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A = USV T



X : (W, P ) → R

X : (W, P ) → R



X : (W, S, P ) → (R, B)

X : (W, S, P ) → (R, B)

Lp

L∞



[0, 1] L2



K

‖ · ‖: V → [0,∞), x �→‖ x ‖

1.) ‖ x ‖= 0 x = 0
2.) ∀c ∈ K ∀x ∈ V :‖ cx ‖= |c| ‖ x ‖
3.) ∀x, y ∈ V : ‖ x + y ‖≤‖ x ‖ + ‖ y ‖

(V, ‖ · ‖)

Rn

Rn

‖ · ‖2: Rn → [0,∞), x �→
√
〈x, x〉 =

√√√√ n∑
i=1

x2
i

x = 0 ⇐⇒ ‖ x ‖2= 0
x = 0 ⇒ 〈x, y〉 = 0

x, y ∈ Rn

| 〈x, y〉 | ≤‖ x ‖2‖ y ‖2

| 〈x, y〉 | =‖ x ‖2‖ y ‖2 ⇐⇒

‖ · ‖2 ∑n
i=1 x2

i ≥ 0 ≥ 0



√·
x = 0 ⇐⇒ xi = 0 1 ≤ i ≤ n

⇐⇒ x2
i = 0 1 ≤ i ≤ n

⇐⇒ 〈x, x〉 =
n∑

i=1

x2
i = 0

⇐⇒ ‖ x ‖2=
√

〈x, x〉 = 0

〈x, y〉 = 〈0 · y, y〉 = 0 · 〈y, y〉 = 0

x = 0 y = 0

| 〈x, y〉 | = 0 ≤‖ x ‖2‖ y ‖2

x �= 0 �= y t > 0

0 ≤
∥∥∥∥tx ± 1

t
y

∥∥∥∥2

2

=
〈

tx ± 1
t
y, tx ± 1

t
y

〉

= 〈tx, tx〉 ±
〈

tx,
1
t
y

〉
±
〈

1
t
y, tx

〉
+
〈

1
t
y,

1
t
y

〉
= t2 ‖ x ‖2

2 +
1
t2

‖ y ‖2
2 ±2 〈x, y〉

t2 = ‖y‖2
‖x‖2

0 ≤ 2 ‖ x ‖2‖ y ‖2 ±2 〈x, y〉

| 〈x, y〉 | = ±〈x, y〉 ≤‖ x ‖2‖ y ‖2

x = 0 y = 0

| 〈x, y〉 | = 0 =‖ x ‖2 · ‖ y ‖2

x �= 0 �= y
⇒

〈x, y〉 = ‖ x ‖2‖ y ‖2

t2 =
‖ y ‖2

‖ x ‖2



∥∥∥∥tx − 1
t
y

∥∥∥∥2

2

= t2 ‖ x ‖2
2 +

1
t2

‖ y ‖2
2 −2 〈x, y〉

= 2 ‖ x ‖2‖ y ‖2 −2 ‖ x ‖2‖ y ‖2

= 0

tx − 1
t
y = 0

tx =
1
t
y

〈x, y〉 = − ‖ x ‖2‖ y ‖2

t2 =
‖ y ‖2

‖ x ‖2

∥∥∥∥tx +
1
t
y

∥∥∥∥2

2

= t2 ‖ x ‖2
2 +

1
t2

‖ y ‖2
2 +2 〈x, y〉

= 2 ‖ x ‖2‖ y ‖2 −2 ‖ x ‖2‖ y ‖2

= 0

tx +
1
t
y = 0

tx = −1
t
y

⇐ y = ax

| 〈x, y〉 | = |a| · | 〈x, x〉 |
=

√
a
√

a
√
〈x, x〉

√
〈x, x〉

=
√
〈x, x〉

√
〈ax, ax〉

= ‖ x ‖2‖ y ‖2



‖ cy ‖2 =
√
〈cy, cy〉 =

√
cc 〈y, y〉

=
√
|c|
√

|c|
√

〈y, y〉 = |c| ‖ y ‖2

‖ x + y ‖2
2 = ‖ x ‖2

2 +2 〈x, y〉+ ‖ y ‖2
2

≤ ‖ x ‖2
2 +2| 〈x, y〉 |+ ‖ y ‖2

2

b)

≤ ‖ x ‖2
2 +2 ‖ x ‖2‖ y ‖2 + ‖ y ‖2

2

= (‖ x ‖2 + ‖ y ‖2)2

√·

‖ · ‖1: Rn → [0,∞), x �→
n∑

i=1

|xi|

‖ · ‖∞: Rn → [0,∞), x �→ max{|x1|, . . . , |xn|}

Rn

‖ x ‖1= 0
Def⇐⇒

n∑
i=1

|xi| = 0

⇐⇒ ∀1 ≤ i ≤ n : |xi| = 0
⇐⇒ ∀1 ≤ i ≤ n : xi = 0

‖ cx ‖1 =
n∑

i=1

|cxi| = |c|
n∑

i=1

|xi| = |c| ‖ x ‖1

‖ x + y ‖1 =
n∑

i=1

|xi + yi| ≤
n∑

i=1

|xi| +
n∑

i=1

|yi|

= ‖ x ‖1 + ‖ y ‖1



‖ x ‖∞= 0
Def⇐⇒ n

max
i=1

|xi| = 0

⇐⇒ ∀1 ≤ i ≤ n : |xi| = 0
⇐⇒ ∀1 ≤ i ≤ n : xi = 0

‖ cx ‖∞ =
n

max
i=1

|cxi| = |c| n
max
i=1

|xi| = |c| ‖ x ‖∞

∀1 ≤ i ≤ n : |xi| + |yi| ≤ n
max
i=1

|xi| + n
max
i=1

|yi|
n

max
i=1

(|xi| + |yi|) ≤ n
max
i=1

|xi| + n
max
i=1

|yi|

‖ x + y ‖∞ =
n

max
i=1

|xi + yi| ≤ n
max
i=1

(|xi| + |yi|)
≤ n

max
i=1

|xi| + n
max
i=1

|yi|
= ‖ x ‖∞ + ‖ y ‖∞



B(U, V ) := {T : U → V }

‖ · ‖U,V : B(U, V ) → R, T �→‖ T ‖:= sup
u∈U\{0}

‖ Tu ‖V

‖ u ‖U
= sup

‖u‖=1

‖ Tu ‖V

1
‖u‖

sup
u∈U\{0}

‖ Tu ‖V

‖ u ‖U
= sup

u∈U\{0}

∥∥∥∥T u

‖ u ‖
∥∥∥∥

= sup
‖u‖=1

‖ Tu ‖V

∀x, ‖ x ‖2= 1 : ‖ Ax + Bx ‖ ≤ ‖ Ax ‖ + ‖ Bx ‖
≤ sup

‖x‖=1

‖ Ax ‖ + sup
‖x‖=1

‖ Bx ‖

sup
‖x‖=1

‖ Ax + Bx ‖ ≤ sup
‖x‖=1

‖ Ax ‖ + sup
‖x‖=1

‖ Bx ‖

‖ A ‖ = sup
‖x‖=1

‖ Ax ‖≥ 0

‖ cA ‖ = sup
‖x‖=1

‖ cAx ‖= sup
‖x‖=1

|c| ‖ Ax ‖

= |c| sup
‖x‖=1

‖ Ax ‖= |c| ‖ A ‖

‖ A + B ‖ = sup
‖x‖=1

‖ Ax + Bx ‖

≤ sup
‖x‖=1

‖ Ax ‖ + sup
‖x‖=1

‖ Bx ‖

= ‖ A ‖ + ‖ B ‖

‖ A ‖= 0 ⇐⇒ sup
‖x‖=1

‖ Ax ‖= 0

⇐⇒ ∀x :‖ Ax ‖= 0
⇐⇒ ∀x : Ax = 0
⇐⇒ A ≡ 0



‖ · ‖: Kn×n → R, A �→ sup
1≤i,j≤n

|aij |

∀1 ≤ i, j ≤ n : |aij + bij | ≤ |aij | + |bij |
≤ sup

1≤i,j≤n
|aij | + sup

1≤i,j≤n
|bij |

sup
1≤i,j≤n

(|aij + bij |) ≤ sup
1≤i,j≤n

|aij | + sup
1≤i,j≤n

|bij |

‖ cA ‖ = sup
1≤i,j≤n

|caij | = |c| sup
1≤i,j≤n

|aij | = |c| ‖ A ‖

‖ A + B ‖ = sup
1≤i,j≤n

|aij + bij |

≤ sup
1≤i,j≤n

|aij | + sup
1≤i,j≤n

|bij |

= ‖ A ‖ + ‖ B ‖
‖ A ‖= 0 ⇐⇒ ∀i, j : |aij | = 0

⇐⇒ A ≡ 0

‖ T ‖U,V

a) ∀u ∈ U :‖ Tu ‖≤‖ T ‖ · ‖ u ‖U

b) ‖ id ‖= 1
c) ‖ AB ‖≤‖ A ‖‖ B ‖

d) ‖ T ‖= inf

{
L > 0 : sup

‖u‖=1

‖ Tu ‖≤ L

}



u �= 0

‖ Tu ‖
‖ u ‖ ≤ sup

‖u‖=1

‖ Tu ‖
‖ u ‖ =‖ T ‖

‖ Tu ‖≤‖ T ‖‖ u ‖
u = 0

‖ Tu ‖= 0 =‖ u ‖

sup
‖u‖=1

‖ u ‖
‖ u ‖ = sup

‖u‖=1

‖ u ‖
‖ u ‖ = sup

‖u‖=1

1 = 1

sup
‖u‖=1

‖ ABu ‖
‖ u ‖

a)

