ≤ U3(x) ∩ V3(y)
⇒ U1(x) ∩ V1(y) ⊃ U2(x) ∩ V2(y) U2(x) ∩ V2(y) ⊃ U3(x) ∩ V3(y)
⇒ U1(x) ∩ V1(y) ⊃ U3(x) ∩ V3(y)
⇒ U1(x) ∩ V1(y) ≤ U3(x) ∩ V3(y)

U1(x) ∩ V1(y) U2(x) ∩ V2(y)
⇒ ∀i = 1, 2 : U1(x) ∩ U2(x) ∩ V1(y) ∩ V2(y) ⊂ Ui(x) ∩ Vi(y)
⇒ ∀i = 1, 2 : U1(x) ∩ U2(x) ∩ V1(y) ∩ V2(y) ≥ Ui(x) ∩ Vi(y)

∀ U(x), V (y) : U(x) ∩ V (y) 
= ∅
(xi)i∈I

I → X, U(x) ∩ V (y) �→ xU(x)∩V (y)

∀U(x) ∃U(x) ∩ V (y) ∀U ′(x) ∩ V ′(y) ⊂ U(x) ∩ V (y) :
xU ′(x)∩V ′(y) ∈ U ′(x) ∩ V ′(y) ⊂ U(x) ∩ V (y) ⊂ U(x)

xi → x



∀V (y) ∃U(x) ∩ V (y) ∀U ′(x) ∩ V ′(y) ⊂ U(x) ∩ V (y) :
xU ′(x)∩V ′(y) ∈ U ′(x) ∩ V ′(y) ⊂ U(x) ∩ V (y) ⊂ V (y)

yi → y

x = y

x 
= y

∃ U(x), V (y) : U(x) ∩ V (y) = ∅

a = t0 < ... < tn = b

[a, b] ⊂ R

Unt1 ≤ Unt2 ⇐⇒ Unt2 Unt1

(Unt,≤

t0, . . . , tn, t′0, . . . , t
′
n′

f : [a, b] → R

s : {Unt} → R, (a = t0, . . . , tn = b) �→
n∑

i=1

f(ti)(ti − ti−1)

sUnt →
∫ b

a

f(t)dt

Unt1 Unt1 ⇒ Unt1 ≤ Unt1

Unt1 ≤ Unt2 Unt2 ≤ Unt1

⇒ Unt2 Unt1 Unt1 Unt2

⇒ Unt1 = Unt2



Unt1 ≤ Unt2, Unt2 ≤ Unt3

⇒ Unt2 Unt1, Unt3 Unt2

⇒ Unt3 Unt1

⇒ Unt1 ≤ Unt3

t0, . . . , tn Unt1

t′0, . . . , t
′
n′ Unt2

Unt1 ∪ Unt2 := t0, . . . , tn, t′0, . . . , t
′
n′

∀i = 1, 2 : Unt1 ∪ Unt2 Unti

Unt1 ∪ Unt2 ≥ Unt1

Unt1 ∪ Unt2 ≥ Unt2

sUnt →
∫ b

a

f(t)dt



f : X → Y x ∈ X

⇐⇒ ∀ε > 0 ∃δ > 0 : f(B(x, δ)) ⊂ B(f(x), ε)

⇐⇒ ∀ U ⊂ Y : f−1(U)

X, Y
f : X → Y x ∈ X

⇐⇒ ∀ N(f(x)) ∃ U(x) : f(U(x)) ⊂ N

⇐⇒ ∀ N(f(x)) : f−1(N)

⇐⇒ ∀x ∈ X : f x

⇐⇒ ∀ U ⊂ Y : f−1(U)

⇐

f−1(N)
⇒ ∃ U(x) : U(x) ⊂ f−1(N)
⇒ ∃ U(x) : f(U(x)) ⊂ N

⇒

∃ U(x) : f(U(x)) ⊂ N

⇒ ∃ V (x) ⊂ U(x) : f(V (x)) ⊂ N

⇒ ∃ V (x) : V (x) ⊂ f−1(N)
⇒ f−1(N) x



⇐ x ∈ X N f(x)

N f(x)
⇒ ∃ U(f(x)) : U(f(x)) ⊂ N

V or.⇒ f−1(U)
⇒ x ∈ f−1(U) ⊂ f−1(N)
⇒ f−1(N) x

a)⇒ f

⇒

⇒ ∀y ∈ U : U y

⇒ ∀f(x) ∈ U : U f(x)
a)⇒ ∀f(x) ∈ U : f−1(U)
⇒ ∀x ∈ f−1(U) : f−1(U)

⇒ f−1(U)

R

f : R → R, x �→ 5

f(R) = {5}

X, Y z ∈ X

f : X → Y ⇐⇒ (xi → z ⇒ f(xi) → f(z))

⇒

⇒ f−1(N) z
xi→z⇒ ∃i0 ∀i ≥ i0 : xi ∈ f−1(N)
⇒ ∃i0 ∀i ≥ i0 : f(xi) ∈ N

⇒ f(xi) → f(z)



⇐

∃ N(f(z)) : f−1(N(z)) z

⇒ ¬ (∃ U(z) : U(z) ⊂ f−1(N)
)

⇒ ∀ U(z) : U(z) ∩ f−1(N)C 
= ∅
⇒ z ∈ f−1(N)C

∃ (xi)i f−1(N)C : xi → z

⇒ f(xi) → f(z)
⇒ ∀ N(f(z)) ∃i0 ∀i ≥ i0 : f(xi) ∈ N(f(z))
⇒ xi ∈ f−1(N)

xi ∈ f−1(N)C ∩ f−1(N) = ∅



M ⊂ Pot(X)

T (M) =
⋂

Ti M⊂Ti

Ti

=

{⋃
i∈I

ni⋂
k=1

Mk Mk ∈ M, ni ∈ N

}
∪ {X, ∅}

T = Pot(X)

∀i : ∅, X ∈ Ti ⇒ ∅, X ∈
⋂
i

Ti = T

A, B ∈ T ⇒ ∀i : A, B ∈ Ti

Ti ⇒ ∀i : A ∩ B ∈ Ti

⇒ A ∩ B ∈
⋂
i

Ti = T.

Aj ∈ T ⇒ ∀i : Aj ∈ Ti

Ti ⇒ ∀i :
⋃
j∈J

Aj ∈ Ti

⇒
⋃
j∈J

Aj ∈
⋂
i

Ti = T

∅, X ∈ T

m⋂
j=1

⎛
⎝⋃

ij∈I

nij⋂
kij

=1

Mkij

⎞
⎠ =

⋃
ij∈I

⎛
⎝ m⋂

j=1

nij⋂
kj=1

Mkij

⎞
⎠ ∈ T

⋃
j∈J

⎛
⎝⋃

ij∈I

nij⋂
kj=1

Mkj

⎞
⎠ =

⋃
j∈J

⋃
ij∈I

⎛
⎝ nij⋂

kj=1

Mkj

⎞
⎠ ∈ T

T ′ Mk

T ⊂ T ′



X ×Y U ×V U ∈ TX , V ∈ TY

TX×Y =

{⋃
i∈I

(Ui × Vi) | Ui ∈ TX , Vi ∈ TY

}

X × Y, ∅ × ∅ ∈ T

(U1 × V1) ∩ (U2 × V2) = (U1 ∩ U2︸ ︷︷ ︸
∈TX

) × (V1 ∩ V2︸ ︷︷ ︸
∈TY

) ∈ T

(⋃
i∈I

(Ui × Vi)

)
∪
(⋃

i∈J

(Ui × Vi)

)
=

( ⋃
i∈I∪J

(Ui × Vi)

)
∈ T

TX×Y

ni⋂
k=1

(Uk × Vk) =

(
ni⋂

k=1

Uk

)
︸ ︷︷ ︸

∈TX

×
(

ni⋂
k=1

Vk

)
︸ ︷︷ ︸

∈TY

Ui × Vi

�
�
�

�
�

�U ∩ V

N ⊂ X × Y (x, y)
⇐⇒ ∃ U(x), V (y) : U × V ⊂ N.

⇒

∃ Ui, Vi : (x, y) ∈
⋃
i∈I

(Ui × Vi) ⊂ N

⇒ ∃i0 ∈ I : (x, y) ∈ Ui0 × Vi0 ⊂ N



Ui0 , Vi0

⇐

U(x), V (y)

⇒ ∃ U0(x), V0(y) :
{

U0(x) ⊂ U(x)
V0(y) ⊂ V (y)

⇒ U0(x) × V0(y)

(x, y) ∈ U0(x) × V0(y) ⊂ N

X, Y, Z
f : X × Y → Z (x, y) ⇐⇒

∀ N(f(x, y))∃ U(x), V (y) : f(U × V ) ⊂ N

f : X × Y → Z (x, y)
Def⇐⇒ ∀ f(x, y) : f−1(N) (x, y)
⇐⇒ ∀ f(x, y) ∃ U(x), V (y) :

U × V ⊂ f−1(N)
⇐⇒ ∀ f(x, y) ∃ U(x), V (y) : f(U × V ) ⊂ N

X, Y xi → x, yj → y

(i, j) ≤ (i′, j′)
Def⇐⇒ (i ≤ i′ j ≤ j′)

I × J
(xi, yj)(i,j)∈I×J X × Y

(xi, yj)i,j → (x, y) ⇐⇒ (xi → x yj → y)

i ≤ i, j ≤ j

(i, j) ≤ (i, j)

(i1, j1) ≤ (i2, j2) (i2, j2) ≤ (i1, j1)

i1 ≤ i2 j1 ≤ j2 i2 ≤ i1 j2 ≤ j1



i1 = i2 j1 = j2

(i1, j1) = (i2, j2)

(i1, j1) ≤ (i2, j2) (i2, j2) ≤ (i3, j3)

i1 ≤ i2 j1 ≤ j2 i2 ≤ i3 j2 ≤ j3

i1 ≤ i3 j1 ≤ j3

(i1, j1) ≤ (i3, j3)

(i1, j1), (i2, j2)

∃i3, j3 : i1 ≤ i3 i2 ≤ i3 j1 ≤ j3 j2 ≤ j3

∀1 ≤ k ≤ 2 : (ik, jk) ≤ (i3, j3)

⇒ U(x), V (y)

∃ U0(x), V0(y) :
{

U0(x) ⊂ U
V0(y) ⊂ V

U0(x) × V0(y)

(xi, yj)i,j → (x, y)

∃(i0, j0) ∀(i, j) ≥ (i0, j0) : (xi, yj) ∈ U0 × V0

⇒ ∃i0 ∀i ≥ i0 : xi ∈ U0 ⊂ U(x) ∃j0 ∀j ≥ j0 : yj ∈ V0 ⊂ V (x)

⇐

∃ U(x), V (y) : U × V ⊂ N

xi → x, yj → y

∀U(x) ∃i0 ∀i ≥ i0 : xi ∈ U(x)
∀V (y) ∃j0 ∀j ≥ j0 : yj ∈ V (y)

⇒ ∃(i0, j0) ∀i ≥ i0 ∀j ≥ j0 : (xi, yj) ∈ U × V

⇒ ∃(i0, j0) ∀(i, j) ≥ (i0, j0) : (xi, yj) ∈ U × V ⊂ N



f : X × Y → Z ⇐⇒

(xi → x yj → y) ⇒ f(xi, yj)i,j → f(x, y)

f : X × Y → Z

⇐⇒ ((xi, yj)i,j → (x, y) ⇒ f(xi, yj) → f(x, y))
⇐⇒ (xi → x yj → y ⇒ f(xi, yj)i,j → f(x, y))



(I, <) ⇐⇒

1.) ∀i ∈ I : i ≮ i

2.) (i < j j < k) ⇒ i < k

⇐⇒

3.) ∀i, j ∈ I : (i < j j < i i = j)

∅ 
= K ⊂ I ⇐⇒

(K, <)

a ∈ I ∅ 
= J ⊂ I ⇐⇒

∀i ∈ J : i ≤ a

∅ 
= J ⊂ I a ∈ J ⇐⇒

∀i ∈ J : a ≮ i

I 
= ∅ (I, <)

f : G ⊂ X → K f : X → K

F = {vi : i ∈ J, vi }



(vi)i∈J1 < (vi)i∈J2 ⇐⇒ {vi : i ∈ J1} � {vi : i ∈ J2}

1.) ∀J : {vi : i ∈ J} = {vi : i ∈ J}
2.) ({vi : i ∈ J1} � {vi : i ∈ J2} {vi : i ∈ J2} � {vi : i ∈ J3})

⇒ {vi : i ∈ J1} � {vi : i ∈ J3}

1.) ∀J : (vi)i∈J 
< (vi)i∈J

2.) ((vi)i∈J1 < (vi)i∈J2 (vi)i∈J2 < (vi)i∈J3) ⇒ (vi)i∈J1 < (vi)i∈J3

F1 ⊂ F

3.)∀J1, J2 : ((vi)i∈J1 < (vi)i∈J2 (vi)i∈J1 > (vi)i∈J2 (vi)i∈J1 = (vi)i∈J2)

⋃
Jk∈F1

{vi : i ∈ Jk, vi }

v1, . . . , vn ∈
⋃

Jk∈F1

{vi : i ∈ Jk, vi }

⇒ ∃k1, . . . , kn : vj ∈ {vi : i ∈ Jkj
, vi }

⇒ v1, . . . , vn ∈ {vi : i ∈ Jmax {k1,...,kn}, vi }
⇒ v1, . . . , vn⋃

Jk∈F1
{vi : i ∈ Jk, vi }

F1



U(x)
F ⊂ Pot(X) ⇐⇒

1.) X ∈ F, ∅ 
∈ F

2.) F1, F2 ∈ F ⇒ F1 ∩ F2 ∈ F

3.) F ∈ F, F ′ ⊃ F ⇒ F ′ ∈ F

F1, F2 X

F1 F2 ⇐⇒ F1 ⊃ F2

F X ⇐⇒
F ⊃ G ⇒ F = G

X F

F ∈ F
x

X ∈ F

U(x)

x ∈ X

X x

x 
∈ ∅
∅ x

N1, N2

∃ Ui : x ∈ Ui ⊂ Ni

⇒ x ∈ U1 ∩ U2︸ ︷︷ ︸ ⊂ N1 ∩ N2

⇒ N1 ∩ N2 x

∃ U : x ∈ U ⊂ N



N ′ ⊃ N
x ∈ U ⊂ N ⊂ N ′

N ′

∅ 
= B ⊂ F ∅ 
∈ B F
⇔

∀F ∈ F ∃B ∈ B : B ⊂ F

∅ 
= B ⊂ Pot(X) ∅ 
∈ B
F ⇔

∀B1, B2 ∈ B ∃B3 ∈ B : B3 ⊂ B1 ∩ B2

′′ ⇒′′:

B1, B2 ∈ B ⊂ F

⇒ B1 ∩ B2 ∈ F

B3 = B1 ∩ B2.
′′ ⇐′′:

F = {F ⊂ X | ∃B ∈ B : B ⊂ F}
F ′ ⊃ F

B 
= ∅ ⇒ X ∈ F

∅ 
∈ B ⇒ ∅ 
∈ F

F1, F2 ∈ F ⇒ ∃Bi ⊂ Fi

⇒ ∃B3 ∈ B : B3 ⊂ B1 ∩ B2 ⊂ F1 ∩ F2

⇒ F1 ∩ F2 ∈ F

B ⊂ F ⇒ B ⊂ F ⊂ F ′

⇒ F ′ ∈ F

F
∀F ∈ F ∃B ∈ B : B ⊂ F

B F

F
F X ⇔

∀A ⊂ X : A ∈ F AC ∈ F



X F

H = {Fi : Fi , Fi � F}

Fi < Fj ⇐⇒ Fi � Fj

1.) ∀i ∈ I : Fi = Fi

2.) (Fi � Fj Fj � Fk) ⇒ (Fi � Fk)

1.) ∀i ∈ I : Fi 
< Fk

2.) (Fi < Fj Fj < Fk) ⇒ (Fi < Fk)

H1 ⊂ H

3.) ∀i, j ∈ I : Fi < Fj Fi > Fj Fi = Fj

⋃
Fi∈H1

Fi

∀i ∈ I : ∅ 
∈ Fi ⇒ ∅ 
∈
⋃

Fi∈H1

Fi

∀i ∈ I : X ∈ Fi ⇒ X ∈
⋃

Fi∈H1

Fi

F, G ∈ ⋃
Fi∈H1

Fi

∃i : F ∈ Fi ∃j : G ∈ Fj

i≤j⇒ F, G ∈ Fj

Fi⇒ F ∩ G ∈ Fj

⇒ F ∩ G ∈
⋃

Fi∈H1

Fi

F ∈ ⋃
Fi∈H1

Fi F ′ ⊃ F

∃i ∈ I : F ∈ Fi

⇒ ∃i ∈ I : F ′ ∈ Fi

⇒ F ′ ∈
⋃

Fi∈H1

Fi



⋃
Fi∈H1

Fi H1

H1 G
H H � G

H ∈ H

H > G

G
G

⇒ A ⊂ X

∃F1 ∈ F : F1 ⊂ A

∃F2 ∈ F : F2 ⊂ AC

F1 ∩ F2 = ∅ ∈ F

∀F1 ∈ F : F1 ∩ AC 
= ∅
∀F2 ∈ F : F2 ∩ A 
= ∅

∀F ∈ F : F ∩ A 
= ∅
A 
= ∅

B := {F ∩ A : F ∈ F}
F1, F2 ∈ F

X︸︷︷︸
∈F

∩A = A ∈ B ⇒ B 
= ∅

∀F ∈ F : F ∩ A 
= ∅ ⇒ ∅ 
∈ B

(F1 ∩ A) ∩ (F2 ∩ A) = (F1 ∩ F2)︸ ︷︷ ︸
∈F

∩A ∈ B

B G

∀F ∈ F : A ∩ F ⊂ F

G ⊃ F
F ⇒ G = F



A = X ∩ A ∈ G = F

⇐ G F

∃G1 ∈ G \ F

GC
1 ∈ F ⊂ G

∅ = G1 ∩ GC
1 ∈ G

F

F x ∈ X F →
x) ⇐⇒

F ⊃ U(x)

x F
x ∈ X F ⇔

∀U ∈ U(x) ∀F ∈ F : F ∩ U 
= ∅

⋂
F∈F

F = { F }

x F
Def⇐⇒ ∀U ∈ U(x) ∀F ∈ F : F ∩ U 
= ∅
⇐⇒ ∀F ∈ F : x ∈ F

⇐⇒ x ∈
⋂

F∈F

F

x ∈ X F ⇐⇒

∃G : G ⊃ F G → x

⇒

B = {F ∩ U : F ∈ F, U ∈ U(x)}



X︸︷︷︸
∈F

∩ X︸︷︷︸
∈U(x)

= X ⇒ B 
= ∅

∀U ∈ U(x) ∀F ∈ F : F ∩ U 
= ∅ ⇒ ∅ 
∈ B

(U1 ∩ F1︸ ︷︷ ︸
∈B

) ∩ (U2 ∩ F2︸ ︷︷ ︸
∈B

) = (U1 ∩ U2)︸ ︷︷ ︸
∈U(x)

∩ (F1 ∩ F2)︸ ︷︷ ︸
∈F

∈ B

B G

∀F ∈ F : F = X ∩ F ∈ B ⊂ G

G ⊃ F

U(x) = U(x) ∩ X ∈ B ⊂ G

U(x) ⊂ G

G → x

⇐ F ⊂ G G → x

∀F ∈ F ∀U ∈ U(x) : F, U(x) ∈ G

G

∀F ∈ F ∀U ∈ U(x) : F ∩ U(x) 
= ∅

x

∅ 
= A ⊂ X

F = {F ⊂ X : A ⊂ F}

A = F

x ∈ A ⇐⇒ (∃G : A ∈ G G → x)



A ⊂ X ⇒ X ∈ F

A 
= ∅ ⇒ ∅ 
∈ F

F1, F2 ∈ F ⇒ A ⊂ F1 ∩ F2

Def⇒ F1 ∩ F2 ∈ F

F ′ ⊃ F ∈ F ⇒ A ⊂ F ′
Def⇒ F ′ ∈ F

F

A =
⋂

Y ⊃A

Y

⋂
Y ⊃A

Y =
⋂

F∈F

F

A =
⋂

Y ⊃A

Y

=
⋂

F∈F

F

= { F}

⇒ F

∃G : G ⊃ F G → x

A ∈ F
∃G : A ∈ G G → x

⇐

A ∈ G G ⇒ F = {F ⊂ X : A ⊂ F} ⊂ G
G→x⇒ F

a)⇒ x ∈ A



F X f : X → Y
f(F)

B = {f(F ) : F ∈ F}
F f

f(X) ∈ B ⇒ B 
= ∅
∅ 
∈ F ⇒ ∅ 
∈ B

F1 ∩ F2 
= ∅ ⇒ ∃x ∈ F1 ∩ F2

⇒ f(x) ∈ f(F1 ∩ F2) = f(F1) ∩ f(F2)

B

X, Y A ⊂ X

f : X → Y x ∈ X ⇐⇒ ∀F : (F → x ⇒ f(F) → f(x))

⇒
V f(x)

⇒ ∃U ∈ U(x) : f(U) ⊂ V (f(x))
U(x)⊂F,⇒ V (f(x)) ∈ f(F)

V ⇒ U(f(x)) ⊂ f(F)
⇒ f(F) → f(x)

⇐ F = U(x)

F → x

⇒ U(f(x)) ⊂ f(F)
⇒ ∀ V (f(x)) : V (f(x)) ∈ f(U(x))

f(U(x))⇒ ∃ U ∈ U(x) : f(U) ⊂ V (f(x))

(Xi, Ti)i∈I fi : X → Xi

T = T

(⋃
i∈I

{f−1
i (Ui) | Ui ∈ Ti}

)

fi

fi



Ui ∈ Ti
Def⇒ f−1

i (Ui) ∈ T

⇒ fi

(Xi)i∈I fi : X → Xi

F

F → x ∈ X ⇔ ∀i ∈ I : fi(F) → fi(x)

⇒
F → x

fi ⇒ fi(F) → fi(x)

⇐
fi(F) → fi(x) ⇒ U(fi(x)) ⊂ fi(F)

fi(F ) fi(F)

∀U(fi(x)) ∃Fi ∈ F : fi(Fi) ⊂ U(fi(x))
∀U(fi(x)) ∃Fi ∈ F : Fi ⊂ f−1

i (U(fi(x)))

V (x) {f−1
i (Ui) : Ui ⊂ Ti}

V (x) =
⋃
j∈J

⋂
i∈Ij ,|Ij |<∞

f−1
i (Ui)

⇒
⋂
i∈Ij

Fi

︸ ︷︷ ︸
∈F

⊂
⋃
j∈J

⋂
i∈Ij ,|Ij |<∞

f−1
i (Ui(fi(x)))

F ⇒ U(x) ⊂ F

⇒ F → x

(Xi)i∈I∏
i∈I

Xi = {(xi)i∈I : xi ∈ Xi}

= X1 × X2 × . . .

pi :
∏
i∈I

Xi → Xi, (xi)i∈I → xi

pi

F → x ⇔ ∀i ∈ I : pi(F) → pi(x)



X ⇔⋃
i∈I

Ui = X, Ui ⇒ ∃I ′ ⊂ I, |I ′| < ∞ :
⋃
i∈I′

Ui = X

X
(Ai)i∈I ⋂

i∈I

Ai = ∅ ⇒ ∃|I ′| < ∞ :
⋂
i∈I′

Ai = ∅

X

⇒ ⋃
i∈I

AC
i X

⇒ ∃ I ′, |I ′| < ∞ :
⋃
i∈I′

AC
i = X

⇒ ∃ I ′, |I ′| < ∞ :
⋂
i∈I′

Ai = ∅

⇒ F

=
⋂

F∈F

F

⋂
F∈F

F = ∅ b)⇒
⋂
i∈I′

Fi = ∅

⇒ ∅ =
⋂
i∈I′

Fi ⊃
⋂
i∈I′

Fi ∈ F

⇒ ∅ ∈ F

⇒
F x ⇔ ∃G : F ⊂ G G → x



F

F = G → x

⇒ (Ui)i∈I

∀L ⊂ I, |L| < ∞ : AL :=

(⋃
i∈L

Ui

)C


= ∅

(AL ∩ AM )C = AC
L ∪ AC

M

=
⋃
i∈L

Ui ∪
⋃

i∈M

Ui

=
⋃

i∈L∪M

Ui 
= X

AL ∩ AM 
= ∅

(⋃
i∈L

Ui

)C

∩
(⋃

i∈M

Ui

)C

=

((⋃
i∈L

Ui

)
∪
(⋃

i∈M

Ui

))C

=

( ⋃
i∈L∪M

Ui

)C

∀AL, AM ∃AL∪M : AL∪M = AL ∩ AM

B = {AL : L ⊂ I, |L| < ∞, } 
= ∅
F

F G

G V or⇒ ∃x : G → x

⇒ U(x) ⊂ G

X =
⋃
i∈I

Ui ⇒ ∃i ∈ I : x ∈ Ui

Ui

Ui ∈ U(x) ⊂ G



F |{i}| = 1 < ∞

(Ui)C ∈ F ⊂ G

⇒ ∅ = Ui ∩ UC
i ∈ G

(Ui)i

Xi 
= ∅ X =
∏

i∈I Xi

∏
i∈I

Xi ⇐⇒ ∀i ∈ I : Xi

⇒ pi : X → Xi

Xi = pi(X)

⇐ F

∀i ∈ I : pi(F) Xi

F

. . . Xj × A × Xk × . . . ∈ F

. . . Xj × AC × Xk × . . . ∈ F

A ∈ pi(F)
AC ∈ pi(F)

pi(F)

∃xi ∈ Xi : pi(F) → xi

F → (xi)i∈I ∈ X

F



∀ε > 0 ∃n ∈ N ∃x1, . . . , xn ∈ X : X =
n⋃

i=1

B(xi, ε)

⇒ (xn)n

∀x ∈ X : x (xn)n

⇒ ∀x ∈ X ¬
(
∃(xnk

)k : lim
k→∞

xnk
= x

)
⇒ ∀x ∈ X ¬ (∃ xnk

∈ B(x, εx))
⇒ ∀x ∈ X ∃εx > 0 : B(x, εx) xk

X =
⋃

x∈X

B(x, εx)
X ⇒ X =

n⋃
i=1

B(xi, εxi
)

⇒ (xn)n

(xn)n

∀ε > 0 ∃n ∈ N ∃x1, . . . , xn ∈ X : X =
n⋃

i=1

B(xi, ε)

∃ε > 0 ∀n ∈ N ∀x1, . . . , xn ∈ X :
n⋃

i=1

B(xi, ε) � X

x1 ∈ X

B(x1, ε) � X

⇒ ∃x2 ∈ X : d(x2, x1) ≥ ε



n → n + 1 :
n⋃

i=1

B(xi, ε) � X

⇒ ∃xn+1 ∈ X ∀1 ≤ i ≤ n : d(xn+1, xi) ≥ ε

(xn)n

∀k > n : d(xn, xk) ≥ ε

∀ε > 0 ∃n ∈ N ∃x1, . . . , xn ∈ X : X =
n⋃

i=1

B(xi, ε)

⇒

X =
⋃
i∈I

Ui

∃n1 ∈ N ∃x
(1)
1 , . . . , x(1)

n1
∈ X : X =

n1⋃
i=1

B(x(1)
i , 1)

B(x(1)
1 , 1), . . . , B(x(1)

n1 , 1) (Ui)i

⇒ X =
⋃
i∈I

Ui

B(x(1)
i , 1)

x
(1)
i

B(x1, 1)

X =
n2⋃

k=1

B

(
x

(2)
k ,

1
2

)

B (x1, 1) =
n2⋃

k=1

B
(
x

(1)
1 , 1

)
∩ B

(
x

(2)
k ,

1
2

)
︸ ︷︷ ︸



x
(2)
k ∈ B(x1, 1)

X =
⋃

i∈I Ui

B(x1, 1) ∩ B

(
x2,

1
2

)

= ∅

(xn)n

∀n ∈ N :
n⋂

k=1

B

(
xk,

1
2k−1

)

= ∅

∀m ≥ n0 : xm ∈
n0⋂

k=1

B

(
xk,

1
2k−1

)

∀ε > 0 ∃n0 ∀n, m ≥ n0 : d(xn, xm) ≤ d(xm, xn0) + d(xn0 , xn)

<
1

2n0−1
+

1
2n0−1

< ε

(xn)n

(xn)n

X =
⋃

i∈I Ui

∃i0 : x ∈ Ui0

Ui0⇒ ∃δ > 0 : B(x, δ) ⊂ Ui0

d(xn, x) <
δ

2
1

2n−1
<

δ

2

z ∈ B
(
xn, 1

2n−1

)
d(z, x) ≤ d(z, xn) + d(xn, x)

<
1

2n−1
+

δ

2
< δ

n⋂
i=1

B

(
xi,

1
2i−1

)
⊂ B

(
xn,

1
2n−1

)
⊂ B(x, δ) ⊂ Ui0⋂n

i=1 B
(
xi,

1
2i−1

)
Ui0

xn



A ⊂ X
A

A
A

∀ε > 0 ∃x1, . . . , xn ∈ A : A ⊂ ⋃n
i=1 B(xi, ε)

(xn)n

x ∈ X
x ∈ A

⇔ ⇔
⇒
⇒

M ⊂ C(X, K)
M ⇐⇒

∀x ∈ X ∃Cx > 0 : sup
f∈M

|f(x)| ≤ Cx

∀ε > 0 ∃δ > 0 ∀f ∈ M : (d(x, y) < δ ⇒ |f(x) − f(y)| < ε)

⇐ (fn)n

⇒
n ∈ N

X ⊂
⋃

x∈X

B

(
x,

1
n

)
X ⇒ X ⊂

mn⋃
i=1

B

(
x

(n)
i ,

1
n

)

{x(n)
i : 1 ≤ i ≤ mn, n ∈ N} =

∞⋃
n=1

{x(n)
i : 1 ≤ i ≤ mn}

y ∈ X ε > 0

∃n >
1
ε
∃i0 : y ∈ B

(
x

(n)
i0

,
1
n

)
⊂ B

(
x

(n)
i0

, ε
)

{x(n)
i : 1 ≤ i ≤ mn, n ∈ N} =

∞⋃
n=1

{x(n)
i : 1 ≤ i ≤ mn}



⇒ (fn)n (gn)n

(xm)m

∃Cx1 ≥ 0 : sup
n∈N

|fn(x1)| ≤ Cx1

⇒ {fn(x1) : n ∈ N} ⊂ B(0, Cx1)︸ ︷︷ ︸ ⊂ K

⇒ ∃ (f (1)
n (x1))n

m − 1 → m (f (m−1)
n )n xm

∃Cxm
≥ 0 : sup

n∈N

|f (m−1)
n (xm)| ≤ Cxm

⇒ {f (m−1)
n (xm) : n ∈ N} ⊂ B(0, Cxm)︸ ︷︷ ︸ ⊂ K

⇒ ∃ (f (m)
n (xm))n

∀n ∈ N : gn := f (n)
n

m ∈ N (f (m)
n (xm))n

l ≥ m (f (l)
n (xm))n

(gn(xm))n =
(
f

(n)
n (xm)

)
n

(gn)n

⇒ (gi)i

ε > 0
δ > 0

X =
⋃

y∈X

B

(
y,

δ

2

)
⇒ X =

l⋃
k=1

B

(
yk,

δ

2

)

(xm)m B
(
yk, δ

2

)
xm

xk ∈ B

(
yk,

δ

2

)



∀1 ≤ k ≤ l : (gi(xk))i

⇒ ∀1 ≤ k ≤ l : (gi(xk))i

⇒ ∀1 ≤ k ≤ l ∀ε > 0 ∃i0,k∀i, j ≥ i0,k :
|gi(xk) − gj(xk)| < ε

i0:=max{i0,1,...,i0,k}⇒ ∀i, j ≥ i0 ∀k = 1, . . . , l : |gi(xk) − gj(xk)| < ε

x ∈ X

X =
l⋃

k=1

B

(
yk,

δ

2

)

⇒ ∃1 ≤ k ≤ l : x ∈ B

(
yk,

δ

2

)
⇒ d(x, xk) < δ

|gi(x) − gj(x)|
≤ |gi(x) − gi(xk)| + |gi(xk) − gj(xk)| + |gj(xk) − gj(x)|
≤ |f (i)

i (x) − f
(i)
i (xk)| + ε + |f (j)

j (xk) − f
(j)
j (x)|

< ε + ε + ε = 3ε

∀i, j ≥ i0 ∀x ∈ X : |gi(x) − gj(x)| < 3ε

∀i, j ≥ i0 : ‖ gi − gj ‖∞ ≤ 3ε

(gi)i ‖ · ‖∞
(C(X, K), ‖ · ‖∞) (gi)i

M M
(fn)n

M
⇒

Sx : C(X, K) → K, f �→ f(x)



Sx(af + g) = (af + g)(x)
= af(x) + g(x)
= aSx(f) + Sx(g)

|Sx(f)| = |f(x)| ≤‖ f ‖∞
‖ Sx ‖ ≤ 1

Sx

M Sx(M) ⊂ K

∃Cx ≥ 0 : Sx(M) ⊂ B(0, Cx)

∀x ∈ X ∃Cx > 0 : sup
f∈M

|f(x)| ≤ Cx

M ⊂
⋃

f∈M

B
(
f,

ε

3

)
M ⇒ M ⊂

n⋃
i=1

B
(
fi,

ε

3

)

∀f ∈ M ∃1 ≤ i ≤ n : ‖ f − fi ‖∞<
ε

3
fi

∀ε > 0 ∃δi > 0 :
(
|x − y| < δi ⇒ |fi(x) − fi(y)| <

ε

3

)

δ :=
n

min
i=1

δi

f ∈ M |x − y| < δ
1 ≤ i ≤ n ‖ f − fi ‖∞< ε

3

|f(x) − f(y)|
≤ |f(x) − fi(x)| + |fi(x) − fi(y)| + |fi(y) − f(y)|

‖f−fi‖∞< ε
3

<
ε

3
+ |fi(x) − fi(y)| + ε

3
|x−y|<δi≤ ε

3
+

ε

3
+

ε

3
= ε

∀ε > 0 ∃δ > 0 ∀f ∈ M : (d(x, y) < δ ⇒ |f(x) − f(y)| < ε)



⇐⇒
⇐⇒ ∀x ∈ X ∃
⇐⇒ ∀x ∈ X∀ U(x)∃ K(x)∃ V (x) :

V (x) ⊂ K(x) ⊂ U(x)

dim X < ∞

B(0, 1)

⇒

B(0, 1) ⊂
⋃

x∈B(0,1)

B

(
x,

1
2

)

⇒ B(0, 1) ⊂
m⋃

i=1

B

(
xi,

1
2

)

x ∈ B

(
0,

1
2k

)
=

1
2k

B(0, 1)

⇒ 2kx ∈ B(0, 1) ⊂
m⋃

i=1

B

(
xi,

1
2

)

⇒ ∃1 ≤ j ≤ m :
∥∥2kx − xj

∥∥ <
1
2

⇒ ∃1 ≤ j ≤ m :
∥∥∥x − xj

2k

∥∥∥ <
1

2k+1

⇒ ∃1 ≤ j ≤ m : x ∈ B

(
xj

2k
,

1
2k+1

)

⇒ B

(
0,

1
2k

)
⊂

m⋃
j=1

B

(
xj

2k
,

1
2k+1

)

(xjk
)k n = 0

x ∈ B(0, 1)

⇒ ∃1 ≤ j0 ≤ m : x ∈ B

(
xj0 ,

1
2

)

⇒ ∃1 ≤ j0 ≤ m :
x − xj0

20
∈ B

(
0,

1
21

)



n − 1 → n :

x −
n−1∑
k=0

xjk

2k
∈ B

(
0,

1
2n

)

⇒ ∃1 ≤ jn ≤ m : x −
n−1∑
k=0

xjk

2k
∈ B

(
xjn

2n
,

1
2n+1

)

⇒ x −
n∑

k=0

xjk

2k
∈ B

(
0,

1
2n+1

)

0 ≤ lim
n→∞

∥∥∥∥∥x −
n−1∑
k=0

xjk

2k

∥∥∥∥∥ ≤ lim
n→∞

1
2n+1

= 0

Lin(x1, . . . , xm)

x = lim
n→∞

n−1∑
k=0

xjk

2k

x ∈ Lin(x1, . . . , xm)
x ⇒ B(0, 1) ⊂ Lin(x1, . . . , xm)

⇒ X ⊂ Lin(x1, . . . , xm)

⇒ dim X = n v1, . . . , vn

f : Kn → X,

n∑
i=1

aiei →
n∑

i=1

aivi

f, f−1

f−1 Kn

‖ y ‖Kn :=
∥∥f−1(y)

∥∥
X

BKn(0, 1) f−1

BX(0, 1) = f(BKn(0, 1)

⇒
∃ K(0)∃ V (0) : B(0, ε) ⊂ V (0) ⊂ K(0)
B(0, ε) K(0) ⇒ B(0, ε)

f : B(0, ε) → B(0, 1), x �→ 1
ε
x



B(0, 1)
⇒

f : B(0, 1) → B(x, ε), y �→ x + εy

B(x, ε)
U(x) ∃ε > 0 : B(x, 2ε) ⊂ U(x)

B(x, ε) ⊂ B(x, 2ε) ⊂ U(x)

C ⊂ X

a) C

b) ∀ε > 0 ∃M = {x1, . . . , xn} ∀c ∈ C ∃xk ∈ M :‖ c − xk ‖< ε

c) ∀ε > 0 ∃ Eε, dim Eε < ∞ : C ⊂ Eε + B(0, ε)

⇒

C ⊂
⋃

x∈C

B(x, ε)
kompakt⇒ C ⊂

n⋃
i=1

B(xi, ε)

⇒

c ∈ C ⇒ ∃1 ≤ k ≤ m : ‖ c − xk ‖< ε

⇒ c ∈ B(xk, ε) = xk + B(0, ε)
⇒ c ∈ Lin(x1, . . . , xn) + B(0, ε)
⇒ C ⊂ Lin(x1, . . . , xn) + B(0, ε)

⇒ (ck)k

(ci
k)k∈N ck

i = 0 :
c0
k := ck

i → i + 1 :

{
ci
k : k ∈ N

} ⊂ C ⊂ E 1
i+1

+ B

(
0,

1
i + 1

)
⇒ ∀ci

k ∃di
k ∈ E 1

i+1
:
∥∥ci

k − di
k

∥∥ <
1

i + 1

di
k E 1

i+1
(di

kj
)j

(di
k)k

ci+1
j := ci

kj



bk := ck
k

(ck)k

(di
kj

)j

∃j0 ∀j, j′ ≥ j0 :‖ dkj
− dkj′ ‖<

1
i

j, j′ ≥ j0

‖ ci
j − ci

j′ ‖ = ‖ ci−1
kj

− ci−1
kj′

‖
≤ ‖ ci−1

kj
− di−1

kj
‖︸ ︷︷ ︸

< 1
i

+ ‖ di−1
kj

− di−1
kj′

‖︸ ︷︷ ︸
< 1

i

+ ‖ di−1
kj′

− ci−1
kj′

‖︸ ︷︷ ︸
< 1

i

<
3
i

m ≥ i (cm
k )k (ci

k)k

∀m ≥ i : ‖ cm
j − cm

j′ ‖< 3
i

bk (ci
k)k (bk)k

(bk
k)k c

c ∈ C



C(X, K)

· : Y × Y → C, (x, y) �→ xy

∀x, y, z ∈ Y : x(yz) = (xy)z

(C(X, K), ‖ · ‖∞)

a) 1 ∈ A

b) f ∈ A ⇒ f ∈ A

c) x 
= y ⇒ ∃f ∈ A : f(x) 
= f(y)

A = C(X, K)

A0 := {f ∈ A | f : X → R}
f ∈ A0\A0 limn→∞ ‖ fn − f ‖∞= 0

f(ax + y) = lim
n→∞ fn(ax + y)

fn = lim
n→∞(afn(x) + fn(y))

= a lim
n→∞ fn(x) + lim

n→∞ fn(y)

= af(x) + f(y)

∀x ∈ X

(f + cg)(x) = lim
n→∞ (fn(x) + cgn(x))

= lim
n→∞ fn(x) + c lim

n→∞ gn(x)

= f(x) + cg(x)



A0 x ∈ X

fn(x) (gn(x)hn(x)) = (fn(x)gn(x)) hn(x)
lim

n→∞ fn(x) (gn(x)hn(x)) = lim
n→∞ (fn(x)gn(x)) hn(x)

lim
n→∞ fn(x)

(
lim

n→∞ gn(x) lim
n→∞hn(x)

)
=

(
lim

n→∞ fn(x) lim
n→∞ gn(x)

)
lim

n→∞hn(x)

f(x) (g(x)h(x)) = (f(x)g(x)) h(x)

(f1 + cg1)(x)(f2 + dg2)(x)

=
(

lim
n→∞ f1,n(x) + c lim

n→∞ g1,n(x)
)
·
(

lim
n→∞ f2,n(x) + d lim

n→∞ g2,n

)
= lim

n→∞ (f1,n(x) + cg1,n(x)) · (f2,n(x) + dg2,n(x))

= lim
n→∞ (f1,n(x)f2,n(x) + f1,n(x)dg2,n(x)

+cg1,n(x)f2,n(x) + cg1,n(x)dg2,n(x))
= lim

n→∞ f1,n(x) lim
n→∞ f2,n(x) + lim

n→∞ f1,n(x)d lim
n→∞ g2,n(x)

+c lim
n→∞ g1,n(x) lim

n→∞ f2,n(x) + c lim
n→∞ g1,n(x)d lim

n→∞ g2,n(x)

= f1(x)f2(x) + f1(x)dg2(x) + cg1(x)f2(x) + cg1(x)dg2(x)

A0√·

u0 := 0

un+1(t) = un(t) +
1
2
(
t − u2

n(t)
)

0 ≤ un(t) ≤ √
t

n = 0
0 ≤ 0 ≤ √

t



n → n + 1
√

t − un+1(t)
un+1=

√
t − un(t) − 1

2

(√
t − un(t)

)(√
t + un(t)

)

=
(√

t − un(t)
)

︸ ︷︷ ︸
≥0

⎛
⎜⎜⎜⎝1 − 1

2

(√
t + un(t)

)
︸ ︷︷ ︸
≤2

√
t≤2

⎞
⎟⎟⎟⎠

≥ 0

un(t) ≤ un+1(t) ≤
√

t

(un(t))n

lim
n→∞un+1(t) = lim

n→∞un(t) +
1
2

(
t − lim

n→∞u2
n(t)

)
t =

(
lim

n→∞un(t)
)2

√
t = lim

n→∞un(t)

(un(t))n

∀t ∈ [0, 1] ∃nt :
√

t − unt
(t) <

ε

2

unt
(·),√· √· − unt

(·)

∃δt > 0 ∀t′ ∈ (t − δt, t + δt) ∩ [0,∞) :
√

t′ − unt
(t′) < ε

un

∀n ≥ nt : unt(t
′) ≤ un(t′) ≤

√
t′

[0, 1] ⊂
⋃

t∈[0,1]

(t − δt, t + δt)

[0,1] ⇒ [0, 1] ⊂
n⋃

i=1

(ti − δti
, ti − δti

)



t ∈ [0, 1] (ti − δti , ti − δti)∩ [0,∞)

∀t ∈ [0, 1] ∀n ≥ N :=
n

max
i=1

nti
:
√

t − un(t) < ε

∀ε > 0 ∃N ∀n ≥ N : ‖ un(·) −√· ‖[0,1],∞ < ε

un → √·

f ∈ A

V or⇒ f ∈ A

⇒ ff ∈ A0

⇒ 0 ≤ ff

‖ f ‖2
≤ 1

un

(
ff

‖ f ‖2

)
︸ ︷︷ ︸

∈A0 un

3.) →
√

ff

‖ f ‖2
=

|f |
‖ f ‖ ∈ A0

f ∈ A ⇒ |f | ∈ A0

f ∈ A ⇒ |f | ∈ A0

min(f, g) =
1
2
(f + g + |f − g|)

max(f, g) =
1
2
(f + g − |f − g|)

f, g ∈ A0 ⇒ max(f, g), min(f, g) ∈ A0

f, g ∈ A0 ⇒ max(f, g), min(f, g) ∈ A0

x 
= y a, b ∈ R

∃g ∈ A : g(x) 
= g(y)



f : X → R, z �→ a + (b − a)
∣∣∣∣g(z) − g(x)
g(y) − g(x)

∣∣∣∣
∀x, y ∈ X ∀a, b ∈ R ∃f ∈ A0 :

{
f(x) = a
f(y) = b

f ∈ C(X, R) x, z ∈ X

∃hz ∈ A0 :
{

hz(x) = f(x)
hz(z) = f(z)

hz

∃ Vz ∀x ∈ Vz : hz(x) ≤ f(x) + ε

X =
⋃

z∈X

Vz ⇒ X =
n⋃

i=1

Vzi

g :=
n

min
i=1

hzi

z f(z)

∃g ∈ A0 :
{

g(z) = f(z)
g ≤ f + ε

f ∈ C(X, R), x ∈ X

∀x ∈ X ∃ gx ∈ A0 :
{

gx(x) = f(x)
gx ≤ f + ε

gx

∃ Ux(x) ∀y ∈ Ux : gx(y) ≥ f(y) − ε

X =
⋃

x∈X

Ux ⇒ X =
n⋃

i=1

Uxi

g :=
n

max
i=1

gxi

∃g ∈ A0 : f − ε ≤ g ≤ f + ε



f : X → C

f + f

2
: X → R

f − f

2i
: X → R

f =
f + f

2
+ i

f − f

2i

A0 = C(X, R) ⇒ A = C(X, C)

(C(X, R), ‖ · ‖∞)

a) 1 ∈ A

b) x 
= y ⇒ ∃f ∈ A : f(x) 
= f(y)

A = C(X, R)

f ∈ A ⇒ f ∈ A ff ∈ A0



A ⊂ X

Ui

A ⊂
⋃
i∈I

Ui ⇒ X ⊂
(⋃

i∈I

Ui

)
∪ AC

X ⇒ X ⊂
(

n⋃
i=1

Ui

)
∪ AC

⇒ A ⊂
n⋃

i=1

Ui

f : X → Y

Ui f−1(Ui)

f(X) ⊂
⋃
i∈I

Ui ⇒ X ⊂ f−1

(⋃
i∈I

Ui

)

⇒ X ⊂
⋃
i∈I

f−1(Ui)︸ ︷︷ ︸
X ⇒ X ⊂

n⋃
i=1

f−1(Ui)

⇒ f(X) ⊂
n⋃

i=1

Ui

f(X)

K ⊂ X

∀x ∈ KC ∃V (K), U(x) U ∩ V 
= ∅

x ∈ KC

∀y ∈ K ∃ V (y), Uy(x) : U ∩ V = ∅

K ⊂
⋃
y∈K

V (y)
K ⇒ K ⊂

n⋃
i=1

V (yi)︸ ︷︷ ︸



x ∈
n⋂

i=1

Uyi(x)

︸ ︷︷ ︸
n⋂

i=1

Uyi
(x) ∩

n⋃
i=1

V (yi) = ∅

x ∈ KC

x ∈
n⋂

i=1

Uyi
(x)

︸ ︷︷ ︸
⊂ KC

KC

∀A, B , A ∩ B = ∅ ∃U(A), V (B) : U ∩ V = ∅

A, B

∀x ∈ A ∃ U(x), Vx(B) : U(x) ∩ Vx = ∅

A ⊂
⋃

x∈A

U(x)
A ⇒ A ⊂

n⋃
i=1

U(xi)

n⋃
i=1

U(xi) A

n⋂
i=1

Vxi
(B) B

n⋃
i=1

U(xi) ∩
n⋂

i=1

Vxi
(B) = ∅



∀A, B , A ∩ B = ∅ ∃U(A), V (B) U ∩ V = ∅

∃ f : X → [0, 1] : f(A) = 0, f(B) = 1

C ⊂ E

C, EC

C ∩ EC = ∅

∃ U1(C), V (EC) : U1 ∩ V = ∅
EC ⊂ V ⇒ V C ⊂ E

C︸︷︷︸ ⊂ U1︸︷︷︸ ⊂ U1︸︷︷︸ ⊂ V C︸︷︷︸ ⊂ E︸︷︷︸
U1 U1

D =
{ p

2k
: p, k ∈ N, 0 ≤ p ≤ 2k

}
=

{
0, 1,

1
2
,
1
4
,
3
4
, . . . ,

1
2n

,
3
2n

, . . . ,
2n−1

2n
, . . .

}

G0, G1

A︸︷︷︸ ⊂ G0 ⊂ G0︸︷︷︸ ⊂ BC︸︷︷︸
A ⊂ G0 ⊂ G0 ⊂ G1 ⊂ G1 ⊂ BC

f(x) =
{

1 x ∈ GC
1

0 x ∈ G0

∀x ∈ A : f(x) = 0
∀x ∈ B : f(x) = 1



Gd

d < d′ ⇒ Gd ⊂ Gd′

d ∈ D

b =
2p + 1

2n

Gd

a =
p

2n−1

c =
p + 1
2n−1

Gb

Ga ⊂ Gb ⊂ Gb ⊂ Gc

∀t ∈ [0, 1] : Gt :=
⋃

d∈D,d≤t

Gd

Gd Gt

∀t < t′ : Gt ⊂ Gt′

f : X → R, x �→
{

inf{t ∈ [0, 1] : x ∈ Gt} x ∈ G1

1 x 
∈ G1

∀x ∈ X : 0 ≤ f(x) ≤ 1
f(A) = {0}
f(B) = {1}

f−1( f(x0)) x0

x0 ∈ G1 0 < δ < ε

f(x0) = inf{t ∈ [0, 1] : x ∈ G1}
⇒ x0 ∈ Gf(x0)+ε x0 
∈ Gf(x0)− 1

2 δ

⇒ x0 ∈ Gf(x0)+ε x0 
∈ Gf(x0)−δ

⇒ x0 ∈ Gf(x0)+ε ∩
(
Gf(x0)−δ

)C︸ ︷︷ ︸ ⊂ f−1((f(x0) − ε, f(x0) + ε))



δ < ε

f(x0) + ε 
∈ (f(x0) − ε, f(x0) + ε)
f(x0) + ε ∈ f(Gf(x0)+ε)



� � � � � � � � � � �
(xn)n

� � � � � � � � � � �
(yn)n

(
lim

n→∞ ‖ xn − x ‖= 0 lim
n→∞ ‖ xn − yn ‖= 0

)
⇒ lim

n→∞ ‖ yn − x ‖= 0

∃n0 ∀n ≥ n0 :
{ ‖ xn − x ‖< ε

2‖ xn − yn ‖< ε
2

∀n ≥ n0 : ‖ yn − x ‖ ≤ ‖ yn − xn ‖ + ‖ xn − x ‖
< ε

lim
n→∞ ‖ yn − x ‖ = 0

(xn)n, (yn)n (xn ∼ yn) ⇐⇒

lim
n→∞ ‖ xn − yn ‖= 0



[(xn)n] :=
{

(yn)n | lim
n→∞ ‖ xn − yn ‖= 0

}

[(xn)n] = [(yn)n]
[(xn)n] ∩ [(yn)n] = ∅

X̂ := {[(xn)n]}

X̂

[(xn)n] + [(yn)n] = [(xn + yn)n]
a · [(xn)n] = [(axn)n]

X̂

‖ [(xn)n] ‖= lim
n→∞ ‖ xn ‖

d([(xn)n], [(yn)n]) = ‖ [(xn)n] − [(yn)n] ‖
= lim

n→∞ ‖ xn − yn ‖

X̂

lim
n→∞ ‖ xn − xn ‖= 0 ⇒ (xn)n ∼ (xn)n

(xn)n ∼ (yn)n ⇐⇒ lim
n→∞ ‖ xn − yn ‖= 0

⇐⇒ lim
n→∞ ‖ yn − xn ‖= 0

⇐⇒ (yn)n ∼ (xn)n

(xn)n ∼ (yn)n, (yn)n ∼ (zn)n

⇒ lim
n→∞ ‖ xn − yn ‖= 0 = lim

n→∞ ‖ yn − zn ‖
⇒ 0 ≤ lim

n→∞ ‖ xn − zn ‖≤ lim
n→∞ ‖ xn − yn ‖ + lim

n→∞ ‖ yn − zn ‖= 0

⇒ (xn)n ∼ (zn)n



∼
[(xn)n] ∩ [(yn)n] 
= ∅ ⇒ ∃zn : zn ∼ xn, zn ∼ yn

⇒ xn ∼ yn

⇒ [(xn)n] = [(yn)n]

X̂
(xn)n, (yn)n

∃N ∀m, n > N :
{ ‖ xn − xm ‖< ε

2‖ yn − ym ‖< ε
2

∀m, n > N

‖ xn + yn − (xm + ym) ‖ ≤ ‖ xn − xm ‖ + ‖ yn − ym ‖
< ε

(xn + yn)n

a 
= 0 (xn)n

∃N ∈ N ∀m, n > N : ‖ xn − xm ‖< ε

|a|

‖ axn − axm ‖ ≤ |a|· ‖ xn − xm ‖< ε

(axn)n

a = 0 (axn)n = (0)n

(xn)n X

⇒ ∀ε > 0 ∃N ∀m, n ≥ n : ‖ xn − xm ‖< ε

⇒ ∀ε > 0 ∃N ∀m, n ≥ n : |‖ xn ‖ − ‖ xm ‖| ≤‖ xn − xm ‖< ε

⇒ (‖ xn ‖)n R

⇒ (‖ xn ‖)n R

(xn) ∼ (yn)
lim

n→∞ ‖ xn − yn ‖= 0

lim
n→∞ | ‖ xn ‖ − ‖ yn ‖ | ≤ lim

n→∞ ‖ xn − yn ‖
= 0

lim
n→∞ ‖ xn ‖ = lim

n→∞ ‖ yn ‖



‖ [(axn)n] ‖ Def
= lim

n→∞ ‖ axn ‖
= |a| lim

n→∞ ‖ xn ‖
= |a| ‖ [(xn)n] ‖

|‖ xm + ym ‖ − ‖ xn − yn ‖| ≤ ‖ xm + ym − xn − yn ‖
≤ ‖ xm − ym ‖ + ‖ xn − yn ‖

(‖ xn ‖)n, (‖ yn ‖)n

⇒ ∀ε > 0 ∃N ∀m, n ≥ N : ‖ xn − xm ‖< ε

2
‖ yn − ym ‖< ε

2
⇒ ∀ε > 0 ∃N ∀m, n ≥ N : |‖ xm + ym ‖ − ‖ xn − yn ‖| < ε

⇒ (‖ xn + yn ‖)n R

⇒ (‖ xn + yn ‖)n

‖ xn + yn ‖ ≤ ‖ xn ‖ + ‖ yn ‖
lim

n→∞ ‖ xn + yn ‖ ≤ lim
n→∞ ‖ xn ‖ + lim

n→∞ ‖ yn ‖
‖ [xn + yn] ‖ ≤ ‖ [xn] ‖ + ‖ [yn] ‖

(xn) ∼ (0)n ⇐⇒ lim
n→∞ ‖ xn − 0 ‖= lim

n→∞ ‖ xn ‖= 0

‖ x − y ‖

([(ak
n)n])k X̂

∀ε > 0 ∃i0 ∀i, j > i0 : ‖ [(ai
n)n] − [(aj

n)n] ‖= lim
n→∞ ‖ ai

n − aj
n ‖< ε

ε

∀ε > 0 ∃i0 ∀i, j > i0 ∃n0 ∀n ≥ n0 : ‖ ai
n − aj

n ‖< 2ε

∀n : bn = an
n



m ≥ i0

‖ am
n − am

m ‖< ε

m ≥ i0, n ≥ max(n0, i0)

‖ bn − bm ‖ Def.
= ‖ an

n − am
m ‖

≤ ‖ an
n − am

n ‖︸ ︷︷ ︸
<2ε

+ ‖ am
n − am

m ‖︸ ︷︷ ︸
<ε

< 3ε

(bn)n

lim
k→∞

[(ak
n)n] = [(bn)n]

∀ε > 0 ∃i0 ∀i, j ≥ i0 :
∥∥[(ak

n)n] − [(bn)n]
∥∥ = lim

n→∞ ‖ an
n − ak

n ‖≤ 2ε

∀ε > 0 ∃i0 ∀i, j ≥ i0 ∃ε > δ > 0 ∃n1 ∈ N ∀n ≥ n1 : ‖ an
n − ak

n ‖≤ 2ε

X̂
j δ n1

bn (bn)n

(ak
n)n

T : X → Y

lim
n→∞xn = x ⇒ lim

n→∞Txn = Tx

T : X → Y

T̂ : X̂ → Y, [(xn)n] �→ lim
n→∞Txn

‖ T ‖=‖ T̂ ‖
an ∼ xn

lim
n→∞ ‖ xn − an ‖= 0



∥∥∥ lim
n→∞Txn − lim

n→∞Tan

∥∥∥ = lim
n→∞ ‖ Txn − Tan ‖

≤ ‖ T ‖ lim
n→∞ ‖ xn − an ‖

= 0

T̂

(zn)n

⇒ ∀ε > 0 ∃n0 ∀n, m ≥ n0 : ‖ zn − zm ‖< ε

⇒ ∀ε > 0 ∃n0 ∀n, m ≥ n0 :
‖ Tzn − Tzm ‖≤‖ T ‖‖ zn − zm ‖< ε ‖ T ‖︸ ︷︷ ︸

<∞
⇒ (Tzn)n

Y ⇒ (Tzn)n

T̂
(xn)n, (yn)n

(xn + yn)n (axn)n

T (xn + yn)n T (axn)n

T̂ ([xn]) + aT̂ ([yn]) = lim
n→∞Txn + a lim

n→∞Tyn

= lim
n→∞T (xn + ayn)

= T̂ ([xn + ayn])

T̂

‖ T̂ ([xn]) ‖ =
∥∥∥ lim

n→∞Txn

∥∥∥ = lim
n→∞ ‖ Txn ‖

≤ ‖ T ‖ lim
n→∞ ‖ xn ‖

= ‖ T ‖‖ [xn] ‖
‖ T̂ ‖ ≤ ‖ T ‖

T̂

i : X → X̂, x �→ (x, x, . . .)