≤ sup
‖u‖=1

‖ A ‖‖ Bu ‖
‖ u ‖ =‖ A ‖‖ B ‖

sup
‖u‖=1

‖ Tu ‖≤‖ T ‖

inf

{
L > 0 : sup

‖u‖=1

‖ Tu ‖≤ L

}
≤‖ T ‖

sup
‖u‖=1

‖ Tu ‖≥‖ T ‖

inf

{
L > 0 : sup

‖u‖=1

‖ Tu ‖≤ L

}
≥‖ T ‖

‖ A ‖∞ = max
i

n∑
k=1

|aik|

‖ A ‖1 = max
k

n∑
i=1

|aik|



‖ x ‖∞= 1 A �= 0

‖ Ax ‖∞ = max
i

∣∣∣∣∣
n∑

k=1

aikxk

∣∣∣∣∣
≤ max

i

n∑
k=1

|aik| · |xk|︸︷︷︸
≤‖x‖∞=1

≤ max
i

n∑
k=1

|aik|

i = j
A �= 0 ajk �= 0

yk :=

⎧⎨
⎩

aj,k

|aj,k| aj,k �= 0

0 aj,k = 0

‖ y ‖∞ =
n

max
k=1

|yk| = 1

aj,kyk = aj,k
aj,k

|aj,k| = |aj,k| aj,k �= 0

‖ Ay ‖∞ = max
i

∣∣∣∣∣
n∑

k=1

ai,kyk

∣∣∣∣∣ max=

∣∣∣∣∣
n∑

k=1

ajkyk

∣∣∣∣∣
=

n∑
k=1

|aj,k|



∑n
k=1 |xk| = 1

‖ Ax ‖1
Def
=

n∑
i=1

∣∣∣∣∣
n∑

k=1

aikxk

∣∣∣∣∣
≤

n∑
k=1

(
|xk|

n∑
i=1

|aik|
)

≤
(

n∑
k=1

|xk|
)(

max
k

n∑
i=1

|aik|
)

= ‖ x ‖1︸ ︷︷ ︸
=1

·max
k

n∑
i=1

|aik|

= max
k

n∑
i=1

|aik|

N := #{i : aij �= 0}

yj :=
1
N

⎧⎨
⎩

aij

|aij | aij �= 0

0 aij = 0

‖ y ‖1 =
N∑

i=1

1
N

∣∣∣∣ aij

|aij |
∣∣∣∣ = 1

aijyj =
aij

N

aij

|aij | = |aij ||yj | aij �= 0



max
k

n∑
i=1

|aik| max=
n∑

i=1

|aij |

=

⎛
⎝ n∑

j=1

|yj |
⎞
⎠

︸ ︷︷ ︸
=1

(
n∑

i=1

|aij |
)

=
n∑

j=1

n∑
i=1

| aijyj︸ ︷︷ ︸
≥0

|

=
n∑

j=1

∣∣∣∣∣
n∑

i=1

aijyj

∣∣∣∣∣
= ‖ Ay ‖1

‖ x ‖T :=‖ Tx ‖

‖ A ‖T =‖ TAT−1 ‖

‖ x ‖T = 0 ⇐⇒ ‖ Tx ‖= 0 ⇐⇒ Tx = 0

⇐⇒ x = 0
‖ x ‖T = ‖ Tx ‖≥ 0

‖ x + y ‖T = ‖ T (x + y) ‖
T = ‖ Tx + Ty ‖

≤ ‖ Tx ‖ + ‖ Ty ‖
= ‖ x ‖T + ‖ y ‖T

‖ cx ‖T = ‖ T (cx) ‖
T = |c| ‖ Tx ‖= |c| ‖ x ‖T



‖ A ‖T = sup
x�=0

‖ Ax ‖T

‖ x ‖T

= sup
x�=0

‖ TAx ‖∞
‖ Tx ‖

= sup
y �=0

‖ TAT−1y ‖
‖ TT−1y ‖

= sup
y �=0

‖ TAT−1y ‖
‖ y ‖

= ‖ TAT−1 ‖

U = V = (Rn, ‖ · ‖2)

‖ A ‖=
√

cmax(A∗A)

cmax(A∗A) A∗A

(AT A)T = AT (AT )T = AT A

u1, . . . , un

ci ≥ 0
x ‖ x ‖2= 1

x =
n∑

i=1

biui

1 =‖ x ‖2
2 =

〈
n∑

i=1

biui,

n∑
j=1

bjuj

〉

=
n∑

i=1

n∑
j=1

bibj 〈ui, uj〉

=
n∑

i=1

b2
i



‖ Ax ‖2
2 =

〈
A

n∑
i=1

biui, A

n∑
j=1

bjuj

〉

=
n∑

i,j=1

bibj

〈
AT Aui, uj

〉

=
n∑

i,j=1

bibjci 〈ui, uj〉

=
n∑

i=1

b2
i ci ≤ cmax

n∑
i=1

b2
i︸ ︷︷ ︸

=1

= cmax

‖ A ‖≤ √
cmax

cj uj ‖ uj ‖= 1

‖ A ‖2 ≥ ‖ Auj ‖2
2= 〈Auj , Auj〉

= c2
j 〈uj , uj〉 = c2

j

‖ A ‖≥ √
cmax



f, g : R → R
⇐⇒

∃C > 0 ∃δ > 0 ∀|t| < δ : ‖ g(t) ‖≤ C|h(t)|
⇐⇒

∃δ > 0 ∃c : (−δ, δ) → R ∀|t| < δ :
{

1.) ‖ g(t) ‖≤ |c(t)||h(t)|
2.) limt→0 c(t) = 0

Δx

f : U ⊂ Rm → R x0 ∈ U
f(x0)

Δf(x0)
f(x0)

=
m∑

j=1

kj
Δxj

xj

kj :=
∂f

∂xj
(x0)

xj

f(x0)
kj

f(x0 + Δx) = f(x0) + Df(x0)Δx + r(x)

= f(x0) +
m∑

j=1

∂f

∂xj
(x0)Δxj + r(x)

Δf(x0)
f(x0)

=
f(x0 + Δx) − f(x0)

f(x0)

≈ 1
f(x0)

m∑
j=1

∂f

∂xj
(x0)Δxj

|kj | ≤ 1

|kj |



f(x1, x2) = x1x2

k1 =
∂f

∂x1

x1

f(x)
=

x1x2

x1x2
= 1

f(x1, x2) = x1
x2

k1 =
∂f

∂x1

x1

f(x)
=

1
x2

x1

x1/x2
= 1

k2 =
∂f

∂x2

x2

f(x)
=

−x1

x2
2

x2

x1/x2
= −1

f(x1, x2) = x1 + x2

|k1| =
∣∣∣∣ ∂f

∂x1

x1

f(x)

∣∣∣∣ =
∣∣∣∣ x1

x1 + x2

∣∣∣∣ ≤ 1

f(x1, x2) = x1 − x2

k1 =
∂f

∂x1

x1

f(x)
=

x1

x1 − x2

x1 − x2 ≈ 0

f(x0) B(x0, δ)

Labs(δ) := inf {L > 0 : ∀x ∈ B(x0, δ) :‖ f(x) − f(x0) ‖≤ L ‖ x − x0 ‖}
Lrel(δ) := inf

{
L > 0 : ∀x ∈ B(x0, δ) :

‖ f(x) − f(x0) ‖
‖ f(x0 ‖ ≤ L

‖ x − x0 ‖
‖ x0 ‖

}
Kabs := lim

δ→0
Labs(δ)

Krel := lim
δ→0

Lrel(δ)

Krel ≤‖ f ′(x0) ‖ ‖ x0 ‖
‖ f(x0) ‖

f(x) = f(x0) + (x − x0)f ′(x0) + r(x)

0 = lim
x→x0

r(x)
x − x0



lim
x→x0

‖ f(x) − f(x0) ‖‖ x0 ‖
‖ f(x0) ‖‖ x − x0 ‖

= lim
x→x0

‖ f ′(x0)(x − x0) + r(x) ‖‖ x0 ‖
‖ f(x0) ‖‖ x − x0 ‖

≤ lim
x→x0

‖ f ′(x0) ‖‖ x0 ‖
‖ f(x0) ‖ + lim

x→x0

‖ r(x) ‖
‖ x − x0 ‖

‖ x0 ‖
‖ f(x0) ‖︸ ︷︷ ︸

=0

=
‖ f ′(x0) ‖‖ x0 ‖

‖ f(x0) ‖

Krel ≤ ‖ f ′(x0) ‖‖ x0 ‖
‖ f(x0) ‖

Ax = b

x = A−1b

Kabs = ‖ A−1 ‖
Krel ≤ ‖ A−1 ‖‖ A ‖

Kond(A) :=‖ A−1 ‖‖ A ‖

f(y) = A−1y 1
‖y−y0‖

A−1

inf

{
L > 0 : sup

y∈B(y0,δ)

‖ A−1(y − y0) ‖
‖ y − y0 ‖ ≤ L

}

= inf

{
L > 0 : sup

‖y‖=1

‖ A−1y ‖≤ L

}

= ‖ A−1 ‖

f(y) = A−1y
f ′(y) = A−1



Krel ≤ ‖ f ′(y) ‖ ‖ y ‖
‖ f(y) ‖

= ‖ A−1 ‖ ‖ Ax ‖
‖ x ‖

≤ ‖ A−1 ‖‖ A ‖

A, ΔA ∈ M(n × n, C)

‖ A−1 ‖‖ ΔA ‖< 1

A + ΔA

‖ (A + ΔA)−1 ‖≤ ‖ A−1 ‖
1− ‖ A−1 ‖‖ ΔA ‖

b, Δb ∈ Cn, b �= 0 x, x + Δx

(A + ΔA)(x + Δx) = b + Δb

Ax = b

‖ Δx ‖
‖ x ‖ ≤ Kond(A)

1 − Kond(A)‖ΔA‖
‖A‖

{‖ ΔA ‖
‖ A ‖ +

‖ Δb ‖
‖ b ‖

}

y �= 0

‖ (I + A−1ΔA)y ‖ ≥ ‖ y ‖ − ‖ A−1ΔAy ‖
≥ ‖ y ‖ (1− ‖ A−1 ‖‖ ΔA ‖)
> 0

I + A−1ΔA : Kn → Kn

‖ x ‖ = ‖ (I + A−1ΔA)(I + A−1ΔA)−1x ‖
≥ ‖ (I + A−1ΔA)−1x ‖ (1− ‖ A−1 ‖‖ ΔA ‖)

‖ (I + A−1ΔA)−1x ‖ ≤ ‖ x ‖
1− ‖ A−1 ‖‖ ΔA ‖

‖ (I + A−1ΔA)−1 ‖
sup

≤ 1
1− ‖ A−1 ‖‖ ΔA ‖



A + ΔA = A(I + A−1ΔA)

(A + ΔA)−1 = (I + A−1ΔA)−1A−1

‖ (A + ΔA)−1 ‖ = ‖ (I + A−1ΔA)−1A−1 ‖
≤ ‖ (I + A−1ΔA)−1 ‖‖ A−1 ‖
≤ ‖ A−1 ‖

1− ‖ A−1 ‖‖ ΔA ‖

(A + ΔA)(x + Δx) = b + Δb

Ax = b

Ax + AΔx + ΔAx + (ΔA)Δx − Ax = b + Δb − b

(A + ΔA)Δx = Δb − ΔAx

Δx = (A + ΔA)−1(Δb − ΔAx)

x �= 0

‖ Δx ‖
‖ x ‖ ≤ ‖ (A + ΔA)−1 ‖‖ Δb − ΔAx ‖

‖ x ‖
≤ ‖ A−1 ‖

1− ‖ A−1 ‖‖ ΔA ‖
(‖ Δb ‖

‖ x ‖ + ‖ ΔA ‖
)

=
Kond(A)

1 − Kond(A)‖ΔA‖
‖A‖

( ‖ Δb ‖
‖ A ‖‖ x ‖ +

‖ ΔA ‖
‖ A ‖

)
‖b‖=‖Ax‖≤‖A‖‖x‖

≤ Kond(A)

1 − Kond(A)‖ΔA‖
‖A‖

(‖ Δb ‖
‖ b ‖ +

‖ ΔA ‖
‖ A ‖

)



Pik =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1

0 · · · 1

1 · · · 0

1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Pik = P
T

ik P 2
ik = 1 Pik = P−1

ik

PikA
APik

i �= j �= k

PijPij(ei) = Pij(ej) = ei

PijPij(ej) = Pij(ei) = ej

PijPij(ek) = Pij(ek) = ek

PijPij = 1
Pij = P−1

ij

i < j

Pijal =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1

0 · · · 1

1 · · · 0

1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

al,1

al,i

al,j

al,n

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

al,1

al,j

al,i

al,n

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

PT
ikAT = PikAT AT

APik = (PT
ikAT )T = (PikAT )T

A



Li

∀i + 1 ≤ j ≤ n : lji

Li =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0

1
li+1,i 1

0 ln,i 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

B = LiA 1 ≤ j ≤ n aj , bj

Li j ≥ i+1 lji

∀1 ≤ j ≤ i : bj = aj

∀i + 1 ≤ j ≤ n : bj = aj + ljiai

Liak =

⎛
⎜⎝
∑n

j=1 l1jajk

∑n
j=1 lnjajk

⎞
⎟⎠ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

a1k

aik

li+1,iaik + ai+1,k

ln,iaik + an,k

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

L−1
i = 2En − Li

L−1
i lji −lji

k �= i

(2 · En − Li)Li(ek) = (2 · En − Li)(ek)
= 2ek − ek = ek



(2 · En − Li)Li(ei)

= (2 · En − Li)

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

0

1
li+1,i

ln,i

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

= 2

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

0

1
li+1,i

ln,i

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

−

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

0

1
li+1,i + li+1,i · 1

ln,i + ln,i · 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

= ei

(2 · En − Li)Li = 2Li − L2
i

= Li(2 · En − Li)

L−1
i = 2 · En − Li

i < j L, M

(LM)ij =
n∑

k=1

likmkj

=
j−1∑
k=1

lik mkj︸︷︷︸
=0, k<j

+
n∑

k=j

lik︸︷︷︸
=0 k≥j>i

mkj

= 0



(LM)ii =
i−1∑
k=1

lik mki︸︷︷︸
=0 k<i

+ lii︸︷︷︸
=1

mii︸︷︷︸
=1

+
n∑

k=i+1

lik︸︷︷︸
=0 k>i

mki

= 1

RT , ST

ST RT

RS = (ST RT )T

⇐⇒

∀1 ≤ i ≤ n : lii �= 0

L−1

L−1

⇐⇒

∀1 ≤ i ≤ n : rii �= 0

R−1

⇐⇒ det L �= 0

⇐⇒
n∏

i=1

lii �= 0

⇐⇒ ∀1 ≤ i ≤ n : lii �= 0

M = L−1 ∃i < j mij �= 0

(ML)ij =
n∑

k=1

miklkj

=
j−1∑
k=1

mik lkj︸︷︷︸
=0

+ mij︸︷︷︸
�=0

ljj︸︷︷︸
�=0

+
n∑

k=j+1

mik︸︷︷︸
=0

lkj

�= 0



ML = L−1L = 1n

(ML)ij = 0

1 = 1jj = (L−1L)jj

=
j−1∑
k=1

mjk lkj︸︷︷︸
=0 k<j

+mjj ljj︸︷︷︸
=1

+
n∑

k=j+1

mjk︸︷︷︸
=0 k>j

lkj

= mjj

RT

R

⇐⇒ RT

a)⇐⇒ ∀1 ≤ i ≤ n : rii �= 0

(RT )−1

RT (RT )−1 = 1 = (RR−1)T = (R−1)T RT

(RT )−1 = (R−1)T

R−1

i < k

LiLk =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1

1

li+1,i

1

lk+1,k

ln,i ln,k 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Li lji

Lk

ai = (0, . . . , 0, 1︸︷︷︸ , 0, . . . , 0)



bj = aj 1 ≤ j ≤ i

bj = aj + ljiai i + 1 ≤ j ≤ n

= aj + (0, . . . , 0, lji · 1︸ ︷︷ ︸ , 0, . . . , 0)



A ∈ M(n × n, R) Ax = b

∃!x ∈ Rn : Ax = b

Ax = 0 ⇐⇒ x = 0
det A �= 0

B ∈ M(n × n, R) AB = 1n = BA

Ãx = b A = (Ã, b)

aj1 �= 0 1 ≤ j ≤ n |aj1|
P1j

A′ := P1jA

L1 2 ≤ j ≤ n

lj1 = −a′
j1

a′
11

a′
11

A′′ := L1P1jA =

⎛
⎜⎝ ∗ ∗

0 ∗
⎞
⎟⎠

1, . . . , k − 1 A(k−1)



A(k−1) =

⎛
⎜⎜⎜⎜⎜⎝

∗ ∗
0 ∗

0 ∗
∗

⎞
⎟⎟⎟⎟⎟⎠

ak+1,k, . . . , an,k k + 1
ajk �= 0 k ≤ j ≤ n |ajk|

Pjk

A′ := PjkA(k−1)

1 ≤ i ≤ k − 1

Lk =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

1

1
lk+1,k

ln,k 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

k + 1 ≤ j ≤ n

ljk = −a′
jk

a′
kk

ajk j ≥ k + 1

A(k) := LkPjkA(k−1) =

⎛
⎜⎜⎜⎜⎜⎝

∗ ∗ ∗
0 ∗ ∗

0 ∗ ∗
0 ∗

⎞
⎟⎟⎟⎟⎟⎠

R = Ln−1Pn−1 . . . L1P1A

Pi = Pij i ≤ j ≤ n



Lk

Pij i, j ≥ k + 1

L̃k := PijLkPij

Lk ljk Pij

L̃k := PijLkPij

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
l̃k+1,k 0 · · · 1

1 · · · 0

l̃n,k 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Pij

=

⎛
⎜⎜⎜⎜⎜⎜⎝

1
l̃k+1,k 1

l̃n,k 1

⎞
⎟⎟⎟⎟⎟⎟⎠

A ∈ Rn×n

P = Pn−1 . . . P1

PA = LR

Ax = b

Lz = Pb

Rx = z

Ln−1Pn−1 . . . L1P1A = R

A = P1L
−1
1 . . . Pn−1L

−1
n−1R



Pn−1 . . . Pk+1L
−1
k = L̃kPn−1 . . . Pk+1

Pi Li

PA = Pn−1 · · ·P1P1L
−1
1 · · ·Pn−1L

−1
n−1R

= Pn−1 · · ·P1P1 · · ·Pn−1L̃1 · · · L̃n−1R

= L̃1 · · · L̃n−1R

L := L̃1 · · · L̃n−1

PA = LR

L−1 := L̃−1
n−1 · · · L̃−1

1

LR = MS

RS−1

L−1M

RS−1 = L−1M = 1n

R = S

M = L

Ax = b ⇐⇒ PAx = Pb
PA=LR⇐⇒ LRx = Pb
Pb=Lz⇐⇒ LRx = Lz

⇐⇒ Rx = z



A−1

Ax(i) = ei 1 ≤ i ≤ n

A−1 =
(
x(1), . . . , x(n)

)
(A, 1n)

⎛
⎜⎝ | 1 0

A |
| 0 1

⎞
⎟⎠

⇒

⎛
⎜⎝ r11 ∗ ∗ | ∗ 0

∗ |
0 rnn | ∗ ∗

⎞
⎟⎠

⇒

⎛
⎜⎝ r11 0 | ∗ ∗

|
0 rnn | ∗ ∗

⎞
⎟⎠

⇒

⎛
⎜⎝ 1 0 |

| A−1

0 1 |

⎞
⎟⎠

qi = i 0 ≤ i ≤ n
p = 1, . . . , n − 1

· j ∈ {p, . . . , n} |aqj ,p| = maxk=p,...,n |aqk,p|
· qj qp

· k = p + 1, . . . , n
· aqjp = 0
· l = aqkp/aqpqp

· aqkp = l l aqkp = 0
· j = p + 1, . . . , n
· aqkj = aqkj − laqpj A(p)

· bqk
= bqk

− lbqp
b(p)

xn = bqn/aqnn



k = n − 1, . . . , 1

xk =

(
bqk

−
n∑

i=k+1

aqkixi

)
1

aqkk

1
3n3 + O(n2)

lij

Ã =
(

R
L

)

k + 1 ≤ j ≤ n

ljk := −ajk

akk

ljk k + 1 ≤ m ≤ n

ajm := ajm − ljkakm

n − k n − k

n−1∑
k=1

(n − k)(n − k) +
n∑

k=1

(n − k)

=
n−1∑
k=1

k2 + O(n2)

=
(n − 1)n(2(n − 1) − 1)

6
+ O(n2)

=
1
3
n3 + O(n2)

a′
i,k = ai,k − ai,j

aj,j
aj,k



ajj
1

ajj

ajj
1

ajj

1
ajj

ε > 0 (
ε 1
1 1

)
x =

(
1
2

)

x =
1

1 − ε

(
1

1 − 2ε

)
≈
(

1
1

)

x =
(

0
1

)

x =
(

1
1

)