sup
x∈X\{0}

∥∥∥∥T x

‖ x ‖
∥∥∥∥ = sup

x∈X\{0}

∥∥∥∥T̂ i(x)
‖ i(x) ‖

∥∥∥∥
X⊂X̂≤ sup

[(xn)n]∈X̂\{0}

∥∥∥∥T̂ [(xn)n]
‖ [(xn)n] ‖

∥∥∥∥
‖ T ‖ ≤ ‖ T̂ ‖

‖ T̂ ‖=‖ T ‖

(
lim

n→∞ d(xn, x) = 0 lim
n→∞ d(xn, yn) = 0

)
⇒ lim

n→∞ d(yn, x) = 0

∃n0 ∀n ≥ n0 :
{

d(xn, x) < ε
2

d(yn, xn) < ε
2

∀n ≥ n0 : d(yn, x) ≤ d(yn, xn) + d(xn, x) < ε

lim
n→∞ d(yn, x) = 0

limn→∞ xn = x, limn→∞ yn = y

|d(x, y) − d(a, b)| ≤ d(x, a) + d(y, b)

lim
n→∞ d(xn, yn) = d

(
lim

n→∞xn, lim
n→∞ yn

)

d(x, y) ≤ d(x, a) + d(a, b) + d(b, y)
d(x, y) − d(a, b) ≤ d(x, a) + d(b, y)

d(a, b) ≤ d(a, x) + d(x, y) + d(y, b)
−(d(x, y) − d(a, b)) ≤ d(a, x) + d(y, b)



|d(x, y) − d(a, b)| ≤ d(x, a) + d(y, b)

0 ≤ lim
n→∞ |d(xn, yn) − d(x, y)|

≤ lim
n→∞ d (x, xn) + lim

n→∞ d (y, yn)

= 0

lim
n→∞ d(xn, yn) = d

(
lim

k→∞
xk, lim

k→∞
yk

)

(xn)n ∼ (yn)n ⇐⇒

lim
n→∞ d(xn, yn) = 0

[(xn)n] = {(yn)n | lim
n→∞ d(xn, yn) = 0}

[(xn)n] = [(yn)n]
[(xn)n] ∩ [(yn)n] = ∅

X̂ = {[(xn)n]}

X̂

d̂([(xn)], [(yn)]) := lim
n→∞ d(xn, yn)

i : X → X̂, x �→ [(x, x, . . .)]

i(X) X̂



lim
n→∞ d(xn, xn) = 0 ⇒ (xn)n ∼ (xn)n

(xn)n ∼ (yn)n ⇐⇒ lim
n→∞ d(xn, yn) = 0

⇐⇒ lim
n→∞ d(yn, xn) = 0

⇐⇒ (yn)n ∼ (xn)n

(xn)n ∼ (yn)n, (yn)n ∼ (zn)n

⇒ lim
n→∞ d(xn, yn) = 0 = lim

n→∞ d(yn, zn)

⇒ 0 ≤ lim
n→∞ d(xn, zn) ≤ lim

n→∞ d(xn, yn) + lim
n→∞ d(yn, zn) = 0

⇒ (xn)n ∼ (zn)n

∼
[(xn)n] ∩ [(yn)n] 
= ∅ ⇒ ∃zn : zn ∼ xn, zn ∼ yn

⇒ xn ∼ yn

⇒ [(xn)n] = [(yn)n]

X̂
(xn)n, (yn)n

∀ε > 0 ∃N ∈ N ∀n, m > N :
{

d(xn, xm) < ε
2

d(yn, ym) < ε
2

∀n, m > N : |d(xn, yn) − d(xm, ym)| ≤ d(xn, xm) + d(yn, ym)
< ε

(d(xn, yn))n R R

d̂([(xn)], [(yn)]) = lim
n→∞ d(xn, yn)

(an) ∼ (xn), (bn) ∼ (yn)

lim
n→∞ d(an, xn) = 0

lim
n→∞ d(bn, yn) = 0

lim
n→∞ d(xn, yn) = d̂([(xn)], [(yn)])



lim
n→∞ | lim

n→∞ d(xn, yn) − d(an, bn)|
≤ lim

n→∞ | lim
n→∞ d(xn, yn) − d(xn, yn)|︸ ︷︷ ︸

=0

+ lim
n→∞ |d(xn, yn) − d(an, bn)|

≤ lim
n→∞ d(xn, an) + lim

n→∞ d(bn, yn)

= 0

d̂([(xn)], [(yn)]) = lim
n→∞ d(xn, yn)

= lim
n→∞ d(an, bn)

= d̂([(an)], [(bn)])

d̂

d̂([(xn)], [(yn)]) = lim
n→∞ d(xn, yn)︸ ︷︷ ︸

≥0

≥ 0
d̂([(xn)], [(yn)]) = lim

n→∞ d(xn, yn)

= lim
n→∞ d(yn, xn)

= d̂([(yn)], [(xn)])

d(xn, yn) ≤ d(xn, zn) + d(zn, yn)
lim

n→∞ d(xn, yn) ≤ lim
n→∞ d(xn, zn) + lim

n→∞ d(zn, yn)

d̂([(xn)], [(yn)]) ≤ d̂([(xn)], [(zn)]) + d̂([(zn)], [(yn)])

d̂([(xn)], [(yn)]) = lim
n→∞ d(xn, yn) = 0

Def⇐⇒ (xn) ∼ (yn)
⇐⇒ [(xn)] = [(yn)]

d̂
([(ak

n)n])k X̂

∀ε > 0 ∃i0 ∀i, j > i0 : d̂
(
[(ai

n)n], [(aj
n)n]

)
= lim

n→∞ d(ai
n, aj

n) < ε



∀ε > 0 ∃i0 ∀i, j > i0 ∃n0 ∈ N ∀n ≥ n0 : d(ai
n, aj

n) < 2ε

∀n ∈ N : bn = an
n

m > i0

d(am
n , am

m) < ε

m > i0, n > max{n0, i0}

d(bn, bm) = d(an
n, am

m)
≤ d(an

n, am
n )︸ ︷︷ ︸

<2ε

+ d(am
n , am

m)︸ ︷︷ ︸
<ε

< 3ε

(bn)n

lim
k→∞

[(ak
n)n]k = [(bn)n]

∀ε > 0 ∃i0 ∀i > i0 : d̂
(
[(bn)n], [(ai

n)n]
)

= lim
n→∞ d(bn, ai

n) < ε

∀ε > 0 ∃i0 ∀i > i0 ∃n0 ∈ N ∃0 < δ < ε ∀n ≥ n0 : bn
n, aj

n) < 2ε

X̂
n0 δ

bn (bn)n

(ak
n)n

d̂(i(x), i(y)) = lim
n→∞ d(x, y)

= d(x, y)

[(xn)n] ∈ X̂ (xn)n

∀ε > 0 ∃n0 ∀n, m > n0 : d(xn, xm) <
ε

2
⇒ ∀ε > 0 ∃n0 ∀n > n0 : d̂(i(xn), [(xn)n]) = lim

k→∞
d(xn, xk) < ε



i(X) X̂

f : X → Y

f
(

lim
n→∞xn

)
= lim

n→∞ f(xn)

f : X → Y

∃C > 0 ∀x1, x2 ∈ X : dY (f(x1), f(x2)) ≤ CdX(x1, x2)

f : X̂ → Y, [(xn)n] �→ lim
n→∞ f(xn)

(xn)n

⇒ ∃N ∀n, m > N : dX(xn, xm) <
ε

C
⇒ ∃N ∀n, m > N : dY (f(xn), f(xm)) ≤ CdX(xn, xm) < ε

⇒ (f(xn))n

Y ⇒ (f(xn))n Y

f
(an)n ∼ (xn)n

lim
n→∞ d(an, xn) = 0

dY

(
lim

n→∞ f(an), lim
n→∞ f(xn)

)
= lim

n→∞ dY (f(an), f(xn))

≤ C lim
n→∞ d(an, xn)

= 0
lim

n→∞ f(an) = lim
n→∞ f(xn)

f
ε > 0 (xn)n (yn)n

d([(xn)n], [(yn)n]) = lim
n→∞ d(xn, yn) <

ε

4C



(f(xn))n, (f(yn))n ∃k ∈ N ∃xk, yk

dY

(
lim

n→∞ f(xn), f(xk)
)

<
ε

3

dY

(
lim

n→∞ f(yn), f(yk)
)

<
ε

3
dX(xk, yk) <

ε

3C

dY

(
f([(xn)n]), f([(yn)n])

)
Def
= dY

(
lim

n→∞ f(xn), lim
n→∞ f(yn)

)
≤ dY

(
lim

n→∞ f(xn), f(xk)
)

+ dY (f(xk), f(yk)) + dY

(
lim

n→∞ f(yn), f(yk)
)

<
ε

3
+ CdX(xk, yk) +

ε

3
< ε

f

X ⊂ Y

f : X̂ → X ⊂ Y, [(xn)n] �→ lim
n→∞xn

X̂

f : X → Y, x �→ x

dY (f(x), f(y)) = dY (x, y)

C = 1

f : X̂ → Y, [(xn)n] �→ lim
n→∞xn

dY

(
f([(xn)], f([(yn)]

) Def
= dY

(
lim

n→∞xn, lim
n→∞ yn

)
Y

= lim
n→∞ dY (xn, yn)

Def
= d([(xn)], [(yn)])



dY (f([(xn)], f([(yn)]) = 0

⇒ d([(xn)], [(yn)]) = dY

(
f([(xn)], f([(yn)]

)
= 0

⇒ [(xn)] = [(yn)]

x ∈ X

∃(xn)n X : lim
n→∞xn = x

(xn)n

(xn)n ∈ X̂

f([(xn)]) = lim
n→∞xn = x



K

‖ · ‖: X → R, x �→‖ x ‖
⇐⇒ ∀a ∈ K,∀x, y ∈ X

1.) ‖ x ‖≥ 0
2.) ‖ ax ‖= |a| ‖ x ‖
3.) ‖ x + y ‖≤‖ x ‖ + ‖ y ‖

⇐⇒

‖ x ‖= 0 ⇒ x = 0

K

‖ 0︸︷︷︸
∈V

‖= 0

Tz : X → X, x �→ x + z

d(x, y) =‖ x − y ‖

‖ x − y ‖= 0 ⇒ x − y = 0
⇒ x = y

v ∈ V

‖ 0︸︷︷︸
∈K

· v︸︷︷︸
∈V

‖= |0| ‖ v ‖= 0



d(x + z, y + z) = ‖ x + z − (y + z) ‖
= ‖ x − y ‖
= d(x, y)

‖ · ‖∗, ‖ · ‖
∃C1, C2 > 0 : C1 ‖ x ‖∗≤‖ x ‖≤ C2 ‖ x ‖∗

lim
n→∞ ‖ x − xn ‖∗ ≤ 1

C1
lim

n→∞ ‖ x − xn ‖
lim

n→∞ ‖ x − xn ‖ ≤ C2 lim
n→∞ ‖ x − xn ‖∗

lim
n→∞ ‖ x − xn ‖∗= 0 ⇐⇒ lim

n→∞ ‖ x − xn ‖= 0

(X, ‖ · ‖) ∑∞
i=0 ‖ xi ‖

∞∑
i=0

xi

sn =
∑n

i=1 xi

‖ sn − sm ‖ ≤
∥∥∥∥∥

n∑
i=m+1

xi

∥∥∥∥∥
≤

n∑
i=m+1

‖ xi ‖
m→∞→ 0

(sn)n



T : X → Y

T ⇐⇒ ∃z ∈ X : T z

⇐⇒ ∃C > 0 ∀x ∈ X : ‖ Tx ‖≤ C ‖ x ‖

��
��

B(0, 1) ⊂ X

�


�
��

B(0, C) ⊂ Y

⇒
⇐ x ∈ X limn→∞ ‖ xn − x ‖= 0

lim
n→∞ ‖ xn + z − x − z ‖ = lim

n→∞ ‖ xn − x ‖= 0

lim
n→∞ ‖ Txn − Tx ‖ = lim

n→∞ ‖ T (xn + z − x) − Tz ‖
T z

= 0

⇒
∀ε > 0 ∃δ > 0 : TB(0, δ) ⊂ B(0, ε)

ε = 1
∃δ > 0 : ‖ x ‖< δ ⇒‖ Tx ‖< 1

C := 2 · δ−1

∀x ∈ X : ‖ Tx ‖ =

∥∥∥∥∥∥∥∥∥
T

⎛
⎜⎜⎜⎝2 ‖ x ‖

δ

δx

2 ‖ x ‖︸ ︷︷ ︸
‖·‖<δ

⎞
⎟⎟⎟⎠
∥∥∥∥∥∥∥∥∥

≤ 2 ‖ x ‖
δ

1

= C ‖ x ‖
⇐ limn→∞ ‖ xn − x ‖= 0

lim
n→∞ ‖ Txn − Tx ‖= lim

n→∞ ‖ T (xn − x) ‖
≤ C lim

n→∞ ‖ xn − x ‖= 0



T : X → Y

‖ T ‖ := inf

{
C ≥ 0

∣∣∣∣∣ sup
x�=0

‖ Tx ‖
‖ x ‖ ≤ C

}

= inf

{
C ≥ 0

∣∣∣∣∣ sup
‖x‖=1

‖ Tx ‖≤ C

}
= sup

‖x‖=1

‖ Tx ‖

= sup
x�=0

‖ Tx ‖
‖ x ‖

= sup
‖x‖≤1

‖ Tx ‖

‖ Tx ‖ ≤ ‖ T ‖‖ x ‖

‖ T ‖
x 
= 0 ‖ x ‖−1> 0

x 
= 0

‖ Tx ‖
‖ x ‖ ≤ C ⇐⇒

∥∥∥∥∥∥∥∥∥
T

x

‖ x ‖︸ ︷︷ ︸
‖·‖=1

∥∥∥∥∥∥∥∥∥
≤ C

sup
x�=0

‖ Tx ‖
‖ x ‖ ≤ C ⇐⇒ sup

‖x‖=1

‖ Tx ‖≤ C

inf

{
C ≥ 0 : sup

‖x‖=1

‖ Tx ‖≤ C

}
= sup

‖x‖=1

‖ Tx ‖



‖ x ‖< 1

‖ Tx ‖ =
∥∥∥∥T x

‖ x ‖
∥∥∥∥ ‖ x ‖︸ ︷︷ ︸

<1

<

∥∥∥∥T x

‖ x ‖
∥∥∥∥

≤ sup
‖x‖=1

‖ Tx ‖

sup
‖x‖≤1

‖ Tx ‖= sup
‖x‖=1

‖ Tx ‖

x 
= 0

‖ Tx ‖
‖ x ‖ ≤ sup

‖ Tx ‖
‖ x ‖ =‖ T ‖

‖ Tx ‖ ≤ ‖ T ‖‖ x ‖

‖ Tx ‖= 0 ≤‖ T ‖ ‖ x ‖︸ ︷︷ ︸
=0

L(X, Y ) = {T : X → Y }
L(X) = L(X, X)

(L(X, Y ), ‖ · ‖)
L(X, Y )

X ′ = L(X, K) = {f : X → K | f }

a · T T + S

C ≥ 0

‖ T ‖ = inf

{
C ≥ 0 : sup

‖x‖=1

‖ Tx ‖≤ C

}
≥ 0



‖ T ‖= 0 ⇐⇒ ∀x ∈ X : ‖ Tx ‖= 0
⇐⇒ ∀x ∈ X : Tx = 0
⇐⇒ T ≡ 0

‖ x ‖= 1

‖ (S + T )x ‖ ≤ ‖ Sx ‖ + ‖ Tx ‖
≤ ‖ S ‖ + ‖ T ‖

sup
‖x‖=1

‖ (S + T )x ‖ ≤ ‖ S ‖ + ‖ T ‖

‖ S + T ‖ ≤ ‖ S ‖ + ‖ T ‖

‖ x ‖= 1 a 
= 0

‖ aTx ‖= |a|· ‖ Tx ‖≤ |a| ‖ T ‖

‖ aT ‖≤ |a| ‖ T ‖

‖ T ‖ = ‖ a−1 · aT ‖
≤ |a−1| ‖ aT ‖
≤ |a−1| · |a| ‖ T ‖
= ‖ T ‖

‖ aT ‖= |a|· ‖ T ‖
a = 0

‖ aT︸︷︷︸
=0

‖ = 0 = |a|︸︷︷︸
=0

‖ T ‖

(Tn)n

∀ε > 0 ∃n0 ∀n, m ≥ n0 : ‖ Tn − Tm ‖< ε

‖ Tnx − Tmx ‖ ≤ ‖ Tn − Tm ‖‖ x ‖
< ε ‖ x ‖



(Tnx)n

∀x : (Tnx)n

Sx = lim
n→∞Tnx

S(ax + by) = lim
n→∞Tn(ax + by)

= a lim
n→∞Tnx + b lim

n→∞Tny

= aSx + bSy

‖ x ‖= 1

∀n, m ≥ n0 : ‖ Tmx − Tnx ‖< ε

Sx = lim
n→∞Tnx

∀x ∃mx > n0 : ‖ Sx − Tmx
x ‖< ε

∀n ≥ n0 : ‖ (S − Tn)x ‖ ≤ ‖ Sx − Tmx
x ‖ + ‖ Tmx

x − Tnx ‖
< 2ε

∀n ≥ n0 : sup
‖x‖=1

‖ (S − Tn)x ‖ ≤ 2ε

∀n ≥ n0 : ‖ S − Tn ‖ ≤ 2ε

S − Tn

S = S − Tn + Tn

P ∈ L(X) P 2 = P

a) X = PX ⊕ (1 − P )X
b) PX, (1 − P )X



x ∈ PX ∩ (1 − P )(X)

x
∃y: x=Py

= Py

P 2=P= P 2y
x=Py

= Px
∃z: x=(1−P )z

= Pz − P 2z
P 2=P= Pz − Pz

= 0
PX ∩ (1 − P )X = {0}

z ∈ X

z = Pz + (1 − P )z
∈ PX ⊕ (1 − P )X

X = PX ⊕ (1 − P )X

z = Pz + (1 − P )z

z ∈ PX ⇐⇒ (1 − P )z = 0 ⇐⇒ z ∈ Null(1 − P )
z ∈ (1 − P )X ⇐⇒ Pz = 0 ⇐⇒ z ∈ Null(P )

PX = Null (1 − P )
(1 − P )X = Null P



f : G ⊂ X → K

K p : X → K

∀a ∈ [0,∞) ∀x ∈ X : p(a · x) = a · p(x)
∀x, y ∈ X : p(x + y) ≤ p(x) + p(y)

�
�

�
�

�
�

�
��

�����
�

�
�

��

�
�

�
��

�
�

�
��

p : X → R

∀a ∈ [0,∞) ∀x ∈ X : ‖ a · x ‖ = |a|· ‖ x ‖= a· ‖ x ‖
∀x, y ∈ X : ‖ x + y ‖ ≤ ‖ x ‖ + ‖ y ‖

R G ⊂ X g : G →
R p : X → R

∀x ∈ G : g(x) ≤ p(x)

z ∈ X\G z 
= 0

g̃ : Lin(G, z) → R

∀x ∈ Lin(G, z) : g̃(x) ≤ p(x)



Lin(G, z)

∃x ∈ G ∃b ∈ R\{0} : x = bz

⇒ z =
1
b
x ∈ G

∀x ∈ G ∀b ∈ R\{0} : x 
= bz

x1 + bz1, x2 + bz2 ∈ Lin(G, z) xi ∈ G, bi ∈ K

x1 + bz1 = x2 + bz2

X ⇒ x1 − x2︸ ︷︷ ︸
∈G

= (b1 − b2)︸ ︷︷ ︸
∈K

z

⇒ x1 − x2 = 0 = b1 − b2

⇒ x1 = x2 b1 = b2

x, y ∈

g(x) + g(y) = g( x + y︸ ︷︷ ︸
∈

)

V or≤ p(x + y)
= p(x + z + y − z)

≤ p(x + z) + p(y − z)
g(y) − p(y − z) ≤ p(x + z) − g(x)

m := sup
y∈G

(g(y) − p(y − z)) ≤ inf
x∈G

(p(x + z) − g(x)) = M

a ∈ [m, M ]

g̃ : Lin(G, z) → R, x + bz �→ g(x) + ba



Lin(G, z) g̃

g̃(x1 + b1z + x2 + b2z)
= g̃(x1 + cx2︸ ︷︷ ︸

∈G

+ (b1 + cb2)︸ ︷︷ ︸
∈K

z)

= g(x1 + cx2) + (b1 + cb2)z
g

= g(x1) + cg(x2) + b1z + cb2z

= g̃(x1 + b1z) + cg̃(x2 + b2z)

g̃
b > 0

g̃(x + bz)
Def
= g(x) + ba

≤ g(x) + bM

= g(x) + b inf
x∈G

{p(x + z) − g(x)}
x
b ∈G

≤ g(x) + b
(
p
(x

b
+ z

)
− g

(x

b

))
b>0= g(x) + p(x + bz) − g(x)
= p(x + bz)

b < 0

g̃(x + bz)
Def
= g(x) + ba

b<0≤ g(x) + bm

= g(x) + b inf
x∈G

{g(y) − p(y − z)}
− x

b ∈G

≤ g(x) + b

(
g

(−x

b

)
− p

(−x

b
− z

))
−b>0= g(x) + p(x + bz) − g(x)
= p(x + bz)

b = 0
g̃(x + bz) = g(x) + 0 ≤ p(x)

g̃ ≤ p Lin(G, z)



R F ⊂ X p : X →
R f : F → R

∀x ∈ F : f(x) ≤ p(x)

f̃ : X → R

∀x ∈ X : f̃(x) ≤ p(x)

M =
{

(G, g)
∣∣∣∣ G , F ⊂ G

∀x ∈ G : g(x) ≤ p(x), g : G → R , g|F = f

}

(G1, g1) < (G2, g2) ⇐⇒ G1 � G2 g1|G1 = g2|G2

1.) ∀G1 : G1 = G1

2.) (G1 � G2 g1|G1 = g2|G2 G2 � G3 g1|G1 = g3|G3)
⇒ G1 � G3 g1|G1 = g3|G3

1.) ∀(G1, g1) : (G1, g1) 
< (G1, g1)
2.) ((G1, g1) < (G2, g2) (G2, g2) < (G3, g3)) ⇒ (G1, g1) < (G3, g3)

(M, <)
∀i ∈ I : (Gi, gi) ∈ (M, <)

3.)∀i, j ∈ I : (Gi, gi) < (Gj , gj) (Gi, gi) > (Gj , gj) (Gi, gi) = (Gj , gj)

G =
⋃
i

Gi

∀x ∈ Gi : g(x) = gi(x)

x ∈ G ⇒ ∃i : x ∈ Gi

⇒ ∀j ≥ i : g(x) = gi|Gi(x) = gj |Gj (x)



x ∈ G ⇒ ∃i : x ∈ Gi

Gi ⇒ b · x ∈ Gi ⊂ G

x, y ∈ G ⇒ ∃i, j : x ∈ Gi, y ∈ Gj

k=max{i,j}⇒ x, y ∈ Gk

Gk ⇒ x + y ∈ Gk ⊂ G

(G, g) (Gi, gi)i∈I

(G, g)
G 
= X 0 
= z ∈ X\G

(Lin(G, z), g̃)

G � Lin(G, z)
(G, g) < (Lin(G, z), g̃)

G = X

K F ⊂ X ‖ · ‖:
X → K f : F → K

∀x ∈ F : |f(x)| ≤‖ x ‖
f̃ : X → K

∀x ∈ X : |f̃(x)| ≤‖ x ‖
R C

K = R :
K = C :

u : F → R, x �→ f(x) + f(x)
2

a ∈ R

u(x + ay) =
f(x + ay) + f(x + ay)

2

=
f(x) + f(x)

2
+ a

f(y) + f(y)
2



R

|u(x)| ≤ 1
2
|f(x)| + 1

2
|f(x)|

= |f(x)|
≤ ‖ f ‖ · ‖ x ‖

∀x ∈ F : |u(x)| ≤ |f(x)| ≤‖ x ‖

R ũ : X → R

∀x ∈ X : |ũ(x)| ≤ p(x)

f̃ : X → C, x �→ ũ(x) − iũ(ix)

∀a ∈ R : f̃(ax) = ũ(ax) − iũ(iax)
= a(ũ(x) − iũ(ix))
= af̃(x)

f̃(x + y) = ũ(x + y) − iũ(i(x + y))
= ũ(x) − iũ(ix) + ũ(y) − iũ(iy)
= f̃(x) + f̃(y)

f̃(ix) = ũ(ix) − iũ(i2x)
= ũ(ix) + iũ(x)
= i(ũ(x) − iũ(ix))
= if̃(x)

f̃ C

∀x ∈ X ∃c ∈ C, |c| = 1 : |f̃(x)| = cf̃(x)



|f̃(x)| = cf̃(x)︸ ︷︷ ︸
∈R

x= z+z
2=

cf̃(x) + cf̃(x)
2

C =
f̃(cx) + f̃(cx)

2
f̃

= ũ(cx)
≤ ‖ cx ‖
= |c|︸︷︷︸

=1

‖ x ‖=‖ x ‖

|f̃(x)| ≤ ‖ x ‖

0 
= x ∈ X f : X → K

f(x) = 1

‖ f ‖ =
1

‖ x ‖
F ⊂ X f : F → K

f̃ : X → K

‖ f̃ ‖=‖ f ‖

∀x1 
= x2 ∃ f : X → K : f(x1) 
= f(x2)

g : Kx → K, ax �→ a

‖ · ‖∗: X → K, z �→ ‖ z ‖
‖ x ‖

a ∈ R

‖ z ‖∗ =
‖ z ‖
‖ x ‖ ≥ 0

‖ az ‖∗ =
‖ az ‖
‖ x ‖ = |a| ‖ z ‖

‖ x ‖ = |a| ‖ z ‖

‖ z1 + z2 ‖∗ =
‖ z1 + z2 ‖

‖ x ‖ ≤ ‖ z1 ‖ + ‖ z2 ‖
‖ x ‖ =‖ z1 ‖∗ + ‖ z2 ‖∗



‖ · ‖∗

g(a1x + ca2x) = a1 + ca2 = g(a1x) + cg(a2x)
∀a ∈ R : g(ax) = |a|

‖ g ‖ ≤ 1

g(x) = 1 =‖ x ‖
|g(ax)| = |a|

=
∥∥∥∥ a · x
‖ x ‖

∥∥∥∥
= ‖ a · x ‖∗

∀z ∈ Kx : |g(z)| ≤ ‖ z ‖∗
‖ · ‖ f : X → K

∀y ∈ X : |f(y)| ≤ ‖ y ‖∗= ‖ y ‖
‖ x ‖

‖ f ‖ ≤ 1
‖ x ‖

∥∥∥∥ x

‖ x ‖
∥∥∥∥ = 1∣∣∣∣f

(
x

‖ x ‖
)∣∣∣∣ =

∣∣∣∣g
(

x

‖ x ‖
)∣∣∣∣

g(x)=1
=

1
‖ x ‖

‖ f ‖ = sup
‖z‖=1

|f(z)|

≥ 1
‖ x ‖

‖ f ‖ =
1

‖ x ‖
f(x) = g(x) = 1



‖ · ‖∗: X → K, x �→‖ f ‖‖ x ‖

‖ x ‖∗ = ‖ f ‖‖ x ‖≥ 0
‖ ax ‖∗ = ‖ f ‖‖ ax ‖

= |a| ‖ f ‖‖ x ‖
= |a| ‖ x ‖∗

‖ x + y ‖∗ = ‖ f ‖‖ x + y ‖
≤ ‖ f ‖‖ x ‖ + ‖ f ‖‖ y ‖
= ‖ x ‖∗ + ‖ y ‖∗

‖ · ‖∗

∀x ∈ F : |f(x)| ≤‖ f ‖‖ x ‖=‖ x ‖∗
f̃ : X → K

∀x ∈ X : ‖ f̃(x) ‖ ≤ ‖ f ‖‖ x ‖
‖ f̃ ‖ ≤ ‖ f ‖

‖ f̃ ‖= sup
‖x‖=1,x∈X

|f̃(x)| X⊃F≥ sup
‖x‖=1,x∈F

|f(x)| =‖ f ‖

‖ f̃ ‖ = ‖ f ‖

x1 − x2 
= 0 f : X → K

1 = f(x1 − x2) = f(x1) − f(x2)

f(x1) 
= f(x2)

dim V <
∞ P : X →
V

P 2 = P

PX = V

P |V ≡ id|V



e1, . . . , en

gi : V → K,

n∑
i=1

aiei �→ ai

g

(
n∑

i=1

aiei + c

n∑
i=1

biei

)
= g

(
n∑

i=1

(ai + cbi)ei

)
= ai + cbi

= g

(
n∑

i=1

aiei

)
+ cg

(
n∑

i=1

biei

)

gi

fi : X → K

fi(ej) =
{

1 i = j
0 i 
= j

fi : X → K

P : X → V, x �→
n∑

i=1

fi(x)ei

P (x + cy) =
n∑

i=1

fi(x + cy)ei

=
n∑

i=1

fi(x)ei + c

n∑
i=1

fi(y)ei

= P (x) + cP (y)



P 2x = P

(
n∑

i=1

fi(x)ei

)

P =
n∑

i=1

fi(x)︸ ︷︷ ︸
∈K

P (ei)

=
n∑

i=1

fi(x)
n∑

j=1

fj(ei)ej

︸ ︷︷ ︸
=ei

=
n∑

i=1

fi(x)ei = Px

P 2 = P

z =
∑n

j=1 ajej ∈ V

Pz
Def
=

n∑
i=1

fi(z)ei

=
n∑

i=1

fi

⎛
⎝ n∑

j=1

ajej

⎞
⎠ ei

fi =
n∑

i=1

n∑
j=1

ajfi(ej)

︸ ︷︷ ︸
=ai

ei

=
n∑

i=1

aiei = z

P |V = id|V

V = PX = Null(1 − P )