ε < 1

εx1 + x2 = 1
x1 + x2 = 2

1 = εx1 + (2 − x1)

x1 =
−1

−1 + ε
=

1
1 − ε

x2 = 2 − 1
1 − ε

=
1 − 2ε

1 − ε

(
ε 1 | 1
1 1 | 2

)
(

ε 1 | 1
0 1 − 1

ε | 2 − 1
ε

)



x2 =
2 − 1

ε

1 − 1
ε

≈ 1

x1 =
1
ε

(1 − x2)︸ ︷︷ ︸
=0

≈ 0

(
1 1 | 2
ε 1 | 1

)
(

1 1 | 2
0 1 − ε | 1 − 2ε

)

x2 =
1 − 2ε

1 − ε
≈ 1

x1 = 2 − x2 ≈ 1

(
1 1

ε
1 1

)
x =

( 1
ε

2

)
(

1 1
ε | 1

ε
1 1 | 2

)
(

1 1
ε | 1

ε
0 1 − 1

ε | 2 − 1
ε

)

x2 =
2 − 1

ε

1 − 1
ε

≈ 1

x1 =
1
ε
− 1

ε

2 − 1
ε

1 − 1
ε︸ ︷︷ ︸

≈1



(
1
ε 1 | 1

ε
1 1 | 2

)
(

1
ε 1 | 1

ε
0 1 − ε | 1

)

x1 =
1

1 − ε
≈ 1

x2 = ε

(
1
ε
− 1

1 − ε

)
≈ 1



A ∈ M(n × n, C) ⇐⇒
A = A

T

∀x ∈ Cn\{0} : xT Ax > 0

A−1

Bi1,ik
=

⎛
⎜⎝ ai1,i1 . . . ai1,ik

aik,i1 . . . aik,ik

⎞
⎟⎠

∀1 ≤ i ≤ n : aii > 0

> 0

x �= 0 Ax = 0

0 < xT Ax = xT 0 = 0

1n = 1T
n = (AA−1)T = (A−1)T AT

1n = 1T
n = (A−1A)T = AT (A−1)T

A−1 = (AT )−1 = (A−1)T

y �= 0 Ax = y

yT A−1y = xT AT A−1Ax

= xT AT x

= xT Ax > 0

A = AT

Bi1,ik
=

⎛
⎜⎝ ai1,i1 . . . ai1,ik

aik,i1 . . . aik,ik

⎞
⎟⎠ = Bik,i1



(
BT
)
i1ik

= Bi1,ik

0 �= (xi1 , . . . , xik
) ∈ Ck

(xi1 , . . . , xik
) ∈ Ck

(x1, . . . , xn) ∈ Cn

(xi1 , . . . , xik
)Bi1,ik

⎛
⎜⎝ xi1

xik

⎞
⎟⎠

=
k∑

j=1

k∑
l=1

xij
bijil

xil

=
n∑

j,l=1

xjajlxl

= xT Ax
x�=0
> 0

Ax = cx

0 < xT Ax = c xT x︸︷︷︸
>0

0 < c

n × n

∀1 ≤ i ≤ n : lii > 0

A = LL
T

lii = 1

A = LL
T

j∑
k=1

likljk = aij 1 ≤ j ≤ i ≤ n



∑n
j=1 = n(n + 1)/2∑n

j=1 = n(n + 1)/2

l11l11 = a11 > 0
l11 =

√
a11 > 0

i = 2, . . . , n

li1l11 = ai1

li1 =
ai1√
a11

→ (n, j − 1)
Lj−1

(Lj−1L
T

j−1)jj =

⎛
⎜⎜⎜⎝

a11 · · · a1j−1 a1j

aj−1,1 · · · aj−1,j−1 aj−1,j

aj1 aj,j−1 xjj

⎞
⎟⎟⎟⎠

xjj = lj1lj1 + . . . + lj,j−1lj,j−1

Ajj =

⎛
⎜⎝ a11 · · · a1j

aj1 · · · ajj

⎞
⎟⎠

xjj ≥ ajj 0 �= y ∈ Rj

yLj−1L
T
j−1y = yAjjy︸ ︷︷ ︸

>0

+ yj(xjj − ajj)yj︸ ︷︷ ︸
≥0

> 0

(Lj−1L
T

j−1)
RangLj−1 = j − 1

RangLj−1L
T
j−1 ≤ j − 1

xjj < ajj

i = j

ajj = lj1lj1 + . . . + lj,j lj,j

ljj ljj = ajj − lj1lj1 − . . . − ljj−1lj,j−1

s.o.
> 0

ljj =
√

ajj − lj1lj1 − . . . − ljj−1lj,j−1 > 0



i = j + 1, . . . , n

aij = li1lj1 + . . . + li,j ljj

lij =
aij − li1lj1 − . . . − li,j−1lj,j−1

ljj

j = 1 . . . , n
· i = j, . . . , n
· s = ai,j − ai,1aj,1 − . . . − ai,j−1aj,j−1

· (i = j)
· s ≤ 0
· s > 0 aj,j = sqrt(s)
· i > j
· ai,j = s/aj,j

Ax = b

Ly = b

L
T
x = y

n3

6
+ O(n2)

n∑
j=1

(n − j)(j − 1) + O(1)

= n

n∑
j=1

j −
n∑

j=1

j2 + O(n2)

= n
n(n − 1)

2
− n(n + 1)(2n + 1)

6
+ O(n2)

=
1
6
n3 + O(n2)



H(u) u a ek

u := a± ‖ a ‖2 ek

H(u) := 1m − 2
uuT

‖ u ‖2
2

u, v ∈ Rm A ∈ Rm×m

aij = uivj

A = uvT =

⎛
⎜⎝ u1

um

⎞
⎟⎠ (v1, . . . , vm)

Aw = 〈v, w〉u

A2 = 〈u, v〉A

(Aw)i =
m∑

j=1

aijwj = ui

m∑
j=1

vjwj = 〈v, w〉ui

(A2)ij = (AA)ij =
m∑

k=1

aikakj =
m∑

k=1

uivkukvj

= uivj

m∑
k=1

vkuk = 〈v, u〉 aij

0 �= v ∈ Rm

H(0) := 1m

H(u) := 1m − 2
uuT

‖ u ‖2
2

H(u) = H(u)T = H(u)−1

H(u)T = 1T
m − 2

‖ u ‖2
2

uTT uT = H(u)



H(u)2 =
(

1m − 2
uuT

‖ u ‖2
2

)(
1m − 2

uuT

‖ u ‖2
2

)

= 1m − 4
uuT

‖ u ‖2
2

+ 4
(uuT )2

‖ u ‖4
2

= 1m − 4uuT

‖ u ‖2
2

(
1 − 〈u, u〉

〈u, u〉
)

︸ ︷︷ ︸
=0

= 1m

H(u) = H(u)−1

ek, a ∈ Rm

u := a± ‖ a ‖2 ek

H(u)a = ∓ ‖ a ‖2 ek

u = 0

0 = u = a± ‖ a ‖2 ek

H(0)a = 1ma = ∓ ‖ a ‖2 ek

u = a− ‖ a ‖2 ek �= 0

1
2
‖ u ‖2

2 =
1
2
〈a− ‖ a ‖2 ek, a− ‖ a ‖2 ek〉

=
1
2
‖ a ‖2

2 − ‖ a ‖2 〈a, ek〉 +
1
2
‖ a ‖2

2

= ‖ a ‖2
2 − ‖ a ‖2 〈a, ek〉



H(u)a =
(

1m − 2
uuT

‖ u ‖2
2

)
a = a − 2

uuT a

‖ u ‖2
2

= a − 2
〈u, a〉
‖ u ‖2

2

u

= a − 2
〈a− ‖ a ‖2 ek, a〉

‖ u ‖2
2

u

= a − 2
‖ a ‖2

2 − ‖ a ‖2 〈ek, a〉
‖ u ‖2

2︸ ︷︷ ︸
=1

·u

= a − u

= ‖ a ‖2 ek

u = a+ ‖ a ‖2 ek

Q :=

⎛
⎜⎜⎜⎝

1 0

0 1
H(u)

⎞
⎟⎟⎟⎠

Q = QT

QQ =
(

1
(H(u))2

)
=
(

1
1

)
= 1

A = (a(0)
1 , . . . , a

(0)
n ) ∈ Rm×n (A) = n m ≥ n

u(0) := a
(0)
1 ± ‖ a

(0)
1 ‖2 e1 ∈ Rm

Q1 := H(u(0))



H(u(0))a(0)
1 = ∓ ‖ a ‖2 e1

Q1A = R(1) =

⎛
⎜⎜⎜⎝

∗ . . . ∗
0

A(1)

0

⎞
⎟⎟⎟⎠

A(1) = (a(1)
2 , . . . , a(1)

n )

a± ‖ a ‖2 e1

a
(0)
11 a11± ‖ a ‖2

u(1) := a
(1)
2 ± ‖ a

(1)
2 ‖2 e2 ∈ Rm−1

Q2 :=

⎛
⎜⎜⎜⎝

1 0 . . . 0
0

H(u(1))
0

⎞
⎟⎟⎟⎠

Q2Q1A = R(2) =

⎛
⎜⎜⎜⎜⎜⎜⎝

∗ . . . . . . ∗
0 ∗ . . . ∗

0

A(2)

0 0

⎞
⎟⎟⎟⎟⎟⎟⎠

Qn . . . Q1A = R(n) =

⎛
⎜⎜⎜⎜⎝

∗ . . . ∗
0

∗
0 0

⎞
⎟⎟⎟⎟⎠ = R =

(
R1

0

)

R1 ∈ Rn×n Qi

Q := Q1 . . . Qn

A = Q1 . . . QnR = QR



Ax = b A ∈ Rm×n

b = b1 + b2 ∈ Bild(A) ⊕ (BildA)⊥

Ax = b1

b1 ∈ Bild(A)

x + NullA

Ax = b
Ax = b1

x1 ∈ (NullA)⊥

Bild(A)

Ax = b1 ⇐⇒ AT Ax = AT b

A ∈ Rm×n

NullA = Null(AT A)
Rm = Bild(A) ⊕ Null(AT )

b = b1 + b2 ∈ BildA ⊕ (BildA)⊥ = Rm

Ax = b1 ⇐⇒ AT Ax = AT b

RangA = n Ax = b1

⊂ Ax = 0 AT Ax = 0
⊃ AT Ax = 0

0 =
〈
x, AT Ax

〉
= 〈Ax, Ax〉 =‖ Ax ‖2

0 = Ax

Rm = BildA ⊕ (BildA)⊥

(Bild(A))⊥ = Null(AT )

y ∈ Bild(A)⊥ ⇐⇒ ∀z ∈ Bild(A) : 〈y, z〉 = 0
⇐⇒ ∀x ∈ Rn : 〈y, Ax〉 = 0
⇐⇒ ∀x ∈ Rn :

〈
AT y, x

〉
= 0

⇐⇒ AT y = 0
⇐⇒ y ∈ Null(AT )



NullAT = (BildA)⊥ AT Bild(A)

∀y ∈ Bild(A) :
(
AT y = 0 ⇒ y ∈ Bild(A)⊥

)
∀y ∈ Bild(A) :

(
AT y = 0 ⇒ y ∈ Bild(A)⊥ ∩ Bild(A) = {0})

Ax − b1 = 0
AT

⇐⇒ AT (Ax − b1) = AT 0 = 0
AT b2=0⇐⇒ AT (Ax − b) = AT (Ax − b1) − AT b2︸ ︷︷ ︸

=0

= 0

⇐⇒ AT Ax = AT b

NullAT A = NullA

x + NullAT A = x + NullA

Ax = b1 ⇐⇒ AT Ax = AT b

dim NullA = n − dim BildA = 0

NullA = {0}
x + NullA = x

xi −2 −1 0 1 2
yi 0.5 0.5 2 3.5 3.5

u(x) = c + dx

u(x) = 2 + 0.9x

u(x) =
c

1 + dx
1

u(x)

u(x) =
0.5

1 + 0.45x



Az = b

⎛
⎜⎝ u(x1)

u(x5)

⎞
⎟⎠ =

⎛
⎜⎜⎜⎜⎝

1 −2
1 −1
1 0
1 1
1 2

⎞
⎟⎟⎟⎟⎠
(

c
d

)
=

⎛
⎜⎜⎜⎜⎝

0.5
0.5
2
3.5
3.5

⎞
⎟⎟⎟⎟⎠ =

⎛
⎜⎝ y1

y5

⎞
⎟⎠

Rang(A) = 2 NullA = 0

AT A

(
c

d

)
= AT b(

5 0
0 10

)(
c

d

)
=

(
10
9

)
(

c

d

)
=

(
2

0.9

)

g(x) :=
1

u(x)
=

1
c

+
d

c
x = c′ + d′x

(
c′

d′

)
=
(

2
0.9

)

c =
1
c′

=
1
2

d = d′ · c = 0.45

u(x) =
0.5

1 + 0.45x



Kond(AT A) ≈ Kond(A)2

A ∈ Rm×n (A) = n A = QR

Kond2(A) = Kond2(R)

Q, Q−1

‖ QR ‖2
2 = sup

x�=0

〈QRx, QRx〉
〈x, x〉

Q
= sup

x�=0

〈Rx, Rx〉
〈x, x〉

= ‖ R ‖2
2

‖ R−1Q−1 ‖2
2 = sup

x�=0

〈
R−1Q−1x, R−1Q−1x

〉
〈x, x〉

Q−1

= sup
x�=0

〈
R−1Q−1x, R−1Q−1x

〉
〈Q−1x, Q−1x〉

Q−1

= sup
x�=0

〈
R−1x, R−1x

〉
〈x, x〉

= ‖ R−1 ‖2
2

Kond2(A) = ‖ A ‖2‖ A−1 ‖2

= ‖ QR ‖2‖ R−1Q−1 ‖2

= ‖ R ‖2‖ R−1 ‖2

= Kond2(R)

A = n A = QR
x ⇐⇒

x = (R−1
1 , 0)QT b



AT A = (QR)T QR = RT QT QR = RT R

AT Ax = AT b ⇐⇒ RT Rx = RT QT b

⇐⇒ (RT
1 , 0)︸ ︷︷ ︸

n×m

(
R1

0

)
︸ ︷︷ ︸
m×n

x = (RT
1 , 0)︸ ︷︷ ︸

n×m

QT b

⇐⇒ RT
1 R1x = RT

1 (1n×n, 0)QT b

RT
1 ⇐⇒ R1x = (1n×n, 0)QT b

R1 ⇐⇒ x = (R−1
1 , 0)QT b



m×n
Bild(A) ⊂ Cm Null(A) ⊂ Cn

Cm Cn

P : (NullA)⊥ ⊕ NullA︸ ︷︷ ︸
=Cn

→ (NullA)⊥︸ ︷︷ ︸
⊂Cn

, x1 + x2 �→ x1

Q : BildA ⊕ (BildA)⊥︸ ︷︷ ︸
=Cm

→ BildA︸ ︷︷ ︸
⊂Cm

, y1 + y2 �→ y1

P = PT = P 2

Q = QT = Q2

Px = 0 ⇐⇒ x ∈ NullA

Qy = y ⇐⇒ y ∈ BildA

x = Px + (I − P )x

Cn Cm

P =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

1

1
0

0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

Q =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

1

1
0

0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

P = PT = P 2

Q = QT = Q2



Px = 0 ⇐⇒ x = x2 ∈ Null(A)
Qy = y ⇐⇒ y = y1 ∈ Bild(A)

x = Px + Ix − Px

= Px + (I − P )x

x = x1 + x2 ∈ (NullA)⊥ ⊕ NullA

f : BildA︸ ︷︷ ︸
⊂Cm

→ (NullA)⊥︸ ︷︷ ︸
⊂Cn

, A(x1 + x2) �→ x1

∀y ∈ Bild(A) : Af(y) = y

y, z ∈ Bild(A)

u1 + Null(A) A(u1 + u2) = y

v1 + Null(A) A(v1 + v2) = z

u1, v1 ∈ (NullA)⊥

bu1 + cv1 ∈ (NullA)⊥

A(bu1 + cv1) = bAu1 + cAv1 = by + cz

bu1 + cv1 + Null(A) Aw = by + cz

f : BildA︸ ︷︷ ︸
⊂Cm

→ (NullA)⊥︸ ︷︷ ︸
⊂Cn

, y = Au1 �→ u1

f(bAu + cAv) = f(A(bu + cv))
= bu1 + cv1

= bf(Au) + cf(Av)



y = A(u1 + u2) u1 + u2 ∈ (NullA)⊥ ⊕ NullA

Af(y) = Au1 = y

A ◦ f : Bild(A) → Bild(A), y �→ y

A ◦ f |Bild(A) ≡ id|Bild(A)

Bild(Q) ⊂ Bild(A)

f ◦ Q : Cm → Cn

Cm f◦Q−→ (NullA)⊥ ⊂ Cn

Q ↘ ↗ f
Bild(A) ⊂ Cm

n × m A+

∀y ∈ Cm : A+y = f(Q(y))

A+

m ≥ n b ∈ Rm, A ∈ Rm×n

x = A+b ∈ Rn

A+b ∈ (NullA)⊥

Ax = AA+b = A ◦ f ◦ Q(b)︸︷︷︸
∈BildA

= Q(b) = b1

A+A = P

AA+ = Q



A+A = (A+A)T

AA+ = (AA+)T

AA+A = A

A+AA+ = A+

A+Ax = f(Q Ax︸︷︷︸
∈Bild(A)

) = f(Ax) = x1 = Px

AA+y = A(f Qy︸︷︷︸
∈Bild(A)

) = Qy

(A+A)T = PT = P = A+A

(AA+)T = QT = Q = AA+

AA+Ax = Q Ax︸︷︷︸
∈Bild(A)

= Ax

A+AA+y = A+Qy = fQ2y

= fQy = A+y

n × m

ZB = (ZB)T

BZ = (BZ)T

BZB = B

ZBZ = Z

Z = B+



Z = ZBZ
B=BB+B= ZBB+BB+BB+BZ
ZB=BT ZT

= BT ZT BT (B+)T B+(B+)T BT ZT BT

BZB=B= BT (B+)T B+(B+)T BT

= (B+B)T B+(BB+)T

B+B=(B+B)T ,BB+=(BB+)T

= B+BB+BB+

= B+BB+

= B+

A++ = A

(A+)T = (AT )+

AA+ = (AA+)T

A+A = (A+A)T

A+AA+ = A+

AA+A = A

Z := A B := A+

A = (A+)+

(A+)T AT = (AA+)T = AA+ = ((A+)T AT )T

AT (A+)T = (A+A)T = A+A = (AT (A+)T )T

AT (A+)T AT = (AA+A)T = AT

(A+)T AT (A+)T = (A+AA+)T = (A+)T

Z := (A+)T B := AT

(A+)T = (AT )+



A = USV T

Rang(A) = n
(A) < n

A ∈ Rm×n Rang(A) = r p = min{m, n}
U ∈ Rm×m, V ∈ Rn×n S ∈ Rm×n

UT AV = S =

⎛
⎜⎜⎜⎝

s1 0

0 sr

0

⎞
⎟⎟⎟⎠ =

(
S1

0

)

s1 ≥ . . . ≥ sr > 0

s1 =‖ A ‖2= max
‖x‖=1

‖ Ax ‖2=
√

cmax(AT A)

x1 AT A ‖ x1 ‖2= 1

y1 :=
Ax1

‖ Ax1 ‖2

Ax1 = s1y1

AT y1 = AT Ax1

‖ Ax1 ‖2
=

s2
1

s1
x1 = s1x1

x1, y1 U1 = (y1, . . . , ym)
Rm V1 := (x1, . . . , xn) Rn

UT
1 y1 =

⎛
⎜⎝ 〈y1, y1〉

〈ym, y1〉

⎞
⎟⎠ =

⎛
⎜⎝ 1

0

⎞
⎟⎠

V T
1 x1 =

⎛
⎜⎝ 〈x1, x1〉

〈xn, x1〉

⎞
⎟⎠ =

⎛
⎜⎝ 1

0

⎞
⎟⎠

V T
1 AT U1 = (V T

1 AT y1, . . . , V
T
1 AT ym)

= (V T
1 s1x1, V

T
1 AT y2, . . . , V

T
1 AT ym)

=

⎛
⎜⎝ s1 ∗

0

∗

⎞
⎟⎠



UT
1 AV1 = (UT

1 Ax1, . . . , U
T
1 Axn)

= (UT
1 s1y1, U

T
1 Ax2, . . . , U

T
1 Axn)