V



X ′ × X → R, (f, x) → f(x)

(f1 + f2)(x1 + x2) = f1(x1) + f1(x2) + f2(x1) + f2(x2)
(af)(bx) = abf(x)

limn→∞ fn = f, limn→∞ xn = x (‖ xn ‖)n

lim
n→∞ |fn(xn) − f(x)|

f
= lim

n→∞ |(fn − f)(xn) − f(xn − x)|
≤ lim

n→∞ ‖ f − fn ‖︸ ︷︷ ︸
→0

‖ xn ‖︸ ︷︷ ︸
≤C

+ ‖ f ‖ lim
n→∞ ‖ xn − x ‖︸ ︷︷ ︸

→0

= 0

i : X → X ′′, x �→ (f �→ f(x))

i(x)(a1f1 + a2f2) = (a1f1 + a2f2)(x)
= a1f1(x) + a2f2(x)
= a1i(x)(f1) + a2i(x)(f2)

∀f ∈ X ′ : |i(x)(f)| = |f(x)| ≤‖ f ‖‖ x ‖
‖ i(x) ‖ = sup

‖f‖X′=1

|i(x)(f)|

≤ ‖ x ‖
i(x)

∀x 
= 0 ∃g ∈ X ′ :
{ ‖ g ‖= 1

‖x‖
g(x) = 1



f : X → K, z �→‖ x ‖ g(z)

∀x 
= 0 ∃f ∈ X ′ :
{ ‖ f ‖=‖ x ‖‖ g ‖= 1

f(x) =‖ x ‖ g(x) =‖ x ‖

‖ i(x) ‖ = sup
‖f‖=1

|i(x)(f)|

= sup
‖f‖=1

|f(x)|

≥ ‖ x ‖
‖ i(x) ‖ = ‖ x ‖

i : X → X
i(X)

i(X)

T : X → Y

T ′ : Y ′ → X ′, f �→ f ◦ T

f ◦ T fi : Y → K

T ′(a1f1 + a2f2) = (a1f1 + a2f2) ◦ T

= a1f1 ◦ T + a2f2 ◦ T

= a1T
′f1 + a2T

′f2



−→ −→ K
↓ ↓
X ′′ −→ Y ′′

x ∈ X, f ∈ X ′

(T ′′i(x)︸ ︷︷ ︸
∈Y ′′

)(f) = (i(x) ◦ T ′)(f)

= i(x)(f ◦ T︸ ︷︷ ︸
∈X′

)

= (f ◦ T )(x)
= f( Tx︸︷︷︸

∈Y

)

= i(Tx)(f)

i(Tx) = T ′′(i(x))

‖ T ′ ‖=‖ T ‖

∀f ∈ X ′ ∀x ∈ X : |(T ′f)(x)| = |f ◦ T (x)|
≤ ‖ f ‖‖ Tx ‖
≤ ‖ f ‖‖ T ‖‖ x ‖

∀f ∈ X ′ : ‖ T ′f ‖ ≤ ‖ f ‖‖ T ‖
‖ T ′ ‖ ≤ ‖ T ‖

‖ T ′′ ‖≤‖ T ′ ‖≤‖ T ‖



‖ T ‖ = sup
‖x‖=1

‖ Tx ‖

= sup
‖i(x)‖=1

‖ T ′′i(x) ‖

i(X)⊂X′′

≤ sup
‖x′′‖=1

‖ T ′′x′′ ‖

= ‖ T ′′ ‖



c 
= 0 X, Y T : X → Y

B(0, r) = rB(0, 1)
x + B(0, r) = B(x, r)⋃

n∈N

TBX(0, nε) = T

(⋃
n∈N

BX(0, nε)

)

cBY (y0, δ1) = BY (cy0, cδ1)
TBX(0, cnε) = cTBX(0, nε)

TBX

(
0,

ε

2

)
− TBX

(
0,

ε

2

)
= TBX(0, ε)

Tx + TBX(0, 2ε) = T (x + BX(0, 2ε))

x ∈ B(0, r) ⇐⇒ ‖ x ‖≤ r

⇐⇒
∥∥∥x

r

∥∥∥ ≤ 1

⇐⇒ x

r
∈ B(0, 1)

⇐⇒ x ∈ rB(0, 1)

y ∈ x + B(0, r) ⇐⇒ y − x ∈ B(0, r)
⇐⇒ ‖ y − x ‖≤ r

⇐⇒ y ∈ B(x, r)

y ∈
⋃
n∈N

TBX(0, nε)

⇐⇒ ∃n ∈ N : y ∈ TBX(0, nε)
⇐⇒ ∃n ∈ N ∃x ∈ BX(0, nε) : y = Tx

⇐⇒ ∃x ∈
⋃
n∈N

BX(0, nε) : y = Tx

⇐⇒ y ∈ T

(⋃
n∈N

BX(0, nε)

)



y ∈ cBY (y0, δ1) ⇐⇒
∥∥∥y

c
− y0

∥∥∥ < δ1

⇐⇒ ‖ y − cy0 ‖< δ1c

⇐⇒ y ∈ B(cy0, δ1c)

y ∈ TBX(0, cnε)
⇐⇒ ∃(yn)n : yn ∈ TBX(0, cnε) lim

n→∞ yn = y

⇐⇒ ∃(xn)n : xn ∈ BX(0, cnε) lim
n→∞Txn = y

⇐⇒ ∃(xn)n : ‖ xn ‖< cnε lim
n→∞Txn = y

⇐⇒ ∃(xn)n :
∥∥∥xn

c

∥∥∥ < cnε lim
n→∞T

xn

c
=

y

c

⇐⇒ ∃(xn)n : ‖ xn ‖< nε lim
n→∞Txn =

y

c

⇐⇒ y

c
∈ TBX(0, nε)

⇐⇒ y ∈ cTBX(0, nε)

x ∈ B(0, ε) ⇐⇒ ‖ x ‖=
∥∥∥∥x

2
− −x

2

∥∥∥∥ < ε

⇐⇒
∥∥∥∥±x

2

∥∥∥∥ <
ε

2

⇐⇒ ±x

2
∈ B

(
0,

ε

2

)

BX

(
0,

ε

2

)
− BX

(
0,

ε

2

)
= BX(0, ε)

y ∈ TBX

(
0,

ε

2

)
− TBX

(
0,

ε

2

)
⇐⇒ ∃(yn)n : yn ∈ TBX

(
0,

ε

2

)
− TBX

(
0,

ε

2

)
lim

n→∞ yn = y

⇐⇒ ∃(xn)n, (x′
n)n : yn = Txn − Tx′

n = T (xn − x′
n)

xn, x′
n ∈ BX

(
0,

ε

2

)
lim

n→∞ yn = y

⇐⇒ ∃(xn)n : yn = Txn xn ∈ BX (0, ε) lim
n→∞ yn = y

⇐⇒ y ∈ TBX(0, ε)



y ∈ Tx + TBX(0, 2ε)
⇐⇒ ∃x1 ∈ BX(0, 2ε) : y = Tx + Tx1

⇐⇒ ∃x1 ∈ BX(0, 2ε) : y = T (x + x1)
⇐⇒ y ∈ T (x + BX(0, 2ε))



X =
⋃
n∈N

Mn Mn

⇒ ∃x ∈ X ∃ε > 0 ∃n ∈ N : B(x, ε) ⊂ Mn

�x0

��
���x1

MC
n

∀x ∈ X ∀ε > 0 ∀n ∈ N : B(x, ε) ∩ MC
n︸ ︷︷ ︸ 
= ∅

x0 ∈ X, ε0 > 0

∅ 
= B(x0, ε0) ∩ MC
0

⇒ ∃x1 ∈ X ∃0 < ε1 <
ε0

21
: B(x1, 2ε1) ⊂ B(x0, ε0) ∩ MC

0

n − 1 → n

∅ 
= B(xn−1, εn−1) ∩ MC
n−1

⇒ ∃xn ∈ X ∃0 < εn <
ε0

2n
: B(xn, 2εn) ⊂ B(xn−1, εn−1) ∩ MC

n−1

(xn)n∈N

B(xn+1, εn+1) ⊂ B(xn, εn)

∀m ≥ n : xm ∈ B(xn, εn)

∀m ≥ n : d(xm, xn) < εn <
ε0

2n



(xn)n

d(xn, x) = lim
m→∞ d(xn, xm)

≤ εn

∀n ∈ N : x ∈ B (xn, 2εn) ⊂ MC
n−1

∀n ∈ N : x 
∈ Mn−1

x 
∈
⋃
n

Mn

x 
∈ X

(Q, | · |)

Q =
⋃

m∈Z,n∈N

{m

n

}
{

m
n

} 
= ∅ B(x, ε) 
= ∅
F ⊂ C(X, R)

∀x ∈ X ∃Kx ≥ 0 : sup
f∈F

f(x) ≤ Kx

∃B(x0, R) ∃C ≥ 0 ∀x ∈ B(x0, R) : sup
f∈F

f(x) ≤ C

An =

{
x ∈ X : sup

f∈F
f(x) ≤ n

}

=
⋂

f∈F

f−1((−∞, n])︸ ︷︷ ︸

⋃
n∈N

f−1((−∞, n]) = X



⋃
n∈N

An =
⋃
n∈N

⋂
f∈F

f−1((−∞, n])

=
⋂

f∈F

X

= X

∃x0 ∈ X ∃R > 0 ∃n ∈ N : B(x0, R) ⊂ An =

{
x ∈ X : sup

f∈F
f(x) ≤ n

}
⇒ ∃B(x0, R) ∃n ≥ 0 ∀x ∈ B(x0, R) : sup

f∈F
f(x) ≤ n

C = n

T : X → Y

∀x ∈ X ∃Kx ≥ 0 : sup
T∈F

‖ Tx ‖≤ Kx

∃C ≥ 0 : sup
T∈F

‖ T ‖≤ C

f : X → R, x �→‖ Tx ‖

∃B(x0, R) ∃K ≥ 0 ∀x ∈ B(x0, R) : sup
T∈F

‖ Tx ‖≤ K

‖ x ‖= 1 4
RK = C

‖ Tx ‖ =
2
R

∥∥∥∥T
(

R

2
x + x0 − x0

)∥∥∥∥
≤ 2

R

∥∥∥∥∥∥∥∥T
⎛
⎜⎜⎝R

2
x + x0︸ ︷︷ ︸

∈B(x0,R)

⎞
⎟⎟⎠
∥∥∥∥∥∥∥∥+

2
R

∥∥∥∥∥∥∥T x0︸︷︷︸
∈B(x0,R)

∥∥∥∥∥∥∥
≤ 4

R
K < ∞



M ⊂ X

⇐⇒ ∀f ∈ X ′ ∃Kf ≥ 0 : sup
m∈M

f(m) ≤ Kf

⇐
i(x) : X ′ → R, f �→ f(x)
i : M ⊂ X → X ′′, x �→ i(x)

∀f ∈ X ′ ∃Kf ≥ 0 : sup
i(m)∈i(M)⊂X′′

i(m)(f)︸ ︷︷ ︸
=f(m)

≤ Kf

∃C ≥ 0 : sup
i(m)∈i(M)

‖ i(m) ‖≤ C

∃C ≥ 0 : sup
m∈M

‖ m ‖≤ C

⇒
∃C ≥ 0 : sup

m∈M
‖ m ‖≤ C

∀f ∈ X ′ : |f(m)| ≤‖ f ‖‖ m ‖≤ C· ‖ f ‖
∀f ∈ X ′ ∃Kf = C ‖ f ‖≥ 0 : sup

m∈M
f(m) ≤ Kf

f : X → K

Tn :
X → Y

∀x ∈ X : (Tn(x))n

∀x ∈ X : Tx = lim
n→∞Tnx



T (ax + y) = lim
n→∞Tn(ax + y)

= a lim
n→∞Tnx + lim

n→∞Tny

= aTx + Ty

limn→∞ Tnx ‖ · ‖

lim
n→∞ ‖ Tnx ‖

(‖ Tnx ‖)n Kx > 0

∀x ∈ X ∃Kx > 0 : sup
n∈N

‖ Tnx ‖≤ Kx

∃C ≥ 0 : sup
n∈N

‖ Tn ‖≤ C

∀x ∈ X : ‖ Tx ‖ = lim
n→∞ ‖ Tnx ‖

≤ lim
n→∞ ‖ Tn ‖‖ x ‖

≤ C ‖ x ‖

T : X → Y

T ⇒ T

ε > 0
n ∈ N

∀x ∈ X ∃n ∈ N :‖ x ‖< nε

⇒ ∀x ∈ X ∃n ∈ N : x ∈ BX(0, nε)

⇒ X =
⋃
n∈N

BX(0, nε)



⋃
n∈N

TBX(0, nε) = T

(⋃
n∈N

BX(0, nε)

)

= TX
T = Y⋃

n∈N

TBX(0, nε)︸ ︷︷ ︸ = Y

δ = δ1
2n y0 = y1

2n

∃y1 ∈ Y ∃n ∈ N ∃δ1 > 0 : BY (y1, δ1) ⊂ TBX(0, nε)

⇒ ∃y1 ∈ Y ∃n ∈ N ∃δ1 > 0 : BY

(
y1

2n
,

δ1

2n

)
⊂ TBX

(
0,

ε

2

)
⇒ ∃y0 ∈ Y ∃δ > 0 : BY (y0, δ) ⊂ TBX

(
0,

ε

2

)

⎛
⎜⎝‖ z ‖< δ ⇒ z = z + y0︸ ︷︷ ︸

∈BY (y0,δ)

− y0︸︷︷︸
∈BY (y0,δ)

⎞
⎟⎠

⇒ (BY (0, δ) ⊂ BY (y0, δ) − BY (y0, δ))

(∗) lim
n→∞xn = x, lim

n→∞ yn = y

⇒ lim
n→∞(xn − yn) = x − y

0 ∈ BY (0, δ)
⊂ BY (y0, δ) − BY (y0, δ)

⊂ TBX

(
0,

ε

2

)
− TBX

(
0,

ε

2

)
(∗)⊂ TBX

(
0,

ε

2

)
− TBX

(
0,

ε

2

)
= TBX (0, ε)



∃δ > 0 : BY (0, δ) ⊂ TBX(0, ε)

⇒ ∃δ > 0 :
1
2i

BY (0, δ) ⊂ 1
2i

TBX(0, ε)

⇒ ∃δ > 0 : BY

(
0,

δ

2i

)
⊂ TBX

(
0,

ε

2i

)
y ∈ BY (0, δ) ⊂ TBX(0, ε)

y ∈ TBX(0, ε)

⇒ ∃z1 ∈ BX(0, ε) :
{

y = Tz1 + a1

a1 ∈ BY (0, δ
21 ) ⊂ TBX(0, ε

21 )

a1 ∈ TBX

(
0,

ε

2

)
⇒ ∃z2 ∈ BX

(
0,

ε

21

)
:
{

y = Tz1 + Tz2 + a2

a2 ∈ BY (0, δ
22 ) ⊂ TBX(0, ε

22 )

n − 1 → n

an−1 ∈ TBX

(
0,

ε

2n−1

)
⇒ ∃zn ∈ BX

(
0,

ε

2−(n−1)

)
:
{

y =
∑n

i=1 Tzi + an

an ∈ BY (0, δ
2n ) ⊂ TBX(0, ε

2n )

∞∑
i=1

‖ zi ‖< ε

∞∑
i=0

2−i = 2ε

z :=
∞∑

i=1

zi ∈ BX(0, 2ε)

Tz
T

= lim
n→∞T

n∑
i=1

zi

= lim
n→∞

n∑
i=1

Tzi

= lim
n→∞(y − an)

= y − lim
n→∞ an︸ ︷︷ ︸

=0

= y



∀y ∈ BY (0, δ) ∃z ∈ Bx(0, 2ε) : y = Tz ∈ TBX(0, 2ε)
BY (0, δ) ⊂ TBX(0, 2ε)

x ∈ U

∃ε > 0 : x + BX(0, 2ε) ⊂ U

∃δ > 0 : BY (0, δ) ⊂ TBX(0, 2ε)

Tx + BY (0, δ) ⊂ Tx + TBX(0, 2ε)
T = T (x + BX(0, 2ε))

⊂ TU

∀Tx ∈ TU ∃δ > 0 : Tx + B(0, δ) ⊂ TU

TU

T : X → Y
T−1

T ⇒ T

⇐⇒ ∀U T (U)

⇐⇒ T−1



F ⊂ X

x + F = {x + f | f ∈ F}
X/F = {x + F | x ∈ X}

x + F = y + F ⇐⇒ x − y ∈ F

a(x + F ) = ax + F

(x1 + F ) + (x2 + F ) = (x1 + x2) + F

ax, x1 + x2 ∈ X

x2 = x1+f1, y2 = y1+f2

(x1 + F ) + (y1 + F )
Def
= (x1 + y1) + F

Def
= x2 − f + y2 − f ′ + F

F = x2 + y2 + F
Def
= (x2 + F ) + (y2 + F )

a(x1 + F )
Def
= (ax1 + F ) = ax2 − af + F

F = ax2 + F
Def
= a(x2 + F )

‖ x + F ‖X/F = inf{‖ z + x ‖X : z ∈ F}
= inf{‖ z ‖X : z − x ∈ F}

‖ · ‖ X/F ⇐⇒ F = F



‖ x + F ‖X/F = inf{‖ z + x ‖X : z ∈ F}
= inf{‖ z − x + x ‖X : z − x ∈ F}
= inf{‖ z ‖X : z − x ∈ F}

‖ x + F ‖X/F = inf{‖ z + x ‖︸ ︷︷ ︸
≥0

: z ∈ F}

≥ 0

a 
= 0

‖ a(x + F ) ‖ = ‖ ax + F ‖
= inf

z∈X
{‖ z ‖ : z − ax ∈ F}

X ,a �=0
= inf

az∈X
{‖ az ‖ : az − ax ∈ F}

F = inf
az∈X

{‖ az ‖ : z − x ∈ F}
X a�=0

= inf
z∈X

{|a| ‖ z ‖ : z − x ∈ F}

= |a|· ‖ x + F ‖
a = 0

‖ 0(x + F ) ‖=‖ 0 + F ‖= 0 = 0 ‖ x + F ‖
ε > 0

‖ x + F ‖X/F = inf{‖ x + z ‖X : z ∈ F}

∃w1 ∈ F : ‖ x + F ‖ ≤ ‖ x + w1 ‖ +
ε

2
∃w2 ∈ F : ‖ y + F ‖ ≤ ‖ y + w2 ‖ +

ε

2

‖ (x + y) + F ‖X/F = inf {‖ x + y + z ‖X : z ∈ F}

≤

∥∥∥∥∥∥∥x + y + w1 + w2︸ ︷︷ ︸
∈F

∥∥∥∥∥∥∥
X

≤ ‖ x + w1 ‖X + ‖ y + w2 ‖X

≤ ‖ x + F ‖X/F + ‖ y + F ‖X/F +ε



ε > 0

‖ (x + y) + F ‖X/F≤‖ x + F ‖X/F + ‖ y + F ‖X/F

‖ x + F ‖X/F = 0 ⇐⇒ inf{‖ x + z ‖X : z ∈ F} = 0
⇐⇒ ∃(wn)n : lim

n→∞ ‖ x + wn ‖= 0

⇐⇒ ∃(wn)n : lim
n→∞wn = x

⇐⇒ x ∈ F

‖ · ‖ X/F
Def⇐⇒ (‖ x + F ‖X/F = 0 ⇒ x + F = 0 + F

)
⇐⇒ (x ∈ F ⇒ x ∈ F )
⇐⇒ F = F

p : X → X/F, x �→ x + F

‖ p ‖≤ 1


�
��

p : R2 → R

p(ax + y) = ax + y + F

= a(x + F ) + (y + F )
= ap(x) + p(y)



∀x ∈ X : ‖ p(x) ‖ = ‖ x + F ‖X/F

Def
= inf{‖ z + x ‖X |z ∈ F}

z=0≤ ‖ x ‖X

‖ p ‖ ≤ 1

BX(x, ε), BX/F (x + F, ε)

z + F ∈ B(x + F, ε) ⇐⇒ ‖ z − x + F ‖X/F < ε

Def⇐⇒ inf{‖ z − x + f ‖X | f ∈ F} < ε

⇐⇒ ∃f ∈ F : ‖ z − x + f ‖X< ε

⇐⇒ ∃f ∈ F : z + f ∈ B(x, ε)
⇐⇒ z + F ∈ B(x, ε) + F

p (B(x, ε)) = B(x, ε) + F

= B(x + F, ε)

(xn + F )n X/F
(xnk

+ F )k∥∥(xnj + F ) − (xnj−1 + F )
∥∥

X/F

= inf{‖ xnj
− xnj−1 + z ‖X : z ∈ F}

<
1

2j+1

∃wj ∈ F :
∥∥xnj

− xnj−1 + wj

∥∥
X

<
1
2j

xnk
+ F = (xn0 + F ) +

k∑
j=1

(
(xnj + F ) − (xnj−1 + F )

)



∀k ∈ N :

∥∥∥∥∥∥xn0 +
k∑

j=1

(
xnj − xnj−1 + wj

)∥∥∥∥∥∥
X

≤ ‖ xn0 ‖X +
k∑

j=1

∥∥xnj − xnj−1 + wj

∥∥
< ‖ xn0 ‖X +

∞∑
j=1

1
2j

= ‖ xn0 ‖X +1.

‖ xn0 ‖X +
∞∑

j=1

∥∥xnj − xnj−1 + wj

∥∥

z = xn0 +
∞∑

j=1

(
xnj − xnj−1 + wj

)

xnk
+ F

wj∈F
= xn0 +

k∑
j=1

(
xnj − xnj−1 + wj

)
+ F

lim
k→∞

xnk
+ F = z + F

X = R2 dim F = 1
R2/F F ‖ x + F ‖X/F

T : X → Y

S : X/Null(T ) → Y, x + Null T �→ Tx

S, S−1



�

�

�
�

�
�

�
�

�
�

�
�

�
��

�
�

�

x + F0 + F

‖ x + F ‖

x + F R2/F

X/Null(T )

S : X/Null(T ) → Y, x + Null(T ) �→ Tx

−→
↘ ↗ S

x + Null(T ) = y + Null(T ) ⇒ x − y ∈ Null(T )
⇒ T (x − y) = 0
⇒ Tx = Ty

⇒ S(x + Null(T )) = S(y + Null(T ))

S(ax + Null(T ) + y + Null(T )) = T (ax + y)
= aTx + Ty

= aS(x + Null(T )) + S(y + Null(T ))



S(x + Null(T )) + S(y + Null(T )) ⇒ Tx = Ty

⇒ T (x − y) = 0
⇒ x − y ∈ Null(T )
⇒ x + Null(T ) = y + Null(T )

∀z ∈ Null(T ) : ‖ S(x + Null(T )) ‖Y

= ‖ S(x + z + Null(T )) ‖Y

= ‖ T (x + z) ‖Y

≤ ‖ T ‖‖ x + z ‖X

‖ S(x + Null(T )) ‖Y ≤ ‖ T ‖ inf{‖ x + z ‖X : z ∈ Null(T )}
= ‖ T ‖ · ‖ x + Null(T ) ‖X/Null(T )

X/Null(T ) Y S−1



K = R
K = C C

K
⇐⇒

+ : X × X → X, (x, y) �→ x + y

· : K × X → X, (a, x) �→ ax

X × X K × X

V ⊂ X
V

x, y ∈ V
xi → x, yi → y

V (xi + yi)i

xi → x, yi → y
X ⇒ xi + yi︸ ︷︷ ︸

∈V

→ x + y

x + y ∈ V

V axi

a → a, xi → x
X ⇒ axi︸︷︷︸

∈V

→ ax

ax ∈ V

∀z ∈ X

Tz : X → X, x �→ x + z

Tz, T
−1
z



xi → x

T (xi) = xi + z
X → x + z = T (x)

T−1
z = T−z Tz

T : X → Y

T ⇐⇒ ∃z ∈ X : T z

′′ ⇒′′
′′ ⇐′′ x ∈ X xi → x

xi − x + z
X → x − x + z = z

Txi = Txi − Tx + Tz + Tx − Tz
T = T (xi − x + z) + Tx − Tz

Y → Tz + Tx − Tz

= Tx

x ∈ X

d(x, y) =‖ x − y ‖

xn → x, yn → y

‖ xn + yn − x − y ‖ ≤ ‖ xn − x ‖ + ‖ yn − y ‖
≤ ε

2
+

ε

2
= ε

xn + yn → x + y

an → a, xn → x

‖ anxn − anx + anx − ax ‖ ≤ |an| ‖ xn − x ‖ +|an − a| ‖ x ‖
→ 0

an · xn → a · x



ε > 0 F ⊂ P, |F | < ∞
VF,ε = {x ∈ X | ∀p ∈ F : p(x) < ε}

V = {VF,ε : F ⊂ P, |F | < ∞, ε > 0}

U ⊂ X ⇐⇒ ∀x ∈ U ∃VF,ε ∈ V : x + VF,ε ⊂ U

(X, P )

x + VF,ε

∅ x ∈ ∅
VF,ε

x + VF,ε ⊂ X

U1, U2

∃VFi,εi
: x + VFi,εi

⊂ Ui

VF1∪F2,min(ε1,ε2)

= {x ∈ X| ∀p ∈ F1 ∪ F2 : p(x) < min(ε1, ε2)}
⊂ {x ∈ X| ∀p ∈ F1 : p(x) < ε1} ∩ {x ∈ X| ∀p ∈ F2 : p(x) < ε2}
⊂ VF1,ε1 ∩ VF2,ε2

x + VF1∪F2,min(ε1,ε2) ⊂ (x + VF1,ε1) ∩ (x + VF2,ε2)
⊂ U1 ∩ U2

U1 ∩ U2

Ui, i ∈ I

x ∈
⋃
i∈I

Ui ⇒ ∃i0 : x ∈ Ui0

⇒ ∃VF,ε ∈ V : x + VF,ε ⊂ Ui0 ⊂
⋃
i∈I

Ui



⋃
i∈I Ui

x + VF,ε

∀ U(x) ∃ x + VF,ε : x + VF,ε ⊂ U

x + VF,ε

xi → 0 ⇐⇒ ∀p ∈ P : p(xi) → 0

∀p ∈ P : p(xi) → 0
Def⇐⇒ ∀p ∈ P ∀ε > 0 ∃i0 ∀i ≥ i0 : p(xi) < ε

i0≥maxj∈F i0,j⇐⇒ ∀VF,ε ∈ V ∃i0 ∀i ≥ i0 : xi ∈ VF,ε

Def⇐⇒ (xi)i → 0

xi → x ⇐⇒ xi − x → 0

xi → x yi → y
Def⇐⇒ ∀p ∈ P : p(x − xi) → 0 p(y − yi) → 0

⇒ ∀p ∈ P : p(x + y − xi − yi) ≤ p(x − xi) + p(y − yi) → 0
⇒ xi + yi → x + y

an → a xi → x (an)n C > 0

p(anxi − ax) = p(anxi − anx + anx − ax)
≤ |an|︸︷︷︸

≤C

p(xi − x)︸ ︷︷ ︸
→0

+|an − a| · p(x)

→ 0



ε
0−ε

x1 x2 1

x1, x2 ∈ [0, 1] x1 
= x2

f : [0, 1] → R

pj : {f : [0, 1] → R} → [0,∞), f �→ |f(xj)|
(fi)i

x ∈ [0, 1]

pj(f) = |f(xj)| ≥ 0
pj(f1 + f2) = |(f1 + f2)(xj)| ≤ |f1(xj)| + |f2(xj)|

pj(af) = |(af)(xj)| = |a||f(xj)|
pj

∃p1, . . . , pn ∈ P ∃C > 0 ∀x ∈ X : q(x) ≤ C maxn
i=1 pi(x)

⇒
⇒

∃VF,δ : q (VF,δ) ⊂ B(0, 1)

∃p1, . . . , pn ∈ P ∃δ > 0 ∀i = 1, . . . , n : (pi(x) < δ ⇒ q(x) < 1)



x ∈ X pj(x) 
= 0

∀x ∈ X : pi

(
xδ/2

maxn
i=1 pi(x)

)
≤ pi(x)

maxn
i=1 pi(x)

δ

2
< δ

∀x ∈ X : q

(
xδ/2

maxn
i=1 pi(x)

)
< 1

q(x) ≤ 2
δ

n
max
i=1

pi(x)

C :=
2
δ

C > 0

∀i = 1, . . . , n : pi(x) = 0
Halbnorm⇒ ∀a ∈ [0,∞) ∀i = 1, . . . , n : pi(ax) = 0

⇒ ∀a ∈ [0,∞) : q(ax) ≤ 1
⇒ ∀a ∈ [0,∞) : aq(x) ≤ 1

⇒ q(x) = 0 = C
n

max
i=1

pi(x)

⇒
xi → 0 ⇒ ∀j = 1, . . . , n : pj(xi) → 0

⇒ q(xi) ≤ c
n

max
j=1

pj(xi) → 0

⇒
xi → x ⇐⇒ xi − x → 0

⇒ |q(x) − q(xi)| ≤ |q(x − xi︸ ︷︷ ︸
→0

)| → 0

⇒ q(xi) → q(x)

maxn
j=1 pj

p′ ∈ P ′ maxn
i=1 pi ∈ P ′



∀x ∈ X : p(x) ≤ p(x)

q(x − xi) ≤ C
n

max
j=1

pj(x − xi)