=

⎛
⎜⎝ s1 ∗

0

∗

⎞
⎟⎠

UT
1 AV1 =

⎛
⎜⎝ s1 0 . . . 0

0 ∗
⎞
⎟⎠

k − 1 → k

UT
k−1 · · ·UT

1 AV1 . . . V T
k−1 = A(k−1) =

⎛
⎜⎜⎜⎝

s1 0 0

0 sk−1

0 B(k)

⎞
⎟⎟⎟⎠

B(k) : Rm−(k−1) → Rn−(k−1)

U (k), V (k)

U (k)B(k)V (k) =
(

sk 0
0 B(k+1)

)
sk−1

(B(k−1))T B(k−1) =
(

sk−1 0
0 (B(k))T

)(
sk−1 0
0 B(k)

)
sk (B(k))T B(k)

sk−1 ≥ sk

Uk :=

⎛
⎜⎜⎜⎝

1

1
U (k)

⎞
⎟⎟⎟⎠

Vk :=

⎛
⎜⎜⎜⎝

1

1
V (k)

⎞
⎟⎟⎟⎠



Ui, Vi RangA = r

UT
r . . . UT

1 AV1 . . . Vr =

⎛
⎜⎜⎜⎝

s1

sr

0

⎞
⎟⎟⎟⎠

S+ :=

⎛
⎜⎜⎜⎝

1/s1 0

0 1/sr

0

⎞
⎟⎟⎟⎠ ∈ Rn×m

A = USV T

A+ := V S+UT

A = U

(
S1

0

)
V T ∈ Rn×m

Z = V

(
S−1

1

0

)
UT ∈ Rm×n

AZ = U

(
S1

0

)
V T V

(
S−1

1

0

)
UT

= U

(
1

0

)
︸ ︷︷ ︸

n×n

UT

= (AZ)T

ZA = V

(
S−1

1

0

)
UT U

(
S1

0

)
V T

= V

(
1

0

)
︸ ︷︷ ︸

m×m

V T

= (ZA)T



ZA = (ZA)T

AZ = (AZ)T

AZA = U

(
S1

0

)
V T V

(
S−1

1

0

)
UT U

(
S1

0

)
V T

= U

(
S1

0

)
V T = A

ZAZ = V

(
S−1

1

0

)
UT U

(
S1

0

)
V T V

(
S−1

1

0

)
UT

= V

(
S−1

1

0

)
UT = Z

A+ = Z = V

(
S−1

1

0

)
UT

m = n

A+ = A−1

m ≥ n

A+ = (AT A)−1AT

‖ A ‖2 = s1

‖ A+ ‖2 =
1
sr

A+

x = A−1b

A+ = A−1

RangA = n Null(A) = NullAT A RangAT A = n
AT A ∈ Rn×n

AT Ax = AT b

⇐⇒ x = (AT A)−1AT b



A+

A+ = (AT A)−1AT

‖ A ‖2 = ‖ USV T ‖2

= ‖ S ‖2

=
√

cmax(ST S)
= s1

‖ A+ ‖2 = ‖ V S+UT ‖2

= ‖ S+ ‖2

=
√

cmax(S+T S+)

=
1
sr

A ∈ Rm×n

Kond2(A) =‖ A ‖2‖ A+ ‖2=
s1

sr

UT AV = S V = (v1, . . . , vn), U = (u1, . . . , um)
Ax = b

x =
r∑

i=1

〈ui, b〉
si

vi

Ax = b1

⇐⇒ x ∈ (NullA)⊥ = BildAT = Bild(V ST UT )
⇐⇒ x ∈ Lin(v1, . . . , vr)
⇐⇒ ∃(y1, . . . , yr, 0, . . . , 0) ∈ Rn : x = V y



AT Ax = AT b

⇐⇒ V ST UT USV T V y = V ST UT b

⇐⇒ ST Sy = ST UT b

⇐⇒

⎛
⎜⎜⎜⎜⎜⎜⎝

s2
1y1

s2
ryr

0

⎞
⎟⎟⎟⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎜⎜⎝

s1 〈u1, b〉

sr 〈ur, b〉
0

⎞
⎟⎟⎟⎟⎟⎟⎠

x = V y = V

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

〈u1, b〉
s1

〈ur, b〉
sr
0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=
r∑

i=1

〈ui, b〉
si

vi



u1, . . . , un

(x1, y1), . . . , (xm, ym)
c1, . . . , cn u =

∑n
j=1 cjuj∥∥∥∥∥∥

m∑
j=1

cju(xj) − yj

∥∥∥∥∥∥
c ∈ Rn∥∥∥∥∥∥∥

⎛
⎜⎝ u1(x1) . . . un(x1)

u1(xm) . . . un(xm)

⎞
⎟⎠
⎛
⎜⎝ c1

cn

⎞
⎟⎠−

⎛
⎜⎝ y1

ym

⎞
⎟⎠
∥∥∥∥∥∥∥

y = y1 + y2 ∈ V ⊕ V ⊥

‖ y ‖2
2=‖ y1 ‖2

2 + ‖ y2 ‖2
2

‖ y ‖2
2 = 〈y1 + y2, y1 + y2〉

= 〈y1, y1〉 + 〈y1, y2〉︸ ︷︷ ︸
=0

+ 〈y2, y1〉︸ ︷︷ ︸
=0

+ 〈y2, y2〉

= ‖ y1 ‖2
2 + ‖ y2 ‖2

2

A ∈ Rm×n b = b1 + b2 ∈ BildA ⊕ (BildA)⊥ = Rm

Ax = b1 ⇐⇒ ‖ Ax − b ‖2

Ax ∈ BildA

‖ Ax − b ‖2
2=‖ Ax − b1 ‖2

2 + ‖ b2 ‖2
2

Bild(A) = (NullAT )⊥ AT

‖ Ax − b ‖2

x�→x2

⇐⇒ ‖ Ax − b ‖2
2

⇐⇒ ‖ Ax − b1 ‖2
2 + ‖ b2 ‖2

2︸ ︷︷ ︸
=

b1∈Bild(A)⇐⇒ ‖ Ax − b1 ‖2
2= 0

⇐⇒ Ax = b1



Ax = b1

x ∈ (NullA)⊥ ⇐⇒ ‖ x ‖2

x = x1 + x2 ∈ (NullA)⊥ ⊕ NullA

Ax = b1

‖ x ‖2
2= ‖ x1 ‖2

2︸ ︷︷ ︸ + ‖ x2 ‖2
2 ⇐⇒ ‖ x2 ‖2= 0

⇐⇒ x2 = 0
⇐⇒ x = x1 ∈ (NullA)⊥



x T : D → D ⇐⇒
Tx = x

D ⊂ U T : D → D
0 < L < 1

∀x, y ∈ D : ‖ Tx − Ty ‖≤ L ‖ x − y ‖
x0 ∈ D n ∈ N0

xn+1 = Txn

x ∈ D
p ∈ N

‖ xn − xn+p ‖≤ Ln

1 − L
‖ x1 − x0 ‖

(Tnx0)n x0 x

lim
n→∞Tnx0 = x

n ≥ 1

‖ x − xn ‖≤ L ‖ x − xn−1 ‖

‖ x − xn ‖≤ Ln

1 − L
‖ x1 − x0 ‖

‖ x − xn ‖≤ L

1 − L
‖ xn − xn−1 ‖

y, z

‖ y − z ‖ = ‖ Ty − Tz ‖≤ L ‖ y − z ‖
0 ≤ ‖ y − z ‖ (L − 1)︸ ︷︷ ︸

<0

0 = ‖ y − z ‖
y = z



‖ xn+1 − xn ‖≤ Ln ‖ x1 − x0 ‖
n = 1

‖ x2 − x1 ‖=‖ Tx1 − Tx0 ‖≤ L ‖ x1 − x0 ‖
n → n + 1

‖ xn+2 − xn+1 ‖ = ‖ Txn+1 − Txn ‖
≤ L ‖ xn+1 − xn ‖
≤ L · Ln ‖ x1 − x0 ‖
= Ln+1 ‖ x1 − x0 ‖

‖ xn+p − xn ‖ ≤
∥∥∥∥∥

p∑
i=1

(xn+i − xn+i−1)

∥∥∥∥∥
≤

p∑
i=1

‖xn+i − xn+i−1‖

≤
p∑

i=0

Ln+i ‖ x1 − x0 ‖

≤ Ln ‖ x1 − x0 ‖
∞∑

i=0

Li

=
Ln

1 − L
‖ x1 − x0 ‖

(xn)n

lim
n→∞xn = y

y

Ty = T ( lim
n→∞xn) = lim

n→∞Txn = lim
n→∞xn+1 = y

‖ x − xn ‖ = ‖ Tx − Txn−1 ‖≤ L ‖ x − xn−1 ‖
x = limp→∞ xn+p

‖ x − xn ‖ = lim
p→∞ ‖ xn − xn+p ‖

b)

≤ Ln

1 − L
‖ x1 − x0 ‖



‖ xn+p − xn ‖ ≤
∥∥∥∥∥

p∑
i=1

(xn+i − xn+i−1)

∥∥∥∥∥
≤

p∑
i=1

‖ xn+i − xn+i−1 ‖

≤
p∑

i=1

Li ‖ xn − xn−1 ‖

≤ L· ‖ xn − xn−1 ‖
∞∑

i=0

Li

=
L

1 − L
‖ xn − xn−1 ‖

‖ x − xn ‖ = lim
p→∞ ‖ xn+p − xn ‖

≤ L

1 − L
‖ xn − xn−1 ‖



Ax = b
A = L + D + R M = D M = L + D

Ax = b ⇐⇒ Mx = (M − A)x + b

⇐⇒ x = (1n − M−1A)x + M−1b

M−1

Mxk+1 = (M − A)xk + b

‖ 1n − M−1A ‖< 1

F (x) := (1n − M−1A)x + M−1b

‖ F (y1) − F (y2) ‖ = ‖ (1n − M−1A)(y1 − y2) ‖
= ‖ 1n − M−1A ‖‖ y1 − y2 ‖
< ‖ y1 − y2 ‖

n×n

r(B) := max{|c| : c ∈ C }
B ∈ Rn×n

r(B) ≤‖ B ‖

|c| ‖ u ‖ = ‖ cu ‖
= ‖ Bu ‖
≤ ‖ B ‖‖ u ‖

|c| ≤ ‖ B ‖
r(B) ≤ ‖ B ‖



A ∈ M(n × n, C) ε > 0
‖ · ‖A,ε Cn

‖ A ‖A,ε≤ r(A) + ε

J = P−1AP

J =

⎛
⎜⎜⎜⎜⎝

c1 m1 0

mn−1

0 cn

⎞
⎟⎟⎟⎟⎠

ck mk ∈ {0, 1}

D =

⎛
⎜⎜⎜⎝

1 0
ε

0 εn−1

⎞
⎟⎟⎟⎠

D−1JD =

⎛
⎜⎜⎜⎝

1
1
ε

1
εn−1

⎞
⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎝

c1 εm1 0
εc2 ε2m2

εn−1mn−1

εn−1cn

⎞
⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎝

c1 εm1 0

εmn−1

0 cn

⎞
⎟⎟⎟⎟⎠

‖ A ‖(PD)−1 = ‖ D−1P−1APD ‖∞
= ‖ D−1JD ‖∞
≤ |cmax| + ε

= r(A) + ε



T ∈ Cn×n

limn→∞ ‖ Tn ‖= 0
u ∈ Cn limn→∞ ‖ Tnu ‖= 0

r(T ) < 1
Cn

‖ T ‖< 1

⇐⇒ r(T ) < 1

⇒ limn→∞ ‖ Tn ‖= 0

0 ≤ lim
n→∞ ‖ Tnu ‖≤‖ u ‖ lim

n→∞ ‖ Tn ‖= 0

⇒ r(T ) ≥ 1
c ∈ C |c| ≥ 1 0 �=

u ∈ Cn ‖ u ‖= 1

‖ Tnu ‖=‖ cnu ‖= |cn| ‖ u ‖≥ 1

lim
n→∞ ‖ Tnu ‖= lim

n→∞ ‖ u ‖≥ 1 �= 0

⇒ ε = 1
2 (1 − r(T ))

‖ T ‖T,ε ≤ r(T ) + ε

= r(T ) +
1 − r(T )

2

=
1 + r(T )

2
< 1

⇒
lim

n→∞ ‖ Tn ‖≤ lim
n→∞ ‖ T ‖n= 0

Dxk+1 = (D − A)xk + b

xk+1 = (I − D−1A)xk + D−1b

xk+1
i =

1
aii

⎛
⎝bi −

n∑
l=1,l �=i

ailx
k
l

⎞
⎠



max
i

⎛
⎝ n∑

k=1,k �=i

|aik|
|aii|

⎞
⎠ < 1

max
k

⎛
⎝ n∑

i=1,i �=k

|aki|
|aii|

⎞
⎠ < 1

r(1 − D−1A) ≤ ‖ 1 − D−1A ‖∞
= max

i

n∑
k=1

∣∣∣∣δik − |aik|
|aii|

∣∣∣∣
= max

i

n∑
k=1,k �=i

|aik|
|aii|

< 1

r(1 − D−1A) ≤ ‖ 1 − D−1A ‖1

= max
k

n∑
i=1

∣∣∣∣δik−
|aki|
|aii|

∣∣∣∣
= max

k

n∑
i=1,i �=k

|aki|
|aii|

< 1

⇐⇒
N1 + N2 = {1, . . . , n}
∀(i, k) ∈ N1 × N2 : aik = 0

P1 . . . , Pn

PjPk ⇐⇒ ajk �= 0

⇐⇒
∀k, l ∈ {1, . . . , n} ∃i1 = k, . . . , ir = l ∈ {1, . . . , n}

∀1 ≤ j ≤ r − 1 : aij ,ij+1 �= 0



A ∈ Rn×n

Q ∈ Rn×n

QT AQ =
(

A11 0
A21 A22

)
⇒

∀(k, l) ∈ N1 × N2 : akl = 0

G(A) ∃i1 = k, . . . , ir = l ∈ {1, . . . , n}
∀1 ≤ j ≤ r − 1 : aij ,ij+1 �= 0

ij ∈ N1 ij+1 ∈ N2

aij ,ij+1 �= 0
aij ,ij+1 = 0 ij ∈ N1, ij+1 ∈ N2

⇒
j, k Pj Pk

N1 := {l : Pj Pl} ∪ {j}
N2 := N\N1

k ∈ N2

N1 �= ∅ j ∈ N1

N2 �= ∅ k ∈ N2

N = N1 ∪ N2

∅ = N1 ∩ N2

(i, l) ∈ N1 × N2

ail �= 0 Pj Pi Pl

l ∈ N1

∀(i, l) ∈ N1 × N2 : ail = 0

⇒
N1 := {Ps1 , . . . , Psk

}
N2 := {Psk+1 , . . . , Psn}



∀i = 1, . . . , n : Q(ei) = esi

(
QT AQ

)
ij

= eT
i QT AQej

= eT
si

Aesj

= asisj

= 0 1 ≤ i ≤ k k + 1 ≤ j ≤ n

QT AQ =
(

A11 0
A21 A22

)
⇒ Q(ei) = esi

N1 := {Ps1 , . . . , Psk
}

N2 := {Psk+1 , . . . , Psn
}

max
i

n∑
k=1,k �=i

|aik|
|aii| ≤ 1

∃r ∈ {1, . . . , n} :
n∑

k=1,k �=r

|ark|
|arr| < 1

N1 + N2 = {1, . . . , n}

∃(i, k) ∈ N1 × N2 : aik �= 0

∑
k �=i

|aik| > 0

|aii| ≥
∑
k �=i

|aik| > 0



r(1 − D−1A) ≤ ‖ 1 − D−1A ‖∞
= max

i

∑
k �=i

|aik|
|aii|

≤ 1

1 − D−1A c ∈ C v ∈ Cn

|c| = 1
‖ v ‖∞= 1

∃1 ≤ s ≤ n : |vs| = 1

1 ≤ i ≤ n

cvi = (1 − D−1A)vi

=
n∑

k=1

(
δik − aik

aii

)
vk

=
n∑

k=1,k �=i

aik

aii
vk

|vi| = |cvi| ≤ 1
|aii|

∑
k �=i

|aik||vk|

Ps Pr

s = l0, . . . , lL = r

∀0 ≤ i ≤ L − 1 : ali,li+1 �= 0

|vlL | = |vr| ≤ 1
|arr|

n∑
k=1,k �=r

|ark||vk|

≤ ‖ v ‖∞
|arr|

n∑
k=1,k �=r

|ark|

V or
< ‖ v ‖∞



j = 1, . . . , L

|vlL−j
| ≤ 1

|alL−j lL−j
|

n∑
k=1,lL �=k �=lL−j

|alL−jk||vk| + |alL−j lL | |vlL |︸︷︷︸
<‖v‖∞

<
‖ v ‖∞

|alL−j lL−j
|

n∑
k=1,lL �=k

|alL−jk|

≤ ‖ v ‖∞

‖ v ‖∞= |vs| = |vl0 | <‖ v ‖∞

r
(
1 − D−1A

)
< 1

(L + D)xk+1 = (L + D − A)︸ ︷︷ ︸
=−R

xk + b

xk+1 = −(L + D)−1Rxk − (L + D)−1b

xk+1 = D−1(b − Rxk − Lxk+1)

xk+1
i =

1
aii

(
bi −

i−1∑
l=1

ailx
k+1
l −

n∑
l=i+1

ailx
k
l

)

M = D xk

xk+1
i =

1
aii

(
bi −

i−1∑
l=1

ailx
k
l −

n∑
l=i+1

ailx
k
l

)

max
i

n∑
k=1,k �=i

|aik|
|aii| < 1



‖ x ‖∞= 1

q = max
i

∑
k �=i

|aik|
|aii| < 1

i = 1

|y1| =

∣∣∣∣∣− 1
a11

n∑
k=2

a1kxk

∣∣∣∣∣
≤ 1

|a11|
n∑

k=2

|a1k| |xk|︸︷︷︸
≤1

≤ q

i − 1 → i

|yi| =

∣∣∣∣∣− 1
aii

(
n∑

k=i+1

aikxk +
i−1∑
k=1

aikyk

)∣∣∣∣∣
≤ 1

|aii|

⎛
⎜⎝ n∑

k=i+1

|aik| |xk|︸︷︷︸
≤1

+
i−1∑
k=1

|aik| |yk|︸︷︷︸
≤q≤1

⎞
⎟⎠

≤
∑

k �=i |aik|
|aii| ≤ q

‖ −(L + D)−1R ‖∞= sup
‖x‖∞=1

‖ −(L + D)−1Rx ‖∞≤ q < 1

A = L + D + R L = RT

−(L + D)−1R ‖ x ‖2= 1

−(L + D)−1Rx = cx

−Rx = c(L + D)x = c(A − R)x
−Rx = cAx − cRx

y1, . . . , yn

x =
∑n

i=1 siyi



a := 〈Ax, x〉

=

〈
A

n∑
i=1

siyi,

n∑
j=1

sjyj

〉

=
n∑

i,j=1

sisj 〈Ayi, yj〉 =
n∑

i=1

s2
i ci

≥ cmin(A)
n∑

i=1

s2
i︸ ︷︷ ︸

=1

= cmin(A)

r := 〈Rx, x〉 = r1 + ir2 ∈ C

d = 〈Dx, x〉 =
n∑

i=1

aiixixi

≥
n

min
i=1

aii · ‖ x ‖2
2︸ ︷︷ ︸

=1

=
n

min
i=1

aii > 0

a = 〈Ax, x〉 =
〈
RT x, x

〉
+ 〈Dx, x〉 + 〈Rx, x〉

= d + r1 + ir2 + r1 − ir2

= d + 2r1

(a − r1)2 = (d + r1)2 = d2 + 2dr1 + r2
1

= d(a − 2r1) + 2dr1 + r2
1

= da + r2
1

≥
n

min
i=1

aii · cmin(A) + r2
1

−r = −〈Rx, x〉
= c 〈Ax, x〉 − c 〈Rx, x〉
= c(a − r)

a − r �= 0



a − r = 0 r = 0 a = r = 0 a > 0

c =
−r

a − r

|c|2 =
rr

(a − r)(a − r)