∀p ∈ P ∪ {q} : p(x − xi) → 0 ⇐⇒ ∀p ∈ P : p(x − xi) → 0

P ∪ {q}

n
max
j=1

pj(x) ≥ 0

n
max
j=1

pj(bx) =
n

max
j=1

|b|pj(x) = |b| n
max
j=1

pj(x)

n
max
j=1

pj(x + y) ≤ n
max
j=1

(pj(x) + pj(y))

≤ n
max
j=1

pj(x) +
n

max
j=1

pj(y)

C = 1
n

max
j=1

pj ≤ C
n

max
j=1

pj

maxn
j=1 pj

T : V → W

∀q ∈ Q : q ◦ T
∀q ∈ Q ∃p1, . . . , pn ∈ P ∃C ≥ 0 ∀x ∈ V : q ◦ T (x) ≤ C maxn

i=1 pi(x)

⇒

xi → x ⇒ Txi → Tx

⇒ ∀q ∈ Q : q ◦ T (xi) → q ◦ T (x)

⇒

xi → x
V or⇒ ∀q ∈ Q : q ◦ T (xi) → q ◦ T (x)
Def⇒ Txi → Tx



⇒
⇒ V, W

xi → x
Def⇒ xi − x → 0
V or⇒ T (xi − x) → 0

⇒ Txi − Tx → 0

⇒ Txi → Tx

⇔

q ◦ T (x) ≥ 0
q ◦ T (ax) = q(aTx) = |a|q(Tx)

q(T (x + y)) = q(Tx + Ty) ≤ qTx + qTy

q ◦ T

∀x 
= 0 ∃p ∈ P : p(x) 
= 0
∃V :

⋂
VF,ε∈V

= {0}

⇒ x 
= 0
VF1,ε1 , VF2,ε2

VF1,ε1 ∩ (x + VF2,ε2) = ∅
x 
∈ VF1,ε1

∃i ∈ F1 : pi(x) > ε1 > 0

⇒

∀x 
= 0 ∃p ∈ P : p(x) 
= 0
∀p ∈ P : p(0) = 0

x ∈
⋂
F,ε

VF,ε ⇐⇒ ∀p ∈ P ∀ε > 0 : p(x) < ε

⇐⇒ ∀p ∈ P : p(x) = 0

⇐⇒ x = 0
⇒

⋂
F,ε

VF,ε = {0}



⇒ x 
= y ⋂
F,ε

VF,ε = {0}

x − y 
= 0

∃VF,ε : x − y 
∈ VF,ε

∃ε ∃p1 ∈ F : p1(x − y) ≥ ε

∃z ∈ (
x + VF,ε/3

) ∩ (
y + VF,ε/3

)
p ∈ F

p(z − x) <
ε

3
p(z − y) <

ε

3

p1 ∈ F

ε ≤ p1(x − y)
= p1(x − z − (y − z))
≤ p1(x − z) + p1(y − z)

<
2
3
ε

(
x + VF,ε/3

) ∩ (
y + VF,ε/3

)
= ∅

⇐⇒
∀x, y ∈ V ∀t ∈ [0, 1] : tx + (1 − t)y ∈ V

⇐⇒
∀x ∈ V ∀a ∈ K, |a| ≤ 1 ⇒ ax ∈ V

⇐⇒
∀z ∈ X ∃a > 0 : z ∈ aV



0 ∈ V

∀0 < t < 1 : tx ∈ V

∀0, x ∈ V ∀0 < t < 1 : tx + (1 − t)0︸ ︷︷ ︸
=0

∈ V

(X, P ) VF,ε

�
�

�
�
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x, y ∈ V t ∈ [0, 1] p ∈ F

p(tx + (1 − t)y) ≤ t p(x)︸︷︷︸
<ε

+(1 − t) p(y)︸︷︷︸
<ε

< tε + (1 − t)ε = ε

tx + (1 − t)y ∈ VF,ε

VF,ε

x ∈ V a ∈ K, |a| ≤ 1 p ∈ F

∀p ∈ F : p(ax) = |a|p(x) ≤ p(x) < ε

ax ∈ VF,ε

VF,ε

x ∈ X
∀p ∈ F : p(x) = 0

x ∈ VF,ε



pi(x) 
= 0 F = {1, . . . , n}

pi

(
x

minn
i=1 εi

2 maxn
i=1 pi(x)

)
≤ minn

i=1 εi

2 maxn
i=1 pi(x)

pi(x) < εi.

x
minn

i=1 εi

2 maxn
i=1 pi(x)

∈ VF,ε

VF,ε

b > a > 0 0 ∈ M

(∃a > 0 : x ∈ aM) ⇒ (∀b > a : x ∈ bM)

K

x ∈ aM ⇒ x

a
∈ M

⇒ a

b︸︷︷︸
<1

x

a
∈ M

⇒ x

b
∈ M

⇒ x ∈ bM

K M ⊂ X

pM (x) = inf{a > 0 : x ∈ aM}

X
∈ pM

∀x ∈ M ∃a > 0 : x ∈ aM

pM (x) = inf{a > 0 : x ∈ aM} < ∞

∀a ∈ C ∃c ∈ C, |c| = 1 : a = c|a|



|c| = 1 |c−1| = 1

x ∈ M ⇒ c−1x ∈ M

⇒ x ∈ cM

x ∈ cM ⇒ c−1x ∈ M

⇒ x = cc−1x ∈ M

cM = M

K

x ∈ bM ⇐⇒ ax ∈ abM

⇐⇒ ax ∈ |a|bcM
cM=M⇐⇒ ax ∈ |a|bM

|a| > 0

pM (ax)
Def
= inf{b > 0 : ax ∈ bM}

|a|>0
= inf{|a|b > 0 : ax ∈ |a|bM}
= |a| inf{b > 0 : ax ∈ |a|bM}
= |a| inf{b > 0 : x ∈ bM}

|a|>0
= |a| inf{b > 0 : x ∈ bM}

Def
= |a|pM (x)

a = 0
pM (ax) = pM (0) = 0 = 0pM (x)

pM (x) = inf{a > 0 : x ∈ aM}
(an)n an ↓ pM (x)

x ∈ anM

∀ε > 0 ∃n ∈ N : pM (x) + ε > an

x∈anM⇒ ∀ε > 0 : x ∈ (pM (x) + ε)M

⇒ ∀ε > 0 :
x

pM (x) + ε
∈ M

x, y ∈ X

t =
pM (x) + ε1

pM (x) + pM (y) + ε1 + ε2
∈ [0, 1]



∀ε > 0 :
x

pM (x) + ε
∈ M

M ⇒ t
x

pM (x) + ε1︸ ︷︷ ︸
∈M

+(1 − t)
y

pM (y) + ε2︸ ︷︷ ︸
∈M

∈ M

t ⇒ x + y

pM (x) + pM (y) + ε1 + ε2
∈ M

⇒ x + y ∈ (pM (x) + pM (y) + ε1 + ε2)M

ε1, ε2

pM (x + y) = inf{a > 0 : x + y ∈ aM}
≤ pM (x) + pM (y)

pM

a > 0

pM (ax)
Def
= inf{b > 0 : ax ∈ bM}

a>0= inf{ab > 0 : ax ∈ abM}
= inf{ab > 0 : x ∈ bM}

a>0= a inf{b > 0 : x ∈ bM}
Def
= apM (x)

a = 0
pM (ax) = 0 = 0pM (x)

pM (x + y) ≤ pM (x) + pM (y)

⇒ M

1
2
M ⊂ {x | pM (x) < 1} ⊂ M ⊂ {x | pM (x) ≤ 1} ⊂ M

y ∈ M

∃(yn)n M : yn → y



∀|c| ≤ 1 : cyn ∈ M

cyn → cy

cy ∈ M

x ∈ 1
2
M ⇒ inf{a > 0 : x ∈ aM} ≤ 1

2
Def⇒ pM (x) ≤ 1

2
< 1

⇒ x ∈ {x | pM (x) < 1}

pM (x) < 1
Def⇒ inf{a > 0 : x ∈ aM} < 1
⇒ ∃a0 < 1 : x ∈ a0M

⇒ x ∈ M

x ∈ M x ∈ 1 · M
x ∈ M = 1 · M ⇒ inf{a > 0 : x ∈ aM} ≤ 1

⇒ pM (x) ≤ 1

pM (x) > 0

pM (x) ≤ 1 ⇒ 0 < c = inf{a > 0 : x ∈ aM} ≤ 1
⇒ ∃(an)n : an ↓ c x ∈ anM

⇒ ∃mn ∈ M : x = anmn

M ⇒ mn =
x

an
→ x

c
∈ M

⇒ x ∈ cM
M ⇒ x ∈ M

pM (x) = 0 ⇒ x ∈ 0 · M
⇒ x = 0 ∈ M



K ⇐⇒

⇒ VF,ε

⇐

1
2
M︸︷︷︸

∈T

⊂ {x | pM (x) < 1}︸ ︷︷ ︸
∈TP

⊂ M︸︷︷︸
∈T

T ⊂ TP ⊂ T

T = TP

f : Y → K

f̃ : X → K f̃ |Y = f

∃p1, . . . , pn ∃C ≥ 0 ∀y ∈ Y : |f(y)| ≤ C
n

max
i=1

pi(y)

maxn
i=1 pi(y) f̃ : X → K

f

∀x ∈ X : |f̃(x)| ≤ C
n

max
i=1

pi(x)

f̃

R M ⊂ X
0 ∈ M

∀x0 /∈ M ∃ f : X → R :
{

f(x0) > 1
∀x ∈ M : f(x) ≤ 1

MC

(x0 + V ) ∩ M 
= ∅



�
�

�
�

��


�
���x0

f(x) ≡ 1

f : X → R

(
x0 +

V

2

)
∩
(

M +
V

2

)

= ∅

v2 ∈ V ⇒ −v2 ∈ V

∃v1, v2 ∈ V, m ∈ M : x0 +
v1

2
= m +

v2

2

⇒ x0 +
1
2
(−v2) +

1
2
v1︸ ︷︷ ︸

∈V

= m ∈ M

⇒ (x0 + V ) ∩ M 
= ∅

(
x0 +

V

2

)
∩
(

M +
V

2

)
= ∅

V
2 0 ∈ M

M +
V

2

t
(
m1 +

v1

2

)
+ (1 − t)

(
m2 +

v2

2

)
= (tm1 + (1 − t)m2)︸ ︷︷ ︸

∈M

+
(
t
v1

2
+ (1 − t)

v2

2

)
︸ ︷︷ ︸

∈V
2



M + V
2

0 ∈ M ⊂ M +
V

2

pM+ V
2

x0 ∈ M +
V

2

C

pM+ V
2
(x0) > 1

f : Rx0 → R, ax0 �→ apM+ V
2
(x0)

f(x0) = pM+ V
2
(x0) > 1

∀x ∈ Rx0 : |f(x)| ≤ pM+ V
2
(x)

pM+ V
2

f̃ : X → R

f̃(x0) = pM+ V
2
(x0)

∀x ∈ X : f̃(x) ≤ pM+ V
2
(x)

M ⊂ M +
V

2
⇒ ∀x ∈ M : pM+ V

2
(x) ≤ 1

⇒ ∀x ∈ M : f(x) ≤ 1

x ∈ a
V

2
⇒ x ∈ a

(
M +

V

2

)

∀x ∈ X : f̃(x) ≤ pM+ V
2
(x)

= inf
{

a > 0 : x ∈ a

(
M +

V

2

)}
V
2 ⊂M+ V

2≤ inf
{

a > 0 : x ∈ a
V

2

}
≤ pV

2
(x)



Y ⊂ X
x0 ∈ Y C

∃ f : X → K :
{

f(x0) = 1
∀y ∈ Y : f(y) = 0

K = R 0 ∈ Y

∀x0 ∈ Y C∃ g : X → R
{

g(x0) > 1
∀x ∈ Y : g(x) ≤ 1

∀x ∈ Y : g(x) = 0

f(x) :=
1

g(x0)
g(x)

K = C R
Y ⊕ Rix0

R
h : X → R

h(x0) = 1
h ≡ 0 Y ⊕ Rix0

f : X → C, x �→ h(x) − ih(ix)

a ∈ R

f(ix) = h(ix) − ih(i2x)
= ih(x) + h(ix)
= if(x)

f(ax1 + x2) = h(ax1 + x2) − ih(i(ax1 + x2)
= ah(x1) − ih(ix1) + h(x2) − ih(ix2)
= af(x1) + f(x2)

C

f(x0) = h(x0) + i h(ix0)︸ ︷︷ ︸
=0

= 1

f |Y ≡ 0



K a, b ∈ K, x, y, z ∈ H
〈·, ·〉 : H × H → K

1.) 〈ax + by, z〉 = a 〈x, z〉 + b 〈y, z〉
2.) 〈x, y〉 = 〈y, x〉
3.) 〈x, x〉 ≥ 0
4.) 〈x, x〉 = 0 ⇐⇒ x = 0

⇐⇒
⇐⇒

〈·, ·〉 ‖ x ‖= √〈x, x〉

〈z, ax + by〉 = a 〈z, x〉 + b 〈z, y〉
〈x, x〉 ∈ R

‖ x + y ‖2 = ‖ x ‖2 + 〈x, y〉 + 〈x, y〉+ ‖ y ‖2

| 〈x, y〉 | ≤ ‖ x ‖‖ y ‖
〈·, ·〉

| 〈x, y〉 | =‖ x ‖‖ y ‖ ⇐⇒ x, y

‖ · ‖
‖ · ‖ ⇐⇒ 〈·, ·〉

〈z, ax + by〉 = 〈ax + by, z〉
= a 〈x, z〉 + b 〈y, z〉
= a 〈z, x〉 + b 〈z, y〉

〈x, x〉 2.)
= 〈x, x〉 ∈ R

‖ x + y ‖2 = 〈x + y, x + y〉
= 〈x, x〉 + 〈x, y〉 + 〈y, x〉 + 〈y, y〉
= ‖ x ‖2 + 〈x, y〉 + 〈x, y〉+ ‖ y ‖2

〈x, y〉 = 0

| 〈x, y〉 | = 0 ≤‖ x ‖‖ y ‖



〈0, y〉 = 0 〈1, y〉 = 0
〈x, 0〉 = 0 〈x, 1〉 = 0

〈x, y〉 
= 0 ⇒ x 
= 0 
= y

∃c ∈ C, |c| = 1 : | 〈x, y〉 | = c 〈x, y〉 = 〈x, cy〉
∀t ∈ R

0 ≤ ‖ x + tcy ‖2= 〈x + tcy, x + tcy〉
= ‖ x ‖2 + 〈x, tcy〉 + 〈x, tcy〉 + t2 ‖ y ‖2 |c|2︸︷︷︸

=1

= ‖ x ‖2 +2t| 〈x, y〉 | + t2 ‖ y ‖2

=: h(t)

0 = h′(t0) = 2t0 ‖ y ‖2 +2| 〈x, y〉 |
h′′(t0) = ‖ y ‖2> 0

t0 = −| 〈x, y〉 |
‖ y ‖2

0 ≤ h(t0)

= ‖ x ‖2 −2
| 〈x, y〉 |2
‖ y ‖2

+
| 〈x, y〉 |2
‖ y ‖4

‖ y ‖2

= ‖ x ‖2 −| 〈x, y〉 |2
‖ y ‖2

| 〈x, y〉 |2 ≤ ‖ x ‖2‖ y ‖2

⇒
h′′(t0) =‖ y ‖2> 0

⇒ h′

⇒
{

h′(t) > 0 t > t0
h′(t) < 0 t < t0

⇒
{

h t > t0
h t < t0



| 〈x, y〉 | =‖ x ‖‖ y ‖ ⇐⇒ h(t0) = 0
⇒ ‖ x + t0cy ‖2= 0
⇐⇒ 〈x + t0cy, x + t0cy〉 = 0
⇐⇒ x + t0cy = 0
⇒ x, y

⇐ x = cy

| 〈x, y〉 | = |c| · | 〈x, x〉 | = |c|· ‖ x ‖2=‖ x ‖‖ y ‖

‖ x ‖ =
√
〈x, x〉 ≥ 0

‖ ax ‖ =
√
〈ax, ax〉 = |a|

√
〈x, x〉

= |a| ‖ x ‖
‖ x + y ‖2 = ‖ x ‖2 + 〈x, y〉 + 〈x, y〉+ ‖ y ‖2

≤ ‖ x ‖2 +2| 〈x, y〉 |+ ‖ y ‖2

≤ ‖ x ‖2 +2 ‖ x ‖‖ y ‖ + ‖ y ‖2

= (‖ x ‖ + ‖ y ‖)2

x = 0 ⇐⇒ ‖ x ‖2= 〈x, x〉 = 0
Skalarprodukt⇐⇒ x = 0

K

‖ · ‖= √〈·, ·〉

⇐⇒
∃C ≥ 0 : |T (x, y)| ≤ C ‖ x ‖‖ y ‖

⇒ ⇐⇒
∀ε > 0 ∃δ > 0 : T (B(0, δ) × B(0, δ)) ⊂ B(0, ε)

ε = 1 δ > 0

‖ x ‖< δ, ‖ y ‖< δ ⇒ |T (x, y)| ≤ 1



x, y C = 4
δ2

|T (x, y)| = ‖ x ‖‖ y ‖ 4
δ2

∣∣∣∣T
(

x

‖ x ‖
δ

2
,

y

‖ y ‖
δ

2

)∣∣∣∣︸ ︷︷ ︸
≤1

≤ C ‖ x ‖‖ y ‖
C = 4

δ2

⇐
lim

n→∞ ‖ xn − x ‖= 0 lim
n→∞ ‖ yn − y ‖= 0

(‖ xn ‖)n K > 0

0 ≤ lim
n→∞ |T (xn, yn) − T (x, y)|

= lim
n→∞ |T (xn, yn) − T (xn, y)| + lim

n→∞ |T (xn, y) − T (x, y)|
= lim

n→∞ |T (xn, yn − y)| + lim
n→∞ |T (xn − x, y)|

≤ C ‖ xn ‖︸ ︷︷ ︸
≤K

lim
n→∞ ‖ yn − y ‖ +C lim

n→∞ ‖ xn − x ‖‖ y ‖

= 0

| 〈x, y〉 | ≤‖ x ‖‖ y ‖
C = 1

Kn

〈x, y〉 =
n∑

i=1

xiyi

n∑
i=1

(axi + byi)zi = a

n∑
i=1

xizi + b

n∑
i=1

yizi

n∑
i=1

xiyi =
n∑

i=1

yixi

n∑
i=1

xixi ≥ 0

n∑
i=1

xixi =
n∑

i=1

|xi|2 = 0 ⇒ ∀1 ≤ i ≤ n : xi = 0



(am)m Kn ⇐⇒
1 ≤ i ≤ n (ai

m)m K
K Kn

(xn)n

x ∈ H
x ∈ F

‖ x + y ‖2 + ‖ x − y ‖2= 2(‖ x ‖2 + ‖ y ‖2)

K = R : 〈x, y〉 =
1
4
(‖ x + y ‖2 − ‖ x − y ‖2)

K = C : 〈x, y〉 =
1
4

3∑
k=0

ik ‖ x + iky ‖2

T : H1 → H2

∀v ∈ H1 : ‖ Tv ‖H2=‖ v ‖H1

⇒ ∀v, w ∈ H1 : 〈Tv, Tw〉H2
= 〈v, w〉H1

‖ x + y ‖2 + ‖ x − y ‖2

= 2 ‖ x ‖2 +2 ‖ y ‖2 + 〈x, y〉 + 〈x, y〉 − 〈x, y〉 − 〈x, y〉
= 2

(‖ x ‖2 + ‖ y ‖2
)

K = R :

‖ x + y ‖2 − ‖ x − y ‖2

= 〈x + y, x + y〉 − 〈x − y, x − y〉
= 〈x, x〉 + 〈x, y〉 + 〈y, x〉 + 〈y, y〉 − (〈x, x〉 − 〈x, y〉 − 〈y, x〉 + 〈y, y〉)
= 4 〈x, y〉



K = C :

3∑
k=0

ik = 1 + i + (−1) + (−i) = 0

3∑
k=0

(−1)k = 1 + (−1) + 1 + (−1) = 0

1
4

3∑
k=0

ik
〈
x + iky, x + iky

〉

=
1
4

3∑
k=0

(
ik 〈x, x〉 + iki−k 〈x, y〉 + ikik 〈y, x〉 + ikiki−k 〈y, y〉)

=
1
4
〈x, x〉

3∑
k=0

ik +
1
4
〈x, y〉

3∑
k=0

1 +
1
4
〈y, x〉

3∑
k=0

(−1)k +
1
4
〈y, y〉

3∑
k=0

ik

= 〈x, y〉

〈Tv, Tw〉 =
1
4
(‖ Tv + Tw ‖2 − ‖ Tv − Tw ‖2)

=
1
4
(‖ T (v + w) ‖2 − ‖ T (v − w) ‖2)

=
1
4
(‖ v + w ‖2 − ‖ v − w ‖2)

= 〈v, w〉

〈Tv, Tw〉 =
1
4

3∑
k=0

ik ‖ Tv + ikTw ‖2

=
1
4

3∑
k=0

ik ‖ T (v + ikw) ‖2

=
1
4

3∑
k=0

ik ‖ v + ikw ‖2

= 〈v, w〉



A ⊂ H

1.) ∀x ∈ H ∃! x0 ∈ A : ‖ x − x0 ‖= inf
y∈A

‖ x − y ‖

2.) ∀x ∈ H ∃! x0 ∈ A ∀y ∈ A : 〈x − x0, y − x0〉 + 〈x − x0, y − x0〉 ≤ 0

��
��

�
�
x0

x0

(an)n

lim
n→∞ ‖ x − an ‖= inf

y∈A
‖ x − y ‖

∃n0 ∀n ≥ n0 : ‖ x − an ‖≤ inf
y∈A

‖ x − y ‖ +
ε

4

1
2
(an + am) ∈ A

∀n, m ≥ n0

4
(

inf
y∈A

‖ x − y ‖2

)
+ ‖ an − am ‖2

≤ 4
∥∥∥∥x − 1

2
(an + am)

∥∥∥∥2

+ ‖ an − am ‖2

= ‖ x − an + (x − am) ‖2 + ‖ x − an − (x − am) ‖2

= 2 ‖ x − an ‖2 +2 ‖ x − am ‖2

≤ 4
(

inf
y∈A

‖ x − y ‖2

)
+ ε

∀n, m ≥ n0 : ‖ an − am ‖2< ε

(an)n

x0



x0 ∈ A

lim
n→∞ | ‖ x − x0 ‖ − ‖ x − an ‖ | ≤ lim

n→∞ ‖ an − x0 ‖
= 0

‖ x − x0 ‖ = lim
n→∞ ‖ x − an ‖

x′
0

‖ x − x′
0 ‖= inf

y∈A
‖ x − y ‖=‖ x − x0 ‖

(x0, x
′
0, x0, x

′
0, . . .) (an)n

∀ε > 0 ∃n0 ∀n, m ≥ n0 : ‖ an − am ‖ < ε

∀ε > 0 : ‖ x0 − x′
0 ‖ < ε

x0 = x′
0

′′ ⇐′′ y ∈ A, x ∈ H

‖ x − y ‖2

= ‖ x − x0 + x0 − y ‖2

= ‖ x0 − x ‖2 + 〈x − x0, x0 − y〉 + 〈x − x0, x0 − y〉︸ ︷︷ ︸
≥0

+ ‖ x0 − y ‖2︸ ︷︷ ︸
≥0

≥ ‖ x0 − x ‖2

′′ ⇒′′ t ∈ [0, 1] y ∈ A

x0 + t(y − x0) = (1 − t)x0 + ty

∈ A

inf
y∈A

‖ x − y ‖2 ≤ ‖ x − (x0 + t(y − x0)) ‖

‖ x − x0 ‖2

=
(

inf
y∈A

‖ x − y ‖
)2

≤ ‖ x − x0 − t(y − x0) ‖2

= 〈x − x0 − t(y − x0), x − x0 − t(y − x0)〉
= ‖ x0 − x ‖2 −〈x − x0, t(y − x0)〉 − 〈x − x0, t(y − x0)〉

+t2 ‖ x0 − y ‖2



〈x − x0, y − x0〉 + 〈x − x0, y − x0〉 ≤ t

2
‖ x0 − y ‖2

〈x − x0, y − x0〉 + 〈x − x0, y − x0〉 ≤ 0

A ⊂ H

∀x ∈ H ∃! x0 ∈ A ∀y ∈ A : 〈x0, y〉 = 〈x, y〉

∀y ∈ A :

〈
x − x0, y − x0︸ ︷︷ ︸

∈A

〉
+

〈
x − x0, y − x0︸ ︷︷ ︸

∈A

〉
≤ 0

⇐⇒ ∀y ∈ A : 〈x − x0, y〉 + 〈x − x0, y〉 ≤ 0

−y

∀y ∈ A : 〈x − x0,−y〉 + 〈x − x0,−y〉 ≤ 0
⇐⇒ ∀y ∈ A : 〈x − x0, y〉 + 〈x − x0, y〉 ≥ 0
⇐⇒ ∀y ∈ A : 〈x − x0, y〉 + 〈x − x0, y〉 = 0
⇐⇒ ∀y ∈ A : 〈x − x0, y〉 = −〈x − x0, y〉
iy

∀y ∈ A : 〈x − x0, iy〉 = −〈x − x0, iy〉
⇐⇒ ∀y ∈ A : i 〈x − x0, y〉 = −i〈x − x0, y〉
⇐⇒ ∀y ∈ A : 〈x − x0, y〉 = 〈x − x0, y〉 ∈ R
s.o.⇒ ∀y ∈ A : 〈x − x0, y〉 = −〈x − x0, y〉 = −〈x − x0, y〉
⇐⇒ ∀y ∈ A : 〈x − x0, y〉 = 0
⇐⇒ ∀y ∈ A : 〈x, y〉 = 〈x0, y〉

x, y ∈ H (x⊥y) ⇐⇒
〈x, y〉 = 0

M1, M2 ⊂ H (M1⊥M2) ⇐⇒
∀x ∈ M1 ∀y ∈ M2 : 〈x, y〉 = 0



(xi)i∈I ⇐⇒

〈xi, xj〉 =
{

0 i 
= j
1 i = j

M ⊂ H

M⊥ = {x ∈ H | ∀y ∈ M : 〈x, y〉 = 0}
xi ∈ H ∀i 
= j : 〈xi, xj〉 = 0∥∥∥∥∥

n∑
i=1

xi

∥∥∥∥∥
2

=
n∑

i=1

‖ xi ‖2

E ⊂ H
E⊥

E ∩ E⊥ = {0}
H = E ⊕ E⊥

∀x ∈ H ∃x1 ∈ E ∃x2 ∈ E⊥ : x = x1 + x2

∥∥∥∥∥
n∑

i=1

xi

∥∥∥∥∥
2

=

〈
n∑

i=1

xi,

n∑
j=1

xj

〉

=
n∑

i,j=1

〈xi, xj〉

=
n∑

i=1

〈xi, xi〉

=
n∑

i=1

‖ xi ‖2

x, y ∈ E⊥ ⇒ ∀z ∈ E : 〈y, z〉 = 0 = 〈x, z〉
⇒ ∀z ∈ E : 〈ax + y, z〉 = a 〈x, z〉 + 〈y, z〉 = 0
⇒ (ax + y) ∈ E⊥

E⊥

(xn)n E⊥ limn→∞ xn = x

∀y ∈ E : 〈y, xn〉 = 0



∀y ∈ E : 〈y, x〉 =
〈
y, lim

n→∞xn

〉
= lim

n→∞ 〈y, xn〉 = 0

x ∈ E⊥

E⊥

x ∈ E ∩ E⊥ ⇒
〈

x︸︷︷︸
∈E

, x︸︷︷︸
∈E⊥

〉
= 0

⇒ x = 0
⇒ E ∩ E⊥ ⊂ {0}

x ∈ H

∃!z1 ∈ E ∀y ∈ E : 〈y, x〉 = 〈y, z1〉

∀y ∈ E : 〈y, x − z1〉 = 0
x − z1 ∈ E⊥

x = z1︸︷︷︸
∈E

+ x − z1︸ ︷︷ ︸
∈E⊥

H = E ⊕ E⊥

(xi)i∈I

s ∈ X ⇐⇒

∀ε > 0 ∃ J0 ⊂ I ∀ J0 ⊂ J ⊂ I :

∥∥∥∥∥∑
i∈J

xi − s

∥∥∥∥∥ < ε

J
ε

xi 
= 0



s′

∀ε > 0 ∃J0, J1 ∀ J ⊃ J0, J1 :
{ ∥∥s −∑

i∈J xi

∥∥ < ε∥∥∑
i∈J xi − s′

∥∥ < ε

∀ε > 0 : ‖ s − s′ ‖ ≤
∥∥∥∥∥s − ∑

i∈J0∪J1

xi

∥∥∥∥∥+

∥∥∥∥∥ ∑
i∈J0∪J1

xi − s′
∥∥∥∥∥

< 2ε

s = s′

(zi)i∈I ⇐⇒
∀ε > 0 ∃i0 ∈ I ∀i, i′ ≥ i0 :‖ zi − zi′ ‖< ε

(zi)i∈I ⇐⇒ (zi)i∈I

⇒ zi → z

∀ε > 0 ∃i0 ∀i ≥ i0 : ‖ z − zi ‖< ε

2

∀ε > 0 ∀i, i′ ≥ i0 : ‖ zi − zi′ ‖ ≤ ‖ zi − z ‖ + ‖ z − zi′ ‖
< ε

⇐

∀n ∈ N ∃in ≥ in−1 ∀i, i′ ≥ in : ‖ zi − zi′ ‖< 1
n

∀ε > 0 ∃n0 ∀n, m ≥ n0 : ‖ zin
− zim

‖< 1
n0

< ε

(zin
)n

∀ε > 0 ∃n1 ∀n ≥ n1 : ‖ zin − z ‖< ε

n > max{n1,
1
ε} i ≥ in

‖ zi − z ‖ ≤ ‖ zi − zin ‖ + ‖ z − zin ‖︸ ︷︷ ︸
<ε

< ε + ε = 2ε



(xi)i∈I
Def⇐⇒

(∑
i∈J

xi

)
J⊂I,|J|<∞

⇐⇒
(∑

i∈J

xi

)
J⊂I,|J|<∞

J ⊂ I

J1 ≤ J2 ⇐⇒ J1 ⊂ J2

∀i = 1, 2 : Ji ⊂ J1 ∪ J2 |J1 ∪ J2| < ∞

(∑
i∈J

xi

)
J⊂I,|J|<∞

(xi)i∈I xi 
=
0

(xi)i∈I

∀n ∈ N ∃|Jn| < ∞ ∀ J ⊃ Jn :

∥∥∥∥∥∑
i∈Jn

xi − s

∥∥∥∥∥ <
1
n

xj 
∈
⋃
n∈N

Jn



∀n ∈ N : ‖ xj ‖ =

∥∥∥∥∥∥
∑

i∈Jn∪{j}
xi −

∑
i∈Jn

xi

∥∥∥∥∥∥
≤

∥∥∥∥∥∥
∑

i∈Jn∪{j}
xi − s

∥∥∥∥∥∥+

∥∥∥∥∥∑
i∈Jn

xi − s

∥∥∥∥∥
<

2
n

‖ xj ‖ = 0
xj = 0

xj ∈ ⋃
n∈N

Jn

(xi)i∈I , (yi)i∈I

a ∈ C, z ∈ H∑
i∈I

axi,
∑
i∈I

(xi + yi),
∑
i∈I

〈xi, z〉

a
∑
i∈I

xi =
∑
i∈I

(axi)

∑
i∈I

xi +
∑
i∈I

yi =
∑
i∈I

(xi + yi)〈∑
i∈I

xi, z

〉
=

∑
i∈I

〈xi, z〉

∥∥∥∥∥∑
i∈J

axi − a
∑
i∈I

xi

∥∥∥∥∥
=

∥∥∥∥∥a
(∑

i∈J

xi −
∑
i∈I

xi

)∥∥∥∥∥
= |a|

∥∥∥∥∥∑
i∈J

xi −
∑
i∈I

xi

∥∥∥∥∥
→ 0



∥∥∥∥∥∑
i∈J

(xi + yi) −
(∑

i∈I

xi +
∑
i∈I

yi

)∥∥∥∥∥
≤

∥∥∥∥∥∑
i∈J

xi −
∑
i∈I

xi

∥∥∥∥∥+

∥∥∥∥∥∑
i∈J

yi −
∑
i∈I

yi

∥∥∥∥∥
→ 0

∣∣∣∣∣
〈∑

i∈J

xi, z

〉
−
〈∑

i∈I

xi, z

〉∣∣∣∣∣ =

∣∣∣∣∣
〈∑

i∈J

xi −
∑
i∈I

xi, z

〉∣∣∣∣∣
≤

∥∥∥∥∥∑
i∈J

xi −
∑
i∈I

xi

∥∥∥∥∥ ‖ z ‖

→ 0

(xi)i∈I 
= 0

(xi)i∈I ⇐⇒ (‖ xi ‖2)i∈I R

∥∥∥∥∥∑
i∈I

xi

∥∥∥∥∥
2

=
∑
i∈I

‖ xi ‖2

R, H

(xi)i∈I

⇐⇒ (xi)i∈I

⇐⇒ ∀ε > 0 ∃J0 ∀J, J ′ ⊃ J0 :

∥∥∥∥∥∑
i∈J

xi −
∑
i∈J′

xi

∥∥∥∥∥ < ε

(‖ xi ‖2)i∈I R

⇐⇒ (‖ xi ‖2)i∈I

⇐⇒ ∀ε > 0 ∃J0 ∀J, J ′ ⊃ J0 :

∣∣∣∣∣∑
i∈J

‖ xi ‖2 −
∑
i∈J′

‖ xi ‖2

∣∣∣∣∣ < ε



⇒ ∣∣∣∣∣∣
∑

i∈J\J0

‖ xi ‖2 −
∑

i∈J′\J0

‖ xi ‖2

∣∣∣∣∣∣
≤

∑
i∈J∪J′\J0

‖ xi ‖2 +
∑

i∈J∪J ′\J0

‖ xi ‖2

< 2ε

⇐ ∥∥∥∥∥∑
i∈J

xi −
∑
i∈J′

xi

∥∥∥∥∥
2

=

∥∥∥∥∥∥
∑

i∈J\J ′
xi −

∑
i∈J′\J

xi

∥∥∥∥∥∥
2

=
∑

i∈J\J ′+J′\J

‖ xi ‖2

≤
∣∣∣∣∣ ∑
i∈J∪J′

‖ xi ‖2 −
∑
i∈J0

‖ xi ‖2

∣∣∣∣∣
< ε

∑
i∈J

‖ xi ‖2→
∑
i∈I

‖ xi ‖2

∑
i∈J

‖ xi ‖2=

∥∥∥∥∥∑
i∈J

xi

∥∥∥∥∥
2

→
∥∥∥∥∥∑

i∈I

xi

∥∥∥∥∥
2

∑
i∈I

‖ xi ‖2=

∥∥∥∥∥∑
i∈I

xi

∥∥∥∥∥
2

(xi)i∈I

∑
i∈I

| 〈z, xi〉 |2 ≤ ‖ z ‖2

∑
i∈I

| 〈z, xi〉 |2 = ‖ z ‖2 ⇐⇒ z =
∑
i∈I

〈z, xi〉xi



J ⊂ I 〈
z −

∑
i∈J

〈z, xi〉xi,
∑
j∈J

〈z, xj〉xj

〉

=
∑
j∈J

〈z, xj〉 〈z, xj〉 −
∑

i,j∈J

〈z, xj〉 〈z, xi〉 〈xi, xj〉

= 0∑
j∈J

〈z, xj〉 〈z, xj〉 =
∑

i,j∈J

〈z, xi〉 〈z, xj〉 〈xi, xj〉

∑
j∈J

| 〈z, xj〉 |2

=
∑
j∈J

〈z, xj〉 〈z, xj〉

=
∑

i,j∈J

〈z, xi〉 〈z, xj〉 〈xi, xj〉

=

〈∑
j∈J

〈z, xj〉xj ,
∑
j∈J

〈z, xj〉xj

〉

=

∥∥∥∥∥∥
∑
j∈J

〈z, xj〉xj

∥∥∥∥∥∥
2

≤
∥∥∥∥∥∥
∑
j∈J

〈z, xj〉xj

∥∥∥∥∥∥
2

+

∥∥∥∥∥∥z −
∑
j∈J

〈z, xj〉xj

∥∥∥∥∥∥
2

= ‖ z ‖2

sup
J⊂I

∑
j∈J

| 〈z, xj〉 |2 ≤ ‖ z ‖2

∑
i∈I

| 〈z, xi〉 |2 ≤ ‖ z ‖2



∥∥∥∥∥∥
∑
j∈J

〈z, xj〉xj

∥∥∥∥∥∥
2

+

∥∥∥∥∥∥z −
∑
j∈J

〈z, xj〉xj

∥∥∥∥∥∥
2

=‖ z ‖2

∑
j∈J

| 〈z, xj〉 |2 +

∥∥∥∥∥∥z −
∑
j∈J

〈z, xj〉xj

∥∥∥∥∥∥
2

=‖ z ‖2

∑
j∈J

| 〈z, xj〉 |2 →‖ z ‖2

⇐⇒
∥∥∥∥∥∥z −

∑
j∈J

〈z, xj〉xj

∥∥∥∥∥∥
2

→ 0

(ei)i∈I

1.) ∀x ∈ H : ‖ x ‖2=
∑
i∈I

| 〈x, ei〉 |2

2.) ∀x ∈ H : x =
∑
i∈I

〈x, ei〉 ei

3.) Lin{ei : i ∈ I} H

4.) ∀i ∈ I : x⊥ei ⇒ x = 0
5.) (ei)i∈I

6.) f : l2(I) → H, (ai)i∈I �→
∑
i∈I

aiei

⇒ x =
∑

i∈I aiei ∈ H

〈x, ej〉 =

〈∑
i∈I

aiei, ej

〉

=
∑
i∈I

〈aiei, ej〉

= aj



‖ x ‖2
H =

∥∥∥∥∥∑
i∈I

aiei

∥∥∥∥∥
2

H

=

∥∥∥∥∥∑
i∈I

ai

∥∥∥∥∥
2

l2(I)

=
∑
i∈I

‖ ai ‖2

=
∑
i∈I

| 〈x, ei〉 |2

⇐⇒
⇒

x =
∑
i∈I

〈x, ei〉 ei

ei

Lin{ei : i ∈ I} H

⇒ ∥∥∥∥∥∥x −
∑
j∈J

ajej

∥∥∥∥∥∥
2

−
∥∥∥∥∥∥x −

∑
j∈J

〈x, ej〉 ej

∥∥∥∥∥∥
2

=

〈
x −

∑
i∈J

aiei, x −
∑
j∈J

ajej

〉
−
〈

x −
∑
i∈J

〈x, ei〉 ei, x −
∑
j∈J

〈x, ej〉 ej

〉

= 〈x, x〉 −
∑
i∈J

ai 〈ei, x〉 −
∑
j∈J

aj〈ej , x〉 +
∑

i,j∈J

〈ai, aj〉 〈ei, ej〉

− 〈x, x〉 +
∑
i∈J

〈x, ei〉 〈ei, x〉 +
∑
j∈J

〈x, ej〉〈ej , x〉

−
∑

i,j∈J

〈
〈x, ei〉 , 〈x, ej〉

〉
〈ei, ej〉

=

〈∑
i∈J

(〈x, ei〉 − ai)ei,
∑
j∈J

(〈x, ej〉 − aj)ej

〉

+2
∑
j∈J

〈x, ej〉〈ej , x〉 +
∑

i,j∈J

〈ai, aj〉

≥ 0



∥∥∥∥∥∥x −
∑
j∈J

〈x, ej〉 ej

∥∥∥∥∥∥
2

≤
∥∥∥∥∥∥x −

∑
j∈J

ajej

∥∥∥∥∥∥
2

{ei : i ∈ I}

∀ε > 0 ∃ J, aj , ej :

∥∥∥∥∥∥x −
∑
j∈J

ajej

∥∥∥∥∥∥
2

< ε

∀ε > 0 ∃ J, ej :

∥∥∥∥∥∥x −
∑
j∈J

〈x, ej〉 ej

∥∥∥∥∥∥
2

< ε

∀ε > 0 : ε >

∥∥∥∥∥∥x −
∑
j∈J

〈x, ej〉 ej

∥∥∥∥∥∥
2

= ‖ x ‖2 −
∑
j∈J

‖ 〈x, ej〉 ej ‖2

= ‖ x ‖2 −
∑
j∈J

| 〈x, ej〉 |2

≥ 0
∀ε > 0 : ε > ‖ x ‖2

0 = ‖ x ‖
0 = x

⇒
∀i ∈ I : x⊥ei

x = 0

⇒ x ∈ H (ei)i

∀i : x⊥ei



x 
= 0

x

‖ x ‖ (ei)i∈I∥∥∥∥ x

‖ x ‖
∥∥∥∥ = 1

x = 0

⇒

‖ f((ai)i∈I) ‖2
H =

∥∥∥∥∥∑
i∈I

aiei

∥∥∥∥∥
2

H

=
∑
i∈I

‖ aiei ‖2
H

=
∑
i∈I

|ai|2

=
∑
i∈I

‖ ai ‖2
l2(I)

=

∥∥∥∥∥∑
i∈I

ai

∥∥∥∥∥
2

l2(I)

H = f(l2(I)) ⊕ (f(l2(I)))⊥︸ ︷︷ ︸

(ej)j∈J

F = {{ei : i ∈ I} : J ⊂ I, ei }
{ei : i ∈ J} {ej : j ∈ J}

(ei)i∈I < (ek)k∈K ⇐⇒ {ei : i ∈ I} � {ek : k ∈ K}



1.) ∀I : {ei : i ∈ I} = {ei : i ∈ I}
2.) ({ei : i ∈ I1} � {ei : i ∈ I2} {ei : i ∈ I2} � {ei : i ∈ I3})

⇒ {ei : i ∈ I1} � {ei : i ∈ I3}

1.) ∀I : (ei)i∈I 
< (ei)i∈I

2.) ((ei)i∈I1 < (ei)i∈I2 (ei)i∈I2 < (ei)i∈I3)
⇒ (ei)i∈I1 < (ei)i∈I3

F1 ⊂ F F1

3.)∀I1, I2 : ((ei)i∈I1 < (ei)i∈I2 (ei)i∈I1 > (ei)i∈I2 (ei)i∈I1 = (ei)i∈I2)

⋃
Ik∈F1

{ei : i ∈ Ik}

∀ei, ej ∈
⋃

Ik∈F1

{ei : i ∈ Ik}∃IK : ei, ej ∈ Ik

⇒ 〈ei, ej〉 =
{

0 i 
= j
1 i = j

⋃
Ik∈F1

{ei : i ∈ Ik} ∈ F

(ei)i∈I , (fj)j∈J

|I| = |J |

x1, x2, . . .

e1, e2, . . .

∀n ∈ N : Lin(e1, . . . , en) = Lin(x1, . . . , xn)



xi

∀i ∈ I : xi 
= 0

e1 =
x1

‖ x1 ‖ ∈ Lin(x1)

x1 = ‖ x1 ‖ e1 ∈ Lin(e1)

en+1 =
xn+1 −

∑n
i=1 〈xn+1, ei〉 ei

‖xn+1 −
∑n

i=1 〈xn+1, ei〉 ei‖
∈ Lin(xn+1, e1, . . . , en)

xn+1 ∈ Lin(en+1, e1, . . . , en)

Lin(en+1, e1, . . . , en) = Lin(en+1, x1, . . . , xn)
= Lin(xn+1, x1, . . . , xn)

∀1 ≤ k ≤ n : 〈en+1, ek〉
=

〈xn+1, ek〉 −
∑n

i=1 〈ei, ek〉 〈xn+1, ek〉
‖xn+1 −

∑n
i=1 〈xn+1, ei〉 ei‖

= 0

X ⊂ H

X = (X⊥)⊥

x ∈ X

x ∈ X ⇒ ∀y ∈ X⊥ : 〈x, y〉 = 0
(X⊥)⊥⇒ x ∈ (X⊥)⊥

⇒ X ⊂ (X⊥)⊥

(X⊥)⊥ ⇒ X ⊂ (X⊥)⊥

X

H = X ⊕ X
C



(ei)i∈I X (ek)k∈K

y ∈ X
C ∩ (X⊥)⊥

⇒ y =
∑
k∈K

akek ∈ X⊥ y ∈ (X⊥)⊥

⇒ y ∈ X⊥ ∩ (X⊥)⊥ = {0}
⇒ y = 0

X ⊃ (X⊥)⊥

0 
= E ⊂ H

P : H = E ⊕ E⊥ → E, x + y �→ x

P = P ∗ = P 2

P (x1 + y1 + c(x2 + y2)) = x1 + cx2

= P (x1 + y1) + cP (x2 + y2)

‖ P (x + y) ‖2 = ‖ x ‖2

≤ ‖ x ‖2 + ‖ y ‖2

= ‖ x + y ‖2

‖ P ‖ ≤ 1

E 
= ∅
∀x ∈ E : P (x) = x

∀x ∈ E : ‖ P (x) ‖ = ‖ x ‖
‖ P ‖ = 1

〈P (x1 + y1), x2 + y2〉 = 〈x1, x2 + y2〉 = 〈x1, x2〉
= 〈x1 + y1, x2〉
= 〈x1 + y1, P (x2 + y2)〉



P = P ∗

∀x ∈ E, y ∈ E⊥ : P 2(x + y) = P (x) = x = P (x + y)

P 2 = P

j(y) : H → C, x �→ 〈x, y〉
j : H → H ′, y �→ j(y)

f : H → K

f := 〈·, y〉

fy : H → K, x �→ 〈x, y〉

fy(ax1 + x2) = 〈ax1 + x2, y〉
= a 〈x1, y〉 + 〈x2, y〉
= afy(x1) + fy(x2)

∀x ∈ H : |fy(x)| = | 〈x, y〉 | ≤‖ x ‖‖ y ‖
|fy(y)| = | 〈y, y〉 | =‖ y ‖‖ y ‖
‖ fy ‖ = ‖ y ‖

‖ j(y) ‖ Def
= ‖ fy ‖=‖ y ‖

j(y1 + cy2)(x) = 〈x, y1 + cy2〉
= 〈x, y1〉 + c 〈x, y2〉
= j(y1)(x) + cj(y2)(x)



f ∈ H ′ ‖ f ‖= 1

0 
= v = f−1(1)
V = Lin(v)

dim V = 1

1 =‖ f ‖= sup
‖y‖=1

|f(y)|

∃y ∈ V, ‖ y ‖= 1 : f(y) = 1

x = ay + z ∈ V + V ⊥

〈x, y〉 = 〈ay, y〉
= a 〈y, y〉︸ ︷︷ ︸

=1

= a

= a f(y)︸︷︷︸
=1

= f(x)

〈·, y〉 = f(·)

x, y ∈ L(H) (ei)i∈I

∀v ∈ H : 〈xv, v〉 = 〈yv, v〉 ⇒ x = y

〈x(v + cw), (v + cw)〉
= 〈xv, v〉 + c 〈xw, v〉 + c 〈xv, w〉 + |c|2 〈xw, w〉

〈y(v + cw), (v + cw)〉
= 〈yv, v〉 + c 〈yw, v〉 + c 〈yv, w〉 + |c|2 〈yw, w〉



c = 1 c = i

c (〈xw, v〉 − 〈yw, v〉) = c (〈xv, w〉 − 〈yv, w〉)
〈xw, v〉 − 〈yw, v〉 = 〈yv, w〉 − 〈xv, w〉

i (〈xw, v〉 − 〈yw, v〉) = i (〈yv, w〉 − 〈xv, w〉)
(〈xw, v〉 − 〈yw, v〉) = − (〈yv, w〉 − 〈xv, w〉)
〈xw, v〉 − 〈yw, v〉 = 0

〈xw, v〉 = 〈yw, v〉

∀v ∈ H : 〈xv, v〉 = 〈yv, v〉
⇒ ∀v, w ∈ H : 〈xv, w〉 = 〈yv, w〉
⇒ ∀i, j ∈ I : 〈xei, ej〉 = 〈yei, ej〉
⇒ ∀i, j ∈ I : xei = yei

⇒ x = y



A∗

z1, z2 ∈ H

z1 = z2 ⇐⇒ ∀x ∈ H : 〈z1, x〉 = 〈z2, x〉
⇐

∀x ∈ H : 〈z1, x〉 = 〈z2, x〉
⇐⇒ ∀x ∈ H : 〈z1 − z2, x〉 = 0

x=z1−z2⇒ ‖ z1 − z2 ‖2= 〈z1 − z2, z1 − z2〉 = 0

⇒ z1 = z2.

⇒
∀x ∈ H : 〈z1, x〉 = 〈z1, x〉

A : H → K

∃! A∗ : K → H

∀x ∈ H ∀y ∈ K : 〈x, A∗y〉H = 〈Ax, y〉K

‖ A∗ ‖ = ‖ A ‖
〈A∗y, x〉H = 〈y, Ax〉K

y ∈ K

H → C, x �→ 〈Ax, y〉K

∃!z ∈ H ∀x ∈ H : 〈Ax, y〉K = 〈x, z〉H

A∗ : K → H, y �→ z

A∗

∀x ∈ H

〈x, A∗(ay1 + by2)〉 A∗
= 〈Ax, ay1 + by2〉
= a 〈Ax, y1〉 + b 〈Ax, y2〉

A∗
= a 〈x, A∗y1〉 + b 〈x, A∗y2〉
= 〈x, aA∗y1 + bA∗y2〉



A∗(ay1 + by2) = aA∗y1 + bA∗y2

A∗

‖ A∗x ‖2 = 〈A∗x, A∗x〉
Def
= 〈AA∗x, x〉
≤ ‖ x ‖‖ A∗Ax ‖
≤ ‖ A ‖‖ A∗x ‖‖ x ‖

∀ ‖ x ‖= 1 : ‖ A∗x ‖ ≤ ‖ A ‖
‖ A∗ ‖ ≤ ‖ A ‖

A∗

‖ Ax ‖2 = 〈Ax, Ax〉
Def
= 〈x, A∗Ax〉
≤ ‖ x ‖‖ A∗Ax ‖
≤ ‖ A∗ ‖‖ Ax ‖‖ x ‖

∀ ‖ x ‖= 1 : ‖ Ax ‖ ≤ ‖ A∗ ‖
‖ A ‖ ≤ ‖ A∗ ‖
‖ A ‖ = ‖ A∗ ‖

〈y, Ax〉 = 〈Ax, y〉
= 〈x, A∗y〉
= 〈A∗y, x〉

H, K A : H → K

‖ A∗ ‖=‖ A′ ‖

jH : H → H ′, y �→ (x �→ 〈x, y〉)
A : K ′ → H ′, f �→ f ◦ A



−→
jK ↑ jH ↑

−→←−
A∗

(A′jK(x))(y) A′
= jK(x)(Ay)

jK= 〈Ay, x〉K
A∗

= 〈y, A∗x〉H
jH= jH(A∗x)(y)

A′jK = jHA∗

A∗ = j−1
H A′jK

jK , j−1
H

‖ A∗ ‖=‖ j−1A′j ‖=‖ A′ ‖

∗ : L(H) → L(H), A �→ A∗

A∗∗ = A

(AB)∗ = B∗A∗

‖ A∗A ‖ = ‖ A ‖2

x, y ∈ H

〈x, (aA + B)∗y〉 = 〈(aA + B)x, y〉
= 〈aAx, y〉 + 〈Bx, y〉
= a 〈Ax, y〉 + 〈Bx, y〉
= 〈x, (aA∗ + B∗)y〉

(aA + B)∗ = aA∗ + B∗



A∗

‖ A ‖=‖ A∗ ‖

∀x, y ∈ H : 〈A∗∗x, y〉 = 〈x, A∗y〉 = 〈Ax, y〉
x �→ x2

A∗∗ = A

‖ x ‖= 1

‖ Ax ‖2 = 〈Ax, Ax〉 = 〈x, A∗Ax〉
≤ ‖ x ‖2‖ A∗A ‖
≤ ‖ A∗ ‖‖ A ‖=‖ A ‖2

‖ A ‖2 =

(
sup

‖x‖=1

‖ Ax ‖
)2

= sup
‖x‖=1

(‖ Ax ‖2)

≤ ‖ A∗A ‖≤‖ A ‖2

‖ A ‖2 = ‖ A∗A ‖

A ∈ L(H)

‖ A ‖= sup{| 〈Ax, y〉 | :‖ x ‖=‖ y ‖= 1}
A = A∗ ∈ L(H)

1.) ∀x ∈ H : 〈Ax, x〉 ∈ R

2.) ‖ A ‖= sup{| 〈Ax, x〉 | :‖ x ‖= 1}
‖ x ‖=‖ y ‖= 1

| 〈Ax, y〉 | ≤ ‖ Ax ‖ ‖ y ‖︸ ︷︷ ︸
=1

≤ ‖ A ‖ ‖ x ‖︸ ︷︷ ︸
=1

=‖ A ‖

sup{| 〈Ax, y〉 | :‖ x ‖=‖ y ‖= 1} ≤ ‖ A ‖



sup {|〈Ax, y〉| :‖ x ‖=‖ y ‖= 1}
≥ sup

{∣∣∣∣
〈

Ax,
Ax

‖ Ax ‖
〉∣∣∣∣ :‖ x ‖= 1, ‖ Ax ‖
= 0

}
= sup{‖ Ax ‖:‖ x ‖= 1}
= ‖ A ‖

〈Ax, x〉 = 〈x, Ax〉 = 〈x, A∗x〉 = 〈Ax, x〉

| 〈Ax, x〉 | ≤ ‖ Ax ‖‖ x ‖
≤ ‖ A ‖‖ x ‖2

sup
‖x‖=1

| 〈Ax, x〉 | ≤ ‖ A ‖

〈Ax, y〉 + 〈Ax, y〉
= 〈x, A∗y〉 + 〈x, A∗y〉

A=A∗
= 〈x, Ay〉 + 〈x, Ay〉

〈A(x + y), x + y〉 − 〈A(x − y), x − y〉
+〈A(x + y), x + y〉 − 〈A(x − y), x − y〉

= 〈Ax, x〉 + 〈Ax, y〉 + 〈Ay, x〉 + 〈Ay, y〉
− (〈Ax, x〉 − 〈Ax, y〉 − 〈Ay, x〉 + 〈Ay, y〉)
+〈Ax, x〉 + 〈Ax, y〉 + 〈Ay, x〉 + 〈Ay, y〉
−(〈Ax, x〉 − 〈Ax, y〉 − 〈Ay, x〉 + 〈Ay, y〉)

= 2 〈Ax, y〉 + 2 〈Ay, x〉 + 2 〈Ax, y〉 + 2〈Ay, x〉
= 4 〈Ax, y〉 + 4〈Ax, y〉

x, y ∈ H ‖ x ‖=‖ y ‖= 1

∃a ∈ K, |a| = 1 : | 〈Ax, y〉 | = a 〈Ax, y〉



〈Ax, ay〉︸ ︷︷ ︸
∈R

=
1
2
〈Ax, ay〉 +

1
2
〈Ax, ay〉

=
1
8
〈A(x + ay), x + ay〉 +

1
8
〈A(x + ay), x + ay〉

−1
8
〈A(x − ay), x − ay〉 − 1

8
〈A(x − ay), x − ay〉

x±ay �=0

≤ 1
4

∣∣∣∣
〈

A
x + ay

‖ x + ay ‖ ,
x + ay

‖ x + ay ‖
〉∣∣∣∣ ‖ x + ay ‖2

+
1
4

∣∣∣∣
〈

A
x − ay

‖ x − ay ‖ ,
x − ay

‖ x − ay ‖
〉∣∣∣∣ ‖ x − ay ‖2

≤ sup‖x‖=1 | 〈Ax, x〉 |
4

(‖ x + ay ‖2 + ‖ x − ay ‖2
)

=
sup‖x‖=1 | 〈Ax, x〉 |

4
2 (‖ x ‖2 + ‖ ay ‖2)︸ ︷︷ ︸

=2

= sup
‖x‖=1

| 〈Ax, x〉 |

‖ x ‖= 1 ‖ Ax ‖
= 0

‖ Ax ‖2 = 〈Ax, Ax〉 = | 〈Ax, Ax〉 |
= ‖ Ax ‖

∣∣∣∣
〈

Ax,
Ax

‖ Ax ‖
〉∣∣∣∣

s.o.≤ ‖ Ax ‖ sup
‖x‖=1

| 〈Ax, x〉 |

∀ ‖ x ‖= 1 : ‖ Ax ‖ ≤ sup
‖x‖=1

| 〈Ax, x〉 |

‖ A ‖ ≤ sup
‖x‖=1

| 〈Ax, x〉 |

‖ A ‖ = sup
‖x‖=1

| 〈Ax, x〉 |

A ∈ L(H)

1.) Null A = (Bild A∗)⊥

2.) (Null A)⊥ = Bild A∗



x ∈ (Bild A∗)⊥ ⇐⇒ ∀z ∈ H : 〈x, A∗z〉 = 0
⇐⇒ ∀z ∈ H : 〈Ax, z〉 = 0
⇐⇒ Ax = 0
⇐⇒ x ∈ NullA

NullA = (Bild A∗)⊥

(NullA)⊥ = (Bild A∗)⊥⊥ = Bild A∗



T : X → Y
⇐⇒

TM
TB(0, 1)

(xn)n (Txn)n

⇒ M = {xn|n ∈ N}

(Txn)n ⊂ TM

(Txn)n

⇒ (xn)n

(Txn)n

TM
⇒ B(0, 1)
⇒

∃r : M ⊂ B(0, r)

f : Y → Y, y �→ ry

TM︸︷︷︸ ⊂ TB(0, r) = rTB(0, 1) = f
(
TB(0, 1)

)

TM

T : X → Y dim TX < ∞
Id : X → X

dim X < ∞
E ⊂ H

PE : E ⊕ E⊥ → E, x + y �→ x

PE ⇐⇒ dim E < ∞



T ⇒ TB(0, 1)
⇒ TB(0, 1)
⇒ ∃ C > 0 : TB(0, 1) ⊂ B(0, C)
⇒ ‖ T ‖= sup

‖x‖≤1

‖ Tx ‖≤ C

⇒ T

TB(0, 1) ⊂ B(0, ‖ T ‖) ∩ TX

⇒ B(0, 1) = Id B(0, 1)
⇒ dim X < ∞

⇐
dim PEH = dim E < ∞

PE

⇒

BE(0, 1)︸ ︷︷ ︸ PE |E=id|E= PEBE(0, 1) ⊂ PEBH(0, 1)︸ ︷︷ ︸
⇒ BE(0, 1)
⇒ dim E < ∞

K(X) = {K : X → X | K }

K(X)

∀K ∈ K(X) ∀T ∈ L(X) : TK, KT ∈ K(X)



B := B(0, 1)
T1, T2

T1B, T2B T1B × T2B

f : X × X → X, (x, y) �→ x + y

T1B + T2B = f
(
T1B × T2B

)

(T1 + T2)B = T1B + T2B ⊂ T1B + T2B︸ ︷︷ ︸
⇒ (T1 + T2)B︸ ︷︷ ︸ ⊂ T1B + T2B︸ ︷︷ ︸

(T1 + T2)B T1 + T2

B(0, r)

T ⇒ TB(0, r)
⇒ rTB(0, 1)
⇒ rT

A T
TB(0, 1) A

ATB(0, 1)
⇒ ATB(0, 1) = ATB(0, 1)

AT
A T

AB(0, 1) B(0, ‖ A ‖) T

TAB(0, 1)

TA
Tk limk→∞ Tk = T (xn)n

(xn)n ⊂ B(0, 1)

T1

⇒ ∃ (T1x
(1)
n )n = (T1xnj

)j (T1xn)n

∀k ∈ N : Tk

⇒ ∃ (Tkx(k)
n )n = (Tkx(k−1)

nj
)j (Tkx(k−1)

n )n



yi := x(i)
ni

(yi)i (x(i)
ni )ni

∀n ∈ N : (Tnyi)i

ε > 0 Tn0

∀n ∈ N : ‖ xn ‖ ≤ 1
∀i ∈ N :‖ yi ‖ ≤ 1

∃n0 ∈ N : ‖ Tn0 − T ‖ < ε

∃i0 ∀i, j ≥ i0 : ‖ Tn0yi − Tn0yj ‖ < ε

∀i, j ≥ i0 : ‖ Tyi − Tyj ‖
≤ ‖ Tyi − Tn0yi ‖ + ‖ Tn0yi − Tn0yj ‖ + ‖ Tn0yj − Tyj ‖
≤ ‖ T − Tn0 ‖︸ ︷︷ ︸

<ε

‖ yi ‖︸ ︷︷ ︸
≤1

+ε + ‖ T − Tn0 ‖︸ ︷︷ ︸
<ε

‖ yj ‖︸ ︷︷ ︸
≤1

< 3ε

(Tyi)i (Txn)n

Tn : X → X dim TnX < ∞ limn→∞ Tn

dim TnX < ∞ Tn

K(X) limn→∞ Tn

T : X → Y ⇐⇒ T ′ : Y ′ → X ′

T : H → H T ∗

TBX(0, 1)
(fn)n

fn : TBX(0, 1) → C

∀n ∈ N : ‖ fn ‖Y ≤ 1



X −→ Y −→ K
T fn

iX ↓ ↓ iY

X ′′ −→ Y ′′

T ′′

|fn(y)| ≤ ‖ fn ‖‖ y ‖≤‖ y ‖
∀y ∈ Y : sup

n∈N

|fn(y)| ≤ ‖ y ‖

(fn)n

|fn(y1) − fn(y2)| ≤ sup
n∈N

‖ fn ‖‖ y1 − y2 ‖
≤ ‖ y1 − y2 ‖

(fn)n

{fn : n ∈ N}
(fnk

)k TBX(0, 1) ‖ · ‖∞

∀ε > 0 ∃n0 ∀n ≥ n0 : ‖ fnk
− fnl

‖
TBX(0,1)

≤ ε

BX(0, 1) BX(0, 1) TBX(0, 1) TBX(0, 1)
T ′fnk

, fnk

‖ T ′fnk
− T ′fnl

‖ = sup
x∈BX(0,1)

|T ′fnk
(x) − T ′fnl

(x)|

= sup
x∈BX(0,1)

|T ′fnk
(x) − T ′fnl

(x)|

= sup
x∈BX(0,1)

|fnk
(T ◦ x) − fnl

(T ◦ x)|

= sup
y∈TBX(0,1)

|fnk
(y) − fnl

(y)|

= ‖ fnk
− fnl

‖
TBX(0,1)

≤ ε

(T ′fnk
)k X ′



(T ′fn)n (fn)n BY ′(0, 1)

T ′(BY ′(0, 1))
⇒ T ′

⇒ T ′′

iX : X → X ′′

T ′′iX
iY T = T ′′iX

iY TB(0, 1)
Y ′′

Y Y ′′ Y ′′

TB(0, 1)
Y

jBH(0, 1) ⊂ BH′(0, 1) jB(0, 1)

T ′ ⇒ T ′jB(0, 1)
j−1

⇒ j−1T ′jB(0, 1)
⇒ j−1T ′jB(0, 1)
⇒ T ∗B(0, 1)
⇒ T ∗

T ∈ L(X) TX

S : (X/TX)′ → Null T ′ ⊂ X ′, f �→ f ◦ pr

S, S−1

TX X/TX
K (X/TX)′

Null T ′ X ′ Null T ′

∀x ∈ X : pr(Tx) = Tx + TX = 0 + TX

pr ◦ T ≡ 0



X −→ X/TX
pr

f ◦ pr ↘ ↙ f

K

f ∈ (X/TX)′

T ′(f ◦ pr) = f ◦ pr ◦ T︸ ︷︷ ︸
=0

= 0

f ◦ pr ∈ Null(T ′)

g ∈ Null(T ′)

f : X/TX → K, x + TX �→ g(x)

x1 + TX = x2 + TX

⇐⇒ ∃y ∈ X : x1 − x2 = Ty

f(x1 + TX) = g(x1)
= g(x2 + Ty)

g∈Null(T )
= g(x2) + g ◦ T︸ ︷︷ ︸

=0

(y)

= f(x2 + TX)

f(ax1 + x2 + TX) = g(ax1 + x2)
= ag(x1) + g(x2)
= af(x1 + TX) + f(x2 + TX)

∀x ∈ X : f ◦ pr(x) = f(x + TX)
= g(x)



f ◦ pr = g

‖ f ‖ = sup
‖x+TX‖X/T X≤1

|f(x + TX)|

f(x+TX)=g(x)
= sup

inf{‖x+Tz‖X | z∈X}≤1

|g(x)|

≤ sup
‖x‖≤1

|g(x)|

= ‖ g ‖X< ∞

f S

(af1 + f2) ◦ pr = a(f1 ◦ pr) + f2 ◦ pr

S

f ◦ pr ≡ 0

pr

f(X/TX) = f ◦ pr(X) = {0}
f ≡ 0

S

‖ Sf ‖ = ‖ f ◦ pr ‖
≤ ‖ f ‖ ‖ pr ‖︸ ︷︷ ︸

≤1

≤ ‖ f ‖
‖ S ‖ ≤ 1

(X/TX)′ Null(T ′) S−1

K ∈ K(X)

dim Null(1 − K) < ∞
(1 − K)X
dim X/(1 − K)X < ∞



∀v ∈ Null(1 − K) : (1 − K)(v) = 0
K|Null(1−K) ≡ id|Null(1−K)

dim Null(1 − K) < ∞

dim Null(1−K) < ∞ P : X → X
P 2 = P

X = PX ⊕ (1 − P )X
PX, (1 − P )X

X = Null(1 − K) ⊕ (Null(1 − K))C

1 − K : (Null(1 − K))C → (1 − K)X

1 − K

Null(1 − K) ∩ (Null(1 − K))C = {0}

(1 − K)(Null(1 − K))C = (1 − K)(Null(1 − K) ⊕ (Null(1 − K))C)
= (1 − K)X

(1 − K)−1 : (1 − K)X → (Null(1 − K))C

∃(yn)n (1 − K)X :
(

lim
n→∞ yn = y

¬
(

lim
n→∞(1 − K)−1yn = (1 − K)−1y

))
1−K ⇐⇒ ∃(xn)n X :

(
lim

n→∞(1 − K)xn = (1 − K)x

¬
(

lim
n→∞xn = x

))
1−K⇐⇒ ∃(xn)n X :

(
lim

n→∞(1 − K)xn = 0 ¬
(

lim
n→∞xn = 0

))



¬
(

lim
n→∞xn = 0

)
⇐⇒ ∃ε > 0 ∀n0 ∃n ≥ n0 : ‖ xn ‖≥ ε

(xn)n (xn)n

∀n ∈ N : ‖ xn ‖≥ ε

(Kxn)n (Kxnk
)k

lim
k→∞

(Kxnk
)k = z

lim
k→∞

xnk
= lim

k→∞
(1 − K)xnk

+ lim
k→∞

Kxnk

= z

xnk
∈ (Null(1 − K))C (Null(1 − K))C

z ∈ (Null(1 − K))C

(1 − K) (xnk
)k (xn)n

(1 − K)z = lim
k→∞

(1 − K)xnk
= 0

z ∈ Null(1 − K)
z ∈ Null(1 − K) ∩ (Null(1 − K))C

z = 0
‖ z ‖ = 0

‖ z ‖= lim
k→∞

‖ xnk
‖≥ ε

(Null(1 − K))C

⇒ (Null(1 − K))C

b)⇒ (1 − K)X
⇒ (1 − K)X

(1 − K)′ : X ′ → X ′, f �→ f ◦ (1 − K)



f ∈ X ′

f ∈ Null(1 − K)′ ⇐⇒ (1 − K)′f = 0
⇐⇒ f ◦ (1 − K) = 0
⇐⇒ f = f ◦ K

⇐⇒ f = K ′f
⇐⇒ (1 − K ′)f = 0
⇐⇒ f ∈ Null(1 − K ′)

K ′

dim Null(1 − K ′) < ∞
(1 − K)X

S : (X/(1 − K)X)′ → Null(1 − K)′, f �→ f ◦ x

S, S−1

dim(X/(1 − K)X)′ = dim Null(1 − K)′

= dim Null(1 − K ′)
< ∞

u ∈ L(X)

M � L

(1 − u)L ⊂ M

∃a ∈ L, ‖ a ‖= 1 ∀x ∈ M : ‖ u(x) − u(a) ‖≥ 1
2

∀y ∈ L : u(y) = y︸︷︷︸
∈L

− (1 − u)y︸ ︷︷ ︸
∈M⊂L

∈ L

u(L) ⊂ L

∀y ∈ M : u(y) = y︸︷︷︸
∈M

− (1 − u)y︸ ︷︷ ︸
∈M

∈ M

u(M) ⊂ M



L → L/M, y �→ y + M

x ∈ L

u(x) − x = (1 − u) (−x)︸ ︷︷ ︸
∈L

∈ M

(u(x) − x) + M = 0 + M

u(x) + M = x + M

M � L b ∈ L

‖ b + M ‖L/M = inf{‖ b + z ‖: z ∈ M}
=

1
2

M → [0,∞), z �→‖ b + z ‖

∃z1 ∈ M : ‖ b + z1 ‖= 1

a := b + z1

‖ a ‖ = 1
‖ a + M ‖ = ‖ b + z1 + M ‖

= ‖ b + M ‖= 1
2

x ∈ M

‖ u(x)︸︷︷︸
∈M

−u(a) ‖ ≥ inf{u(a) + x : x ∈ M}

= ‖ u(a) + M ‖
= ‖ a + M ‖= 1

2

C K : X → X

Nm = Null(1 − K)m

Fm = (1 − K)mX



Fm Nm

∀m ∈ N : dimNm < ∞ N1 ⊂ N2 ⊂ . . . (1 − K)Nm+1 = Nm

∀m ∈ N : dimX/Fm < ∞ F1 ⊃ F2 ⊃ . . . (1 − K)Fm+1 = Fm

∃m0 ∈ N ∀m ≥ m0 : Nm+1 = Nm = Nm0

∃m1 ∈ N ∀m ≥ m1 : Fm+1 = Fm = Fm1

Nm0 ∩ Fm0 = {0}
Nm1 + Fm1 = X
m0 = m1

X = Nm0 ⊕ Fm0

1 − K : Fm0 → Fm0

1 − K : Nm0 → Nm0 ∃m ∈ N : (1 − K)|mNm0
= 0

Nm0 
= {0} ⇒ Null(1 − K) 
= {0}
KNm0 ⊂ Nm0 KFm0 ⊂ Fm0

dim X = ∞ ⇒ K

Km := 1 − (1 − K)m

= 1 −
m∑

i=0

(
m

i

)
(−K)i

= −
m∑

i=1

(
m

i

)
(−K)i

1 − Km = (1 − K)m

dim Nm = dim Null(1 − K)m

= dim Null(1 − Km) < ∞
dim X/Fm = dim X/(1 − K)mX

= dim X/(1 − Km)X < ∞
Fm = (1 − K)mX = (1 − Km)X
Nm = Null(1 − K)m

x ∈ Nn ⇐⇒ (1 − K)nx = 0
⇒ (1 − K)(1 − K)nx = 0
⇐⇒ x ∈ Nn+1

N1 ⊂ N2 ⊂ . . .



x ∈ Nn+1 ⇐⇒ (1 − K)n+1x = 0
⇐⇒ (1 − K)n(1 − K)x = 0
⇐⇒ (1 − K)x ∈ Nn

(1 − K)Nn+1 = Nn

Fm+1 = (1 − K)m(1 − K)X
⊂ (1 − K)mX

= Fm

F1 ⊃ F2 ⊃ . . .

(1 − K)Fm = (1 − K)(1 − K)mX = Fm+1

Nm

∀m ∈ N : Nm � Nm+1

Nm (1 − K)Nm+1 = Nm

∀m ∈ N ∃xm+1 ∈ Fm+1, ‖ xm+1 ‖= 1 ∀x ∈ Nm : ‖ Kx − Kxm+1 ‖≥ 1
2

N1 ⊂ . . . ⊂ Nm (xn)n ‖ xn ‖= 1

∀n > m ≥ 1 : ‖ Kxn − Kxm ‖≥ 1
2

(Kxn)n

∃m0 ∈ N : Nm0 = Nm0+1

r → r + 1

x ∈ Nm0+r+1 ⇒ (1 − K)m0+r+1x = 0
⇒ (1 − K)m0+1(1 − K)rx = 0
⇒ (1 − K)rx ∈ Nm0+1 = Nm0

⇒ (1 − K)m0(1 − K)rx = 0
⇒ x ∈ Nm0+r

⇒ Nm0+r+1 ⊂ Nm0+r

⇒ Nm0+r+1 = Nm0+r



∀m ∈ N : Fm � Fm+1

Fm (1 − K)Fm ⊂ Fm+1

∀m ∈ N ∃xm+1 ∈ Fm+1, ‖ xm+1 ‖= 1 ∀x ∈ Fm : ‖ Kx − Kxm+1 ‖≥ 1
2

F1 ⊃ . . . ⊃ Fm (xn)n ‖ xn ‖= 1

∀m > n ≥ 1 :‖ Kxn − Kxm ‖≥ 1
2

(Kxn)n

r → r + 1 :
x ∈ Fm1+r ⇒ ∃y : x = (1 − K)m1+ry

(1 − K)m1y ∈ Fm1 = Fm1+1

∃z : (1 − K)m1y = (1 − K)m1+1z

x = (1 − K)m1+ry

= (1 − K)r+m1+1z

∈ Fm1+r+1

Fm1+r ⊂ Fm1+r+1

Fm1+r = Fm1+r+1

x ∈ Nm0 ∩ Fm0

0
x∈Nm0= (1 − K)m0x

∃y ∈ X : x
x∈Fm0= (1 − K)m0y

(1 − K)2m0y = 0
⇒ y ∈ Nm0 = N2m0

⇒ (1 − K)m0y = 0
⇒ x = (1 − K)m0y = 0
⇒ Nm0 ∩ Fm0 = {0}



x ∈ X

(1 − K)m1x ∈ Fm1 = F2m1

∃y ∈ X : (1 − K)m1x = (1 − K)2m1y

(1 − K)m1(x − (1 − K)m1y) = (1 − K)m1x − (1 − K)2m1y

= 0

x = (x − (1 − K)m1y) + (1 − K)m1y

∈ Nm1 + Fm1

x ∈ Nm0 m0 > m1

m0 > m1 ⇒ Fm1 = Fm0

⇒ x = y + z ∈ Nm1 + Fm1

⇒
⎧⎨
⎩

z = x︸︷︷︸
∈Nm0

− y︸︷︷︸
∈Nm1⊂Nm0

∈ Nm0

z ∈ Fm1 = Fm0

⇒ z = 0
⇒ x ∈ Nm1

⇒ Nm0 ⊂ Nm1

⇒ Nm0 = Nm1

m0 < m1 x ∈ Fm0

m0 < m1 ⇒ Nm1 = Nm0

⇒ x = y + z ∈ Nm1 + Fm1

⇒
⎧⎨
⎩

y = x︸︷︷︸
∈Fm0

− z︸︷︷︸
∈Fm1⊂Fm0

∈ Fm0

y ∈ Nm1 = Nm0

⇒ y = 0
⇒ x ∈ Fm1

⇒ Fm0 ⊂ Fm1

⇒ Fm0 = Fm1

1 − K : Fm0 → Fm0+1 = Fm0



Null(1 − K) ∩ Fm0 = N1 ∩ Fm0

⊂ Nm0 ∩ Fm0 = {0}

Fm0 (1 − K)−1 : Fm0 → Fm0

1 − K : Nm0+1 = Nm0 → Nm0

x ∈ Nm0 ⇒ (1 − K)m0x = 0
⇒ ∀m ≥ m0 : (1 − K)mx = 0

m0

0 � N1 � . . . � Nm0 = Nm0+1 = . . .

Nm0 
= {0} ⇒ Null(1 − K) = N1 
= {0}

x ∈ Nm0 = Nm0+1 ⇒ (1 − K)m0(1 − K)x = 0
⇒ (1 − K)x ∈ Nm0

Nm0 ⇒ Kx = 1 · x︸︷︷︸
∈Nm0

− (1 − K)x︸ ︷︷ ︸
∈Nm0

∈ Nm0

⇒ KNm0 ⊂ Nm0

x ∈ Fm0 ⇒ ∃y ∈ X : x = (1 − K)m0y

⇒ ∃y ∈ X : (1 − K)x = (1 − K)m0+1y ∈ Fm0

Fm0 ⇒ Kx = 1 · x︸︷︷︸
∈Fm0

− (1 − K)x︸ ︷︷ ︸
∈Fm0

∈ Fm0

⇒ KFm0 ⊂ Fm0

K
X ⇒ K−1

⇒ id = KK−1

⇒ dim X < ∞



K = C

· : X × X → C, (x, y) �→ xy

∀x, y, z : (xy)z = x(yz)

⇐⇒
∃1 ∈ X ∀x ∈ X : 1x = x1 = x

C
‖ xy ‖≤‖ x ‖‖ y ‖

· : X × X → C, (x, y) → xy

Mn(C)
L(X) ⇐⇒ dim X = 1 dim X = 0

(C(X, K), ‖ · ‖∞)

C = 1

‖ xy ‖≤‖ x ‖‖ y ‖

(aA + B)C = aAC + BC

C(aA + B) = aCA + CB

(AB)C = A(BC)
A ◦ id = id ◦ A = A

‖ AB ‖ ≤ ‖ A ‖‖ B ‖



X = {0}
X = K (

1 0
0 0

)(
0 −1
1 0

)
=

(
0 −1
0 0

)
(

0 −1
1 0

)(
1 0
0 0

)
=

(
0 0
1 0

)
M2(C)

dim X ≥ 2 L(X)
C(X, K)

f(x)g(x) f(gh) = (fg)h

∀x ∈ X : f(x)g(x) ≤ ‖ f ‖∞‖ g ‖∞
‖ fg ‖∞ ≤ ‖ f ‖∞‖ g ‖∞

x ∈ A ‖ 1 − x ‖< 1

x−1 =
∞∑

k=0

(1 − x)k

x ∈ A

∃y ∈ A : ‖ x − y ‖< 1
‖ x−1 ‖

y−1 = x−1
∞∑

k=0

(1 − yx−1)k

Gl(A)

Gl(A) → Gl(A), x �→ x−1

∞∑
k=0

∥∥(1 − x)k
∥∥ ≤

∞∑
k=0

‖ 1 − x ‖k

=
1

1− ‖ 1 − x ‖ < ∞



∞∑
k=0

(1 − x)k = y

xy ←− x

n∑
k=0

(1 − x)k

= (1 − (1 − x))
n∑

k=0

(1 − x)k

=
n∑

k=0

(1 − x)k −
n+1∑
k=1

(1 − x)k

= 1 − (1 − x)n+1

‖1−x‖n+1→0−→ 1

xy = 1

yx = 1

x−1 =
∞∑

k=0

(1 − x)k

‖ 1 − yx−1 ‖ = ‖ (x − y)x−1 ‖
≤ ‖ x − y ‖‖ x−1 ‖< 1

∞∑
k=0

(1 − yx−1)k = (yx−1)−1

yx−1
∞∑

k=0

(1 − yx−1)k = yx−1(yx−1)−1 = 1

y−1 = x−1
∞∑

k=0

(1 − yx−1)k



Gl(A)
‖ x− y ‖< 1

‖x−1‖ y−1

c := ‖ 1 − yx−1 ‖
≤ ‖ x−1 ‖‖ x − y ‖

y→x→ 0

‖ y−1 − x−1 ‖ =

∥∥∥∥∥x−1

(
1 −

∞∑
n=0

(1 − yx−1)n

)∥∥∥∥∥
≤ ‖ x−1 ‖

∞∑
n=1

‖ 1 − yx−1 ‖n

= ‖ x−1 ‖
(

1
1 − c

− 1
)

= ‖ x−1 ‖ c

1 − c
y→x→ 0

x ∈
A

Sp x = {c ∈ C|(c · 1 − x) } ⊂ C

Sp x ⊂ B(0, ‖ x ‖)

f : C → A, c �→ c · 1 − x

C\Sp x = f−1(Gl(A)︸ ︷︷ ︸)



|c| >‖ x ‖
c >‖ x ‖ ⇒

∥∥∥1 −
(
1 − x

c

)∥∥∥ =
∥∥∥x

c

∥∥∥ < 1

⇒ 1 − x

c

⇒ c · 1 − x = c ·
(
1 − x

c

)
⇒ Sp x ⊂ B(0, ‖ x ‖)

∀x ∈ A : Sp(x) 
= ∅
a, b ∈ C\Sp x

((a − x)−1 − (b − x)−1)(a − x)(b − x)
= (b − x) − (b − x)−1(b − x)(a − x)
= (b − x) − (a − x)
= b − a

(a − x)−1 − (b − x)−1 = (b − a)(a − x)−1(b − x)−1

Sp x = ∅
f : A → C

f(x−1) 
= 0

g : C = (Sp x)C → C, a �→ f((a − x)−1)

b ∈ C

C = (Sp x)C → A, b �→ (b − x)−1

g(a) − g(b)
a − b

=
f((a − x)−1) − f((b − x)−1)

a − b

f
= f

(
(a − x)−1 − (b − x)−1

a − b

)
a)
= −f((a − x)−1(b − x)−1)

a→b→ −f(((b − x)−1)2)



1 − x

a

|a|→∞→ 1

y �→y−1

⇒
(
1 − x

a

)−1 |a|→∞→ 1

⇒ (a − x)−1 =
1
a︸︷︷︸
→0

(
1 − x

a

)−1

︸ ︷︷ ︸
→1

|a|→∞→ 0

⇒ ∃R > 0 ∀a ∈ B(0, R)C : |g(a)| < 1

B(0, R)
C = B(0, R)C ∪ B(0, R)

lim
|a|→∞

|g(a)| = 0

g ≡ 0

g(0) = f((0 − x)−1) = −f(x−1) 
= 0

∀x ∈ A : Sp x 
= ∅

x ∈ A

r(x) := lim sup
n→∞

‖ xn ‖ 1
n

r(x) ≤ ‖ x ‖
∀a ∈ C : Sp(ax) = aSp x

∀a ≥ 0 : r(ax) = ar(x)
Sp x ⊂ B(0, r(x))

∃a ∈ Sp x : |a| = r(x)

r(x) = lim
n→∞ ‖ xn ‖ 1

n



r(x) = lim sup
n→∞

‖ xn ‖1/n

‖xn‖≤‖x‖n

≤ lim sup
n→∞

(‖ x ‖n)1/n =‖ x ‖

0 
= a ∈ C

c ∈ Sp ax ⇐⇒ ax − c = 0

⇐⇒ x − c

a
= 0

⇐⇒ c

a
∈ Spx

⇐⇒ c ∈ aSpx

r(ax) = lim sup
n→∞

‖ (ax)n ‖1/n

= lim sup
n→∞

a ‖ xn ‖1/n

= a lim sup
n→∞

‖ xn ‖1/n

= ar(x)

c |c| > r(x)

∃0 < a < 1 : |c| > a|c| > r(x) = lim sup
n→∞

‖ xn ‖1/n

∃n0 ∀n ≥ n0 : ‖ xn ‖1/n< a|c|
∃n0 ∀n ≥ n0 :

∥∥∥∥xn

cn

∥∥∥∥ ≤ an

∞∑
n=0

∥∥∥x

c

∥∥∥n

≤
∞∑

n=0

an =
1

1 − a
< ∞

1
c

∞∑
n=0

(x

c

)n

=
1
c

(
1 − x

c

)−1

= (c − x)−1

c − x

c 
∈ Spx

Sp(x) ⊂ B(0, r(x))



∃a ∈ Sp x : |a| = r(x)

p ∈ N
an =‖ xn ‖

∃0 ≤ rm < p : m = kmp + rm

am = ‖ xm ‖=‖ xkmpxrm ‖
≤ ‖ xp ‖km‖ xrm ‖
= akm

p arm

a
1
m
m ≤ a

1
p

kmp
m

p a
1
m
rm

≤
(

a
1
p
p

)1− rm
m (

p
max
i=1

ai

) 1
m

m→∞→
(

a
1
p
p

)

∀p ∈ N : lim sup
m→∞

(
a

1
m
m

)
≤

(
a

1
p
p

)

lim sup
m→∞

(
a

1
m
m

)
≤ lim inf

p→∞

(
a

1
p
p

)

⇐⇒

∃0 
= x ∈ X : Tx = ax

x ∈ Null(a − T )
⇒ a − T

⇒ a − T

⇒ a ∈ Sp T



a ∈ Sp T ⇐⇒ a − T
dim V <∞⇐⇒ a − T

⇐⇒ a

(en)n∈N

T : l2(N0) → l2(N0),
∞∑

n=0

anen �→
∞∑

n=0

anen+1

∥∥∥∥∥T
∞∑

i=1

aiei

∥∥∥∥∥
2

=

∥∥∥∥∥
∞∑

i=1

aiei+1

∥∥∥∥∥
2

=
∞∑

i=1

|ai|2

=

∥∥∥∥∥
∞∑

i=1

aiei

∥∥∥∥∥
2

‖ T ‖≤ 1

‖ Ten ‖=‖ en+1 ‖= 1

‖ T ‖= 1

‖ Tx ‖= 0 ⇒‖ x ‖=‖ Tx ‖= 0

e0 
∈ Bild T = Lin{e1, e2, . . .}⊥e0



T

0 − T = −T

0 ∈ SpT.

Tx = 0 ⇒ x = 0



T ∈ L(X)

Sp(T ) = {a ∈ C : a1 − T }

a1 − T ⇐⇒ a1 − T

T ∈ L(H) ∃n ∈ N : Tn ≡ 0 1−T

Tn = 0

(1 − T )
n−1∑
k=0

T k =
n−1∑
k=0

T k −
n∑

k=1

T k = 1 − Tn = 1

(
n−1∑
k=0

T k

)
(1 − T ) =

n−1∑
k=0

T k −
n∑

k=1

T k = 1 − Tn = 1

(1 − T )−1 =
n−1∑
k=0

T k

C K ∈ K(X)
a 
= 0

dim X = ∞ 0 ∈ Sp K
∀a ∈ SpK\{0} ∃!

F (a) = (a − K)m0X

N(a) = Null(a − K)m0

X = F (a) ⊕ N(a)
K(N(a)) ⊂ N(a)
K(F (a)) ⊂ F (a)
dim N(a) < ∞

(a − K) : N(a) → N(a) ∃n ∈ N : (a − K)n
N(a) ≡ 0

(a − K) : F (a) → F (a)



r = 0

SpK = {0} ∪ {a1, a2, . . .} |a1| ≥ |a2| ≥ . . . lim
n→∞ an = 0

a, b ∈ SpK\{0}, a 
= b ⇒ N(b) ⊂ F (a)

X =
n⊕

i=1

N(ai) ⊕
n⋂

i=1

F (ai)

⊕n
i=1 N(ai) K|Ln

i=1 N(ai)

K
a

Null(a − K)m0 = Null

(
1 − K

a

)m0

Null(a − K)m0 
= {0}
⇒ Null(a − K) 
= {0}
⇒ a

dim X = ∞ ⇒ ⇐⇒ 0 ∈ SpK

0 
= a ∈ SpK

(a − K) : F (a) → F (a)

∃ε > 0 ∀|b − a| < ε : (b − K) : F (a) → F (a)

b − K = b − a + a − K

= (b − a)
(

1 − a − K

b − a

)



a−K
a−b : N(a) → N(a) ∃n ∈ N :

(
a−K
a−b

)n

≡ 0

b − K : N(a) → N(a)
b − K : N(a) ⊕ F (a) → N(a) ⊕ F (a)
b 
∈ SpK

∃ε > 0 : SpK ∩ B(a, ε) = {a}

SpK ∩ B(0, δ)C

∀n ∈ N :
∣∣∣∣
{

b ∈ SpK : |b| ≥ 1
n

}∣∣∣∣ < ∞

SpK\{0} =
⋃
n∈N

{
b ∈ SpK : |b| ≥ 1

n

}

a − K : N(b) → N(b)

N(b) = (a − K)n0N(b)
⊂ (a − K)n0X

= F (a)

X = N(a1) ⊕ F (a1).

K : F (a1) → F (a1)

X = N(a1) ⊕ N(a2) ⊕ (F (a1) ∩ F (a2))

K = K∗ ∈ K(H)
b ∈ R |b| =‖ K ‖

N(a) = Null(a − K)
a, b ∈ SpK\{0}, a 
= b ⇒ Null(a − K)⊥Null(b − K)

H =
⊕

a∈Sp(K)

Null(a − K)



‖ K ‖ K=K∗
= sup{| 〈Kv, v〉︸ ︷︷ ︸

∈R

| :‖ v ‖= 1}

(vn)n, ‖ vn ‖= 1

b = lim
n→∞ 〈Kvn, vn〉 ∈ R

|b| = ‖ K ‖

(Kvnk
)k (Kvn)n

y := lim
k→∞

Kvnk

‖ Kvnk
− bvnk

‖2

= ‖ Kvnk
‖2︸ ︷︷ ︸

≤‖K‖2

−2Reb 〈Kvnk
, vnk

〉 + |b|2︸︷︷︸
=‖K‖2

≤ 2b2 − 2b 〈Kvnk
, vnk

〉︸ ︷︷ ︸
→b

k→∞→ 0.

b = 0 K ≡ 0
b 
= 0

y = lim
k→∞

Kvnk
= lim

k→∞
bvnk

= b lim
k→∞

vnk

Ky = b lim
k→∞

Kvnk
= by

‖ v ‖= 1 Kv = av

a = 〈av, v〉 = 〈Kv, v〉
K=K∗

= 〈v, Kv〉 = 〈v, av〉
= a 〈v, v〉 = a



(a − K)2
n

v = 0 n ≥ 1 a ∈ R

0 =

〈
(a − K)2

n

v︸ ︷︷ ︸
=0

, v

〉

K=K∗
=

〈
(a − K)2

n−1
v, (a − K)2

n−1
v
〉

=
∥∥∥(a − K)2

n−1
v
∥∥∥2

0 = (a − K)2
n−1

v

∀n ≥ 1 :
(
(a − K)2

n

v = 0 ⇒ (a − K)2
n−1

v = 0
)

v ∈ Null(a − K) ⇒ ∃n0 : (a − K)2
n0

v = 0

N(a) ⊂ Null(a − K)

v ∈ Null(a − K), w ∈ Null(b − K)

a 〈v, w〉 2.)
= 〈Kv, w〉

K=K∗
= 〈v, Kw〉
2.)
= b 〈v, w〉

b∈R= b 〈v, w〉
0 = (b − a)︸ ︷︷ ︸

�=0

〈v, w〉

0 = 〈v, w〉
Null(a − K) ⊥ Null(b − K)

H = V ⊕
⊕

a∈SpK\{0}
Null(a − K)



v ∈ V, w ∈ Null(a − K)

〈w, Kv〉 K=K∗
= 〈Kw, v〉

w∈N(a)
= 〈aw, v〉
= a 〈w, v〉︸ ︷︷ ︸

=0

= 0

Kv ⊥ Null(a − K)
KV ⊂ V

K : V → V

‖ K ‖> 0 ⇒ ∃ b : |b| =‖ K ‖
⇒ ∃ Null(b − K) ⊂ V

‖ K|V ‖= 0

Null(b − K)

K|V ≡ 0
V = Null(K)



K = C

I ⊂ A ⇐⇒
IA, AI ⊂ I

⇐⇒
∀ J, I ⊂ J ⊂ A : J = I J = A

⇐⇒
I 
= A

I ⇐⇒ 1 
∈ I

I

⇒

1 ∈ I
Ideal⇒ A1 ⊂ I

⇒ A ⊂ I

⇐
I ⊂ A\{1} � A

I
(xn)n ⊂ I limn→∞ xn = x ∈ I
a ∈ A

axn ∈ I

lim
n→∞ axn = ax

ax ∈ I



xa ∈ I

∃ x ∈ I

1 = x−1x ∈ I

I = A

I

I ⊂ (Gl(A))C︸ ︷︷ ︸
I

I ⊂ I
I ⇒ I = I

I ⊂ J, 1 
∈ J ⊂

1.) ∀I : I = I

2.) I1 � I2, I2 � I3 ⇒ I1 � I3

1.) ∀I : I 
< I

2.) I1 < I2, I2 < I3 ⇒ I1 < I3

Jl ⋃
l∈L Jl a ∈ A

x, y ∈
⋃
l∈L

Jl ⇒ x ∈ Jl1 , y ∈ Jl2

l2>l1⇒ x, y ∈ Jl2

Jl2⇒ x + y ∈ Jl2 ⊂
⋃
l∈L

Jl

x ∈
⋃
l∈L

Jl ⇒ x ∈ Jl1

Ideal⇒ xa ∈ Jl1 ⊂
⋃
l∈L

Jl



I ⊂ A

(x + I)(y + I) = xy + I

A/I

(x + n1)(y + n2)
= xy + n1y + xn2 + n1n2︸ ︷︷ ︸

∈I

∈ xy + I

A/I

((x + I)(y + I))(z + I) = xyz + I

= (x + I)((y + I)(z + I))
(c1x1 + c2x2 + I)(y + I) = c1(x1y + I) + c2(x2y + I)

= c1(x1 + I)(y + I) + c2(x2 + I)(y + I)
(y + I)(c1x1 + c2x2 + I) = c1(yx1 + I) + c2(yx2 + I)

= c1(y + I)(x1 + I) + c2(y + I)(x2 + I)

A/I

(x + I)(y + I) = xy + I

= yx + I

= (y + I)(x + I)

C

‖ x + I ‖A/I= inf{‖ x + z ‖A |z ∈ I}
z1, z2 ∈ I

‖ x + z1 ‖A ≤ ‖ x + I ‖A/I +ε

‖ y + z2 ‖A ≤ ‖ y + I ‖A/I +ε



‖ (x + I)(y + I) ‖A/I
Def
= ‖ (xy) + I ‖A/I

= ‖ xy + xz2 + z1y + z1z2︸ ︷︷ ︸
∈I

+I ‖A/I

= ‖ (x + z1)(y + z2) + I ‖A/I

inf

≤ ‖ (x + z1)(y + z2) ‖A

≤ ‖ x + z1 ‖A ‖ y + z2 ‖A

≤ (‖ x + I ‖A/I +ε
) · (‖ y + I ‖A/I +ε

)
ε

‖ (x + I)(y + I) ‖A/I≤‖ x + I ‖A/I · ‖ y + I ‖A/I

x ∈ A

J = xA = {xy : y ∈ A}

0x = 0 ∈ J

xy1, xy2, x(c1y1 + c2y2) ∈ J

axy = x ay︸︷︷︸
∈A

∈ J

I ⊂ A

0 
= x ∈ A/I.
A/I

J = xA/I

pr : A → A/I, a �→ a + I



pr pr−1(J)

a ∈ A, x ∈ pr−1(J) ⇒ a + I ∈ A/I, x + I ∈ J
J ⇒ (a + I)(x + I), (x + I)(a + I) ∈ J

⇒ (ax + I), (xa + I) ∈ J

⇒ ax, xa ∈ pr−1(J)

pr−1(J) A

pr−1(0) = I
0 �=x∈J

� pr−1(J) ⊂ A

I ⇒ pr−1(J) = A

⇒ A/I = J
Def
= xA/I

Def
= {(x + I)(y + I) : y ∈ A}

⇒ ∃y + I ∈ A/I : 1 + I = (x + I)(y + I)
⇒ x + I

C
a 
= 0

A = C1

x ∈ A

Sp x 
= ∅ ⇐⇒ ∃a : a − x

⇒ a − x = 0
⇒ x = a1

⇐⇒
f

f(xy) = f(x)f(y)

f : A → C f 
≡ 0

Spec(A) = { A}
f(1) = 1

A = Null(f) ⊕ C1



f(1) = f(1 · 1) = f(1) · f(1)

f(1) ∈ {0, 1}
a ∈ A

f(1) = 0 ⇒ f(a) = f(a1) = f(a)f(1) = 0
⇒ f ≡ 0

f 
≡ 0
f(1) = 1

x ∈ Nullf ∩ C1

0
x∈Nullf

= f(x) x=c·1= f(c · 1)
= c

0 = x

x ∈ A

f(x − f(x) · 1) = f(x) − f(x) = 0

x = 1 · f(x)︸ ︷︷ ︸
∈C1

+ (x − f(x) · 1)︸ ︷︷ ︸
∈Nullf

Null(f)
a ∈ A, x ∈ Null(f)

f(ax) = f(a) f(x)︸︷︷︸
=0

= 0

f(xa) = f(x)︸︷︷︸
=0

f(a) = 0

Null(f)

A = Null(f) ⊕ C1

Nullf
Null(f)



S : { } → { }, f �→ Null(f)

Null(f)
Nullf = Nullg x ∈ A

A = C1 ⊕ Null(f) = C1 ⊕ Null(g)

x = c1 + y y ∈ Null(f) = Null(g)

f(x) = f(c · 1) + f(y)
= c

= g(c · 1) + g(y)
= g(x)

f ≡ g

I ⊂ A

A/I

A/I = C · 1

pr : A → A/I = C · 1

Null(pr) = I



f : A → C
x ∈ A ⇒ f(x) ∈ C
Sp(x) = {f(x) | f ∈ SpecA}
f ‖ f ‖≤ 1
‖ 1 ‖= 1 ‖ f ‖= 1

1 = f(1) = f(xx−1) = f(x)f(x−1)

f(x)
⊃ f f(x) = c

f(c1 − x) = c1 − f(x) = 0
a)⇒ c1 − x

⇒ f(x) = c ∈ Sp x

⊂

c ∈ Sp x ⇒ c1 − x

⇒ I := (c1 − x)A 
= A

⇒ ∃ J : I ⊂ J

⇒ ∃ f : Null f = J

⇒ f |I ≡ 0
⇒ f(c − x) = 0
⇒ f(x) = c

f(x) ∈ Spx ⇒ |f(x)| ≤‖ x ‖
⇒ ‖ f ‖≤ 1

‖ 1 ‖= 1

‖ f(1) ‖=‖ 1 ‖= 1
‖ f ‖= 1



fi → f ⇐⇒ ∀x ∈ BX(0, 1) : |(f − fi)(x)| → 0

BX′(0, 1) = {f : X → K | ‖ f ‖≤ 1}

(X ′)1

BC(0, 1)
BX(0,1)

=
∏

x∈BX(0,1)

BC(0, 1)x

(yi,x)
x∈BX(0,1)

→ (yx)
x∈BX(0,1)

⇐⇒ ∀x ∈ BX(0, 1) : (yi,x − yx) → 0

BC(0, 1) BC(0, 1)
BX(0,1)

(yx)
x∈BX(0,1)


= (zx)
x∈BX(0,1)

⇐⇒ ∃x ∈ BX(0, 1) : yx 
= zx

⇐⇒ px(y) 
= px(z)

BC(0, 1)
BX(0,1)

S : BX′(0, 1) → BC(0, 1)
BX(0,1)

, f �→ (f(x))
x∈BX(0,1)

|f(x)| ≤‖ f ‖‖ x ‖≤ 1

|f(x)| ∈ BC(0, 1)

∀x ∈ BX(0, 1) : f(x) = g(x)
f,g⇒ f ≡ g



(fi)i BX′(0, 1) fi → f

f(ax + y) ← fi(ax + y)
fi = afi(x) + fi(y)

→ af(x) + f(y)

|f(x)| ≤ |(fi − f)(x)|︸ ︷︷ ︸
→0

+ |fi(x)|︸ ︷︷ ︸
≤1

∀x ∈ BX′(0, 1) : |f(x)| ≤ 1

f ∈ BX′(0, 1)
BX′(0, 1)

BX′(0, 1) Bild(S)

S, S−1

BX′(0, 1) S(BX′(0, 1))

BC(0, 1)
BX(0,1)

S(BX′(0, 1))

Spec(A)

f ∈ SpecA ⇐⇒
{

f(1) = 1
∀x, y : f(xy) = f(x)f(y)

|fi(x)fi(y) − f(x)f(y)|
≤ |fi(x)|︸ ︷︷ ︸

≤1

|fi(y) − f(y)| + |f(y)|︸ ︷︷ ︸
≤1

|fi(x) − f(x)|

→ 0

f(xy) ← fi(xy) = fi(x)fi(y) → f(x)f(y)
1 = fi(1) = f(1)



Spec(A)
‖ f ‖≤ 1

SpecA︸ ︷︷ ︸ ⊂ BA′(0, 1)︸ ︷︷ ︸
BA′(0, 1) Spec(A)

G : A → C(SpecA), x �→ (G(x) : Spec(A) → Sp(x) ⊂ C, f �→ f(x))

G G, G(x)

∀x ∈ A : ‖ G(x) ‖ ≤ ‖ x ‖
‖ G ‖ ≤ 1

∀x ∈ A : ‖ G(x) ‖ = r(x)

(C(SpecA), ‖ · ‖∞)

G(xy)(f) = f(xy) = f(x)f(y)
= G(x)(f)G(y)(f)

G(x + a · y)(f) = f(x + a · y) = f(x) + af(y)
= G(x)(f) + aG(y)(f)

|G(x)(f)| = |f(x)| ≤‖ f ‖‖ x ‖
G(x)

‖ G(x) ‖ = sup
‖f‖=1

|G(x)(f)| ≤‖ x ‖

‖ G ‖ ≤ 1

Sp(x) = {f(x)|f ∈ Spec(A)}
= { G(x) : Spec(A) → C, x �→ f(x)}

r(x) = sup
a∈Sp(x)

|a| = sup
f∈Spec(A)

|f(x)| =‖ G(x) ‖



C∗

∗ : A → A, x �→ x∗

∀c ∈ K,∀x, y ∈ A

x∗∗ = (x∗)∗ = x

(x + y)∗ = x∗ + y∗

(ax)∗ = ax∗

(xy)∗ = y∗x∗

∗
1∗ = 1

x∗

(x∗)−1 = (x−1)∗

Sp(x∗) = Sp(x)

(∀x ∈ A : x∗∗ = x) ⇒∗∗= id

∗

∀x ∈ A : x∗ = (1x)∗ = x∗1∗

∀x ∈ A : x∗ = (x1)∗ = 1∗x∗

1∗

1 = 1∗

xx−1 = 1 ⇒ (x−1)∗x∗ = 1∗ = 1
x−1x = 1 ⇒ x∗(x−1)∗ = 1∗ = 1

(x−1)∗ x∗

c − x ⇐⇒ (c − x)∗

⇐⇒ c − x∗



∗

∗
∀x ∈ A : ‖ x∗x ‖=‖ x ‖2

C∗

∀x ∈ X : ‖ x∗ ‖=‖ x ‖

∗ 1

1∗ = 1

C∗

‖ x ‖2≤‖ xx∗ ‖

‖ x ‖= 0 ‖ x∗ ‖= 0 =‖ x ‖
‖ x ‖
= 0

‖ x ‖2 = ‖ x∗x ‖≤‖ x∗ ‖‖ x ‖
‖ x ‖ ≤ ‖ x∗ ‖

‖ x ‖≤‖ x∗ ‖≤‖ x∗∗ ‖=‖ x ‖

∀x ∈ A : 1x = x1 = x

⇒ ∀x ∈ A : x∗1∗ = 1∗x∗ = x∗

⇒ 1∗ = 1

‖ x ‖2 ≤ ‖ x∗x ‖≤‖ x∗ ‖‖ x ‖
‖ x ‖ ≤ ‖ x∗ ‖≤‖ x∗∗ ‖=‖ x ‖
‖ x ‖2 = ‖ x∗x ‖

C∗ a = a∗ ∈ A

r(a) =‖ a ‖

C∗ C∗



∥∥a2
∥∥ = ‖ a ‖2∥∥∥a2n
∥∥∥ = ‖ a ‖2n

r(a) = lim
n→∞ ‖an‖ 1

n

= lim
n→∞

∥∥∥a2n
∥∥∥ 1

2n

= ‖ a ‖
‖ · ‖1, ‖ · ‖2

‖ a ‖2
1 = ‖a∗a‖1

= r (a∗a)
= sup

c∈Sp(a∗a)

|c|

A = L(H) C∗

A ⊂ L(H)

x ∈ A ⇒ x∗ ∈ A

C∗

dim H = ∞ K(H) ⊂ L(H) C∗

f = f∗

‖ f ‖∞ = sup{|f(t)| : t ∈ X}
A = C(X) C∗

A ⊂ C(X)

f �→ f

C∗

∗
x ∈ L(H)

‖ x ‖2 = sup{〈xu, xu〉 | ‖ u ‖= 1}
= sup{〈x∗xu, u〉 | ‖ u ‖= 1}

x∗x=(x∗x)∗
= ‖ x∗x ‖



∀x ∈ L(H) : ‖ x∗x ‖=‖ x ‖2

x ∈ A ⇒ x∗ ∈ A

∗ L(H) x ∈ A ⇒ x∗ ∈ A

x ∈ K(H) ⇒ x∗ ∈ K(H)

C∗

dim H = ∞ id : H → H

1 = id 
∈ K(H)

f∗ = f ∈ C(X)

f∗∗ = f = f

(f + g)∗ = f + g = f + g = f∗ + g∗

(af)∗ = af = af∗

(fg)∗ = fg = gf

= g∗f∗

‖ f∗f ‖∞ = ‖ ff ‖∞
= ‖ |f |2 ‖∞=‖ f2 ‖∞

C∗

G : A → C(SpecA), x �→ (f �→ f(x))

G(x∗) = G(x)

a, b, c, d ∈ R

f(x) = a + ib

f(x∗) = c + id.



b + d 
= 0

(x + x∗)∗ = (x∗ + x∗∗) = x∗ + x

y :=
x + x∗ − (a + c)1

b + d
= y∗

f(y) =
bi + di

b + d
= i

e ∈ R

f(y + ei) = i(1 + e)
|1 + e| = |f(y + ei)|

≤ ‖ f ‖‖ y + ei ‖
‖f‖≤1

≤ ‖ y + ei ‖
(1 + e)2 ≤ ‖ y + ei ‖2

C∗
= ‖ (y + ei)∗(y + ei) ‖

y=y∗
= ‖ (y − ei)(y + ei) ‖
= ‖ y2 + e2 ‖
≤ ‖ y2 ‖ +e2

1 + 2e ≤‖ y2 ‖
e

b = −d

a − c 
= 0

(ix − ix∗)∗ = (ix∗ − ix∗∗) = −ix∗ + ix

y :=
ix − ix∗ − (d − b)1

a − c
= y∗

f(y) =
i(a + ib) − i(c + id) − (d − b)1

a − c
= i

a = c

f(x) = a − ib = c + id = f(x∗)



∀f : f(x∗) = f(x)
∀f : G(x∗)(f) = f(x∗) = f(x) = G(x)(f)

G(x∗) ≡ G(x)

C∗

G : A → C(SpecA), x �→ (Spec(A) → Sp(x), f �→ f(x))

C∗

C(Spec(A)) f = f∗ C∗

G(A)
G(x∗) = G(x) x ∈ A

‖ x2 ‖2 = ‖ x∗x∗xx ‖
= ‖ x∗xx∗x ‖

C∗−
= ‖ x∗x ‖2

C∗−
= ‖ x ‖4

‖ x2 ‖ = ‖ x ‖2

r(x) = lim
n→∞ ‖ x2n ‖ 1

2n

= lim
n→∞

(
‖ x ‖2n

) 1
2n

= ‖ x ‖

‖ G(x) ‖= r(x) =‖ x ‖

‖ G(x)2 ‖ = ‖ x ‖2

= ‖ x∗x ‖=‖ G(x)G(x) ‖

G(x) = 0 ⇒ x = 0



G(xn) → y ⇒ (G(xn))n

⇒ (xn)n A

⇒ ∃x ∈ A : xn → x
G ⇒ G(xn) → G(x)

G(A)
(∗) G(x∗) = G(x)

G(A) ∗ C(SpecA)

G(1) = 1

1 ∈ G(A)

∀x ∈ A : f1(x) = G(x)(f1) = G(x)(f2) = f2(x)

f1 = f2

f1 
= f2 ⇒ ∃x ∈ A : f1(x) 
= f2(x)
⇒ ∃x ∈ A : G(x)(f1) 
= G(x)(f2)

G(A)

G(A) = C(Spec(A))



C∗

x ∈ L(H) p(z, z, 1) p(x, x∗, 1) ∈ L(H)
P (z, z, 1)

C∗ x ∈ A
C∗

C∗(x, 1) :=
⋂

x,1∈B C∗−
B.

C∗ x, 1

P (x, x∗, 1) = { x, x∗, 1}
x, x∗

P (x, x∗, 1) = C∗(x, 1)

P (x, x∗, 1) ⊂ C∗(x, 1)
P (x, x∗, 1) ⊂ C∗(x, 1)

P (x, x∗, 1)
(p(x)q(x))r(x) = p(x)(q(x)r(x))

P (x, x∗, 1)
P (x, x∗, 1)

(∗)
P (x, x∗, 1) P (x, x∗, 1)

(∗)
∀x ∈ A : ‖ x∗x ‖=‖ x ‖2

P (x, x∗, 1)
P (x, x∗, 1) C∗ x, 1

C∗(x, 1) ⊂ P (x, x∗, 1)

C∗(x, 1) ⇐⇒ xx∗ = x∗x



⇒
⇐ P (x, x∗, 1)

xx∗ = x∗x

x x∗

y, z ∈ C∗(x, 1)

∃pn, qn ∈ P (x, x∗, 1) : lim
n→∞ pn = y lim

n→∞ qn = z

yz = lim
n→∞ pn lim

n→∞ qn = lim
n→∞ pnqn

xx∗=x∗x= lim
n→∞ qnpn = lim

n→∞ qn lim
n→∞ pn

= zy

C∗ f, g : B → A C∗

B0 := {x ∈ B : f(x) = g(x)}
= (f − g)−1(0)

C∗

f = g C∗(x, 1) ⇐⇒
{

f(x) = g(x)
f(1) = g(1)

f, g f − g

B0 = (f − g)−1(0)

f, g f − g

B0 = (f − g)−1(0)

x, y ∈ B0 ⇒ f(xy) = f(x)f(y) = g(x)g(y) = g(xy)
⇒ xy ∈ B0



B0

∀x ∈ B0 : ‖ x∗x ‖=‖ x ‖2

f, g C∗

f(x∗) = f(x)∗ = g(x)∗ = g(x∗)

x ∈ B0 ⇒ x∗ ∈ B0

(∗) B0

C∗

⇒ x, 1 ∈ C∗(x, 1)
⇐ f, g P (x, x∗, 1) C∗(x, 1)

C∗ x ∈ A xx∗ = x∗x
∀y ∈ C∗(x, 1) : SpA(y) = SpC∗(x,1)(y)

x̂ : Spec C∗(x, 1) → SpAx = SpC∗(x,1)x ⊂ C, f �→ f(x)

x̂, x̂−1

(c − y)a = a(c − y)
⇒ a(c − y)−1 = (c − y)−1a

c − y x, 1
⇒ (c − y)−1 x, 1

∀y ∈ C∗(x, 1) : B := C∗(x, (c − y)−1, 1) C∗

C∗(x, 1) ⊂ B

G(C∗(x, 1)) ⊂ G(B) = C(SpecB)

G(C∗(x, 1))

f → f



f, g ∈ SpecA

f = g C∗(x, 1)
⇒ f(y) = g(y) f(1) = g(1)
⇒ f(c − y) = g(c − y)
⇒ f((c − y)−1) = (f(c − y))−1 = (g(c − y))−1 = g((c − y)−1)
⇒ f = g 1, x, (c − y)−1

⇒ f = g C∗(x, (c − y)−1, 1)

G(C∗(x, 1))

G(C∗(x, 1)) = G(C∗(x, (c − y)−1, 1))
C∗(x, 1) = C∗(x, (c − y)−1, 1)

(c − y)−1 ∈ C∗(x, 1)

c − y A

⇒ c − y C∗(x, 1)

Spx = {f(x) : f ∈ Spec C∗(x, 1)}
= { x̂ : Spec C∗(x, 1) → SpAx, f �→ f(x)}

x̂
C∗ f(1) = g(1)

f(1) = g(1)
f(x) = g(x)

}
⇒ ∀y ∈ C∗(x, 1) : f(y) = g(y)

x̂

fi → f ⇐⇒ ∀y ∈ C∗(x, 1) = P (x, x∗, 1) : fi(y) → f(y)
⇐⇒ ∀y ∈ P (x, x∗, 1) : fi(y) → f(y)

⇐⇒
{

fi(x) → f(x)
fi(1) → f(1)

fi(1)=1=f(1)⇐⇒ x̂(fi) = fi(x) → f(x) = x̂(f)

G(x), G(x)−1



A C∗ x ∈ A
xx∗ = x∗x

z : Sp(a) → C, c �→ c

C∗

H : C(Sp(x)) → C∗(x, 1)

H(z) = x

x

xx∗ = x∗x C∗(x, 1)

G : C∗(x, 1) → C(Spec(C∗(x, 1)), y �→ (f �→ f(y))

C∗

x̂ : Spec(C∗(x, 1)) → Sp(x), f �→ f(x)

x̂−1

x̂t : C(Sp(x)) → C(Spec(C∗(x, 1)), g �→ g ◦ x̂

C∗

f ◦ x̂ = f ◦ x̂

(f1 · f2) ◦ x̂ = (f1 ◦ x̂) · (f2 ◦ x̂)
(f1 + bf2) ◦ x̂ = (f1 ◦ x̂) + b(f2 ◦ x̂)

x̂t(1) = 1 ◦ x̂ = 1(
x̂−1

)t

H : C(Sp(x)) → A, f �→ G−1x̂t(f)

C∗

H(z) = G−1(x̂t(z)) = G−1(z ◦ x̂)
= G−1(x̂)
= x

H(1) = 1

C(Sp(x)) 1, z

H : C(Sp(x)) → A



(f + g)(x) = f(x) + g(x)
(fg)(x) = f(x)g(x)

f(x) = f(x∗)

Id : z �→ z x

Id : z �→ z x∗

Sp(f(x)) = f(Spx)

x = x∗ ∈ L(H) ⇐⇒ ∀v : 〈xv, v〉 ∈ R

⇐⇒ Spx ⊂ R

G−1 C∗

SpL(H)f(x) = SpC∗(x,1)f(x)
= { Spx}
= f(Spx)

⇒
x = x∗ ⇒ ∀v : 〈xv, v〉 = 〈v, x∗v〉 = 〈v, xv〉 = 〈xv, v〉

⇐⇒ ∀v : 〈xv, v〉 ∈ R

⇐ c ∈ C u, v ∈ H

〈x(u + cv), u + cv〉︸ ︷︷ ︸
=A

= 〈xu, u〉︸ ︷︷ ︸
=B

+c 〈xu, v〉 + c 〈xv, u〉 + |c|2 〈xv, v〉︸ ︷︷ ︸
=C

〈x(u + cv), u + cv〉︸ ︷︷ ︸
=A

= 〈xu, u〉︸ ︷︷ ︸
=B

+c 〈v, xu〉 + c 〈u, xv〉 + |c|2 〈xv, v〉︸ ︷︷ ︸
=C

c = 1 c = i

〈xu, v〉 + 〈xv, u〉 = 〈v, xu〉 + 〈u, xv〉
〈xu, v〉 − 〈xv, u〉 = −〈v, xu〉 + 〈u, xv〉

〈xu, v〉 = 〈u, xv〉



Spx = { G(x)}

Spx ⊂ R ⇐⇒ G(x) ⊂ R

⇐⇒ G(x) = G(x) = G(x∗)
⇐⇒ x = x∗

x = x∗ ∈ L(H)

x ⇐⇒ Spx ⊂ [0,∞)
⇐⇒ Spx

[0,∞)

x ∈ L(H)√
x

Sp(x) ⊂ [0,∞)

C∗(x, 1) = C(Spx)

y =
√

x

R

(
√

x)∗ ← (pn(x))∗ ai∈R= pn(x∗) → √
x∗

(
√

x)∗ =
√

x∗ x∗=x=
√

x

Sp
√

x =
√

Spx ⊂ [0,∞)
√

x

id+ id−
xx∗ = x∗x

x = x+ − x− Spx+, Spx− ⊂ [0,∞)



id+ · id− = 0

x+ · x− = 0

x ∈ L(H)

x ⇐⇒ ∀v : 〈xv, v〉 ≥ 0

⇒
〈xv, v〉 =

〈√
x
√

xv, v
〉

=
〈√

xv,
√

xv
〉

= ‖ √
xv ‖2≥ 0

⇐ x− 
= 0

∃w ∈ H : 〈xw, w〉 < 0

x− x−

(x−)
3
2 
= 0

xx− = (x+ − x−)x− = −x2
−

〈xx−v, x−v〉 = − 〈
x2
−v, x−v

〉
= −

〈
x

3
2−v, x

3
2−v
〉

︸ ︷︷ ︸
>0

< 0

〈(x1 + x2)v, v〉 = 〈x1v, v〉 + 〈x2v, v〉
≥ 0







118 155
233 227
159 134
140 69
186 61
143 119

C∗ 322 134
254 58
314 7
85 7
50 106
1 106
129 245
112 129, 144
136 3, 251
137 260
42 58
53 67
63 17, 23
332 243
69 299
109 297
119 1
119 126
9 192
151 253
120, 140 48
68 48
245 134
310 116
134 122
145, 277 116
233 225
87 117
233 136
19, 23 35
94 86
6 170
13 13
294 26
134