=
r2
1 + r2

2

(a − r1)2 + r2
2

≤ r2
1 + r2

2

cmin(A) · minn
i=1 aii + r2

1 + r2
2

< 1

r
(−(L + D)−1R

)
< 1



f ∈ C[a, b] f(a)f(b) < 0
f : Rn → Rn

a0 := a

b0 := b

x0 :=
a0 + b0

2

xn :=
an + bn

2
f(an)f(xn) = 0 bn = xn

f(an)f(xn) < 0

an+1 := an

bn+1 := xn

f(an)f(xn) > 0

an+1 := xn

bn+1 := bn

lim
n→∞ an = lim

n→∞ bn = lim
n→∞xn = x∗

f(x∗) = 0
|xn − x∗| ≤ 2−(n+1)|b − a|

(an)n (bn)n

an ≤ b

bn ≥ a

an ≤ xn ≤ bn

lim
n→∞ an ≤ lim

n→∞xn ≤ lim
n→∞ bn

0 ≤ bn − an = 2−n(b − a)
0 ≤ lim

n→∞(bn − an) = lim
n→∞ 2−n(b − a) = 0



lim
n→∞ an = lim

n→∞ bn = lim
n→∞xn

f( lim
n→∞ an) = lim

n→∞ f(an)

f( lim
n→∞ bn) = lim

n→∞ f(bn)

0 ≤ f(x∗)2 = lim
n→∞ f(an)f(bn)︸ ︷︷ ︸

≤0

≤ 0

f(x∗) = 0

an ≤ xn, x∗ ≤ bn

|xn − x∗| ≤ 1
2
|bn − an|

≤ 1
2n+1

(b − a)

23 = 8 ≈ 10

xk x∗

0 = f(x∗)
= f(xk) + f ′(xk)(x∗ − xk) + O(|x∗ − xk|2)
≈ f(xk) + f ′(xk)(x∗ − xk)



0 = f(xk) + f ′(xk)(xk+1 − xk)

xk+1 = xk − f(xk)
f ′(xk)

xk

xk+1

f ∈ C2(a, b) x∗

m := min
a≤x≤b

|f ′(x)| > 0

r· ‖ f ′′(x) ‖∞,[a,b]

2m
< 1

r > 0 B(x∗, r) ⊂ [a, b]

xk+1 := xk − f(xk)
f ′(xk)

x0 ∈ B(x∗, r)

|xk − x∗| ≤ ‖ f ′′ ‖∞,[a,b]

2m
|xk−1 − x∗|

≤ 2m

‖ f ′′ ‖∞,[a,b]

(‖ f ′′(x) ‖∞,[a,b]

2m
r

)2k

|xk − x∗| ≤ 1
m
|f(xk)|

≤ ‖ f ′′ ‖∞,[a,b]

2m
|xk − xk−1|2

B(x∗, r)

f(y) = f(x) + f ′(x)(y − x) + R(y, x)

u := x + s(y − x)
du = (y − x)ds

y − u = y − x − s(y − x) = (1 − s)(y − x)



R(y, x) =
∫ y

x

f ′′(u)(y − u)du

= (y − x)2
∫ 1

0

f ′′(x + s(y − x))(1 − s)ds

y, x ∈ B(x∗, r)

|R(y, x)| ≤ |y − x|2 ‖ f ′′ ‖∞,[a,b]

∫ 1

0

(1 − s)ds

=
‖ f ′′ ‖∞,[a,b]

2
|y − x|2

(xk)k B(x∗, r) x ∈ B(x∗, r)

|xk+1 − x∗| =
∣∣∣∣(xk − x∗) − f(xk)

f ′(xk)

∣∣∣∣
=

|f(xk) − (x∗ − xk)f ′(xk)|
|f ′(xk)|

f(x∗)=0

≤ |R(x∗, xk)|
m

≤ ‖ f ′′ ‖∞,[a,b]

2m
|xk − x∗|︸ ︷︷ ︸

<1

|xk − x∗|︸ ︷︷ ︸
<r

< r

‖ f ′′ ‖∞,[a,b]

2m
|xk − x∗| ≤

(‖ f ′′ ‖∞,[a,b]

2m
|xk−1 − x∗|

)2

‖ f ′′ ‖∞,[a,b]

2m
|xk − x∗| ≤

(‖ f ′′ ‖∞,[a,b]

2m
|x0 − x∗|

)2k

|xk − x∗| ≤ 2m

‖ f ′′ ‖∞,[a,b]

(‖ f ′′ ‖∞,[a,b] r

2m

)2k

f(xk) = f(xk−1) + (xk − xk−1)f ′(xk−1)︸ ︷︷ ︸
=0, xk

+R(xk, xk−1)

= R(xk, xk−1)

f ′(s) =
f(xk) − f(x∗)

xk − x∗



|xk − x∗| =
∣∣∣∣ xk − x∗

f(xk) − f(x∗)

∣∣∣∣ |f(xk) − f(x∗)|

≤ |f(xk) − f(x∗)|
m

=
|f(xk)|

m

=
|R(xk, xk−1)|

m
a)

≤ ‖ f ′′ ‖∞,[a,b]

2m
|xk − xk−1|2

f ′(xk)

f ′(xk) ≈ f(xk) − f(xk−1)
xk − xk−1

xk+1 = xk − f(xk)
xk − xk−1

f(xk) − f(xk−1)

xk+1

(an)n 0 ≤ a0, a1 < 1 ai+1 ≤ aiai−1

q :=
1 +

√
5

2
≈ 1, 618

K := max(a0, 5
√

a1) < 1

ai ≤ Kqi

q2 − q − 1 =

(
1 +

√
5

2

)2

− 1 +
√

5
2

− 1

=
1
4

(
1 + 2

√
5 + 5 − 2

(
1 +

√
5
)
− 4
)

= 0
q2 = q + 1



a0 ≤ max(a0, q
√

a1) = K = Kq0

a1 ≤ max(aq
0, a1) = Kq1

ai+1 ≤ aiai−1 ≤ Kqi

Kqi−1

= Kqi+qi−1
= Kqi−1(q+1)

= Kqi−1q2
= Kqi+1

f ∈ C2(a, b) x∗

m := min
a≤x≤b

|f ′(x)| > 0

K :=
5

√
r· ‖ f ′′(x) ‖∞,[a,b]

2m
< 1

r > 0 B(x∗, r) ⊂ [a, b]
x0, x1 ∈ B(x∗, r)

|xk − x∗| ≤ 2m

‖ f ′′(x) ‖∞,[a,b]
K

“
1+

√
5

2

”k

xi+1 − x∗

Def
= xi − x∗ − f(xi)

xi − xi−1

f(xi) − f(xi−1)

= (xi − x∗)

⎛
⎜⎜⎝1 − f(xi) −

=0︷ ︸︸ ︷
f(x∗)

xi − x∗
xi − xi−1

f(xi) − f(xi−1)

⎞
⎟⎟⎠

f(xi)−f(xi−1)
xi−xi−1

=f ′(s1)

=
xi − x∗

f ′(s1)

(
f(xi) − f(xi−1)

xi − xi−1
− f(xi) − f(x∗)

xi − x∗

)

=
xi − x∗

f ′(s1)
(f [xi−1, xi] − f [xi, x

∗])

=
(xi − x∗)(xi−1 − x∗)

f ′(s1)
f [xi−1, xi, x

∗]

=
(xi − x∗)(xi−1 − x∗)

2f ′(s1)
f ′′(s2)



‖ f ′′(x) ‖∞,[a,b]

2m
|xi+1 − x∗|

≤ ‖ f ′′(x) ‖∞,[a,b]

2m
|xi − x∗| ‖ f ′′(x) ‖∞,[a,b]

2m
|xi−1 − x∗|

r < 2m
‖f ′′(x)‖∞,[a,b]

x0, x1 ∈ B(x∗, r)

a0 :=
‖ f ′′(x) ‖∞,[a,b]

2m
|x0 − x∗| < 1

a1 :=
‖ f ′′(x) ‖∞,[a,b]

2m
|x1 − x∗| < 1

ai+1 ≤ aiai−1

q :=
1 +

√
5

2
K := max(a0, 5

√
a1) < 1

ai ≤ Kqi



Pn :=

{
n∑

i=0

aix
i | ai ∈ C

}

0 �= p ∈ Pn an �= 0 n
an ∈ R

p(x) = an

n∏
j=1

(x − xj)

pn ∈ Pn n + 1
dim Pn = n + 1∑n

i=0 aix
i,
∑n

i=0 bix
i ∈ Pn c ∈ C

c
n∑

i=0

aix
i +

n∑
i=0

bix
i =

n∑
i=0

(cai + bi)xi ∈ Pn

C x1, . . . , xn

n∑
i=0

aix
i = an

n∏
j=1

(x − xj)

x0, . . . , xn pn ∈ Pn

p(x) = an

n∏
j=1

(x − xj)

0 V or= p(x0) = an

n∏
j=1

(x0 − xj)

︸ ︷︷ ︸
�=0

an = 0
pn ≡ 0

1, x, . . . , xn

n∑
i=0

aix
i ≡ 0



∑n
i=0 aix

i ≥ n + 1

a0 = . . . = an = 0

1, x, . . . , xn

(x0, y0), . . . , (xn, yn)
xi

p(xi) = yi 0 ≤ i ≤ n

g0, . . . , gn Pn

⎛
⎜⎝ g0(x0) . . . gn(x0)

g0(xn) . . . gn(xn)

⎞
⎟⎠
⎛
⎜⎝ b0

bn

⎞
⎟⎠ =

⎛
⎜⎝ y0

yn

⎞
⎟⎠

p =
n∑

k=0

bkgk

Ab = y ⇐⇒
n∑

k=0

gk(xi)bk = yi 0 ≤ i ≤ n

⇐⇒
(

n∑
k=0

bkgk

)
(xi) = yi 0 ≤ i ≤ n

⇐⇒ p(xi) = yi 0 ≤ i ≤ n

x0, . . . , xn pn ∈ Pn

n∑
k=0

bkgk(xi) = 0 0 ≤ i ≤ n

x0, . . . , xn

p ≡ 0
ai = 0 0 ≤ i ≤ n



A ∈ M(n + 1 × n + 1, C)

b = A−1y

Ab = y A = 1n

Pn

gk(xk) = 1
gk(xj) = 0 j �= k

Ln
k (x) :=

n∏
i=0,i �=k

x − xi

xk − xi

Pn

Ln
k (xk) = 1

Ln
k (xj) = 0 j �= k

Ln
k (x) = c

n∏
i=0,i �=k

(x − xi)

Ln
k (xi) = 0 i �= k

1 != Ln
k (xk) = c

n∏
i=0,i �=k

(xk − xi)



c =
1∏n

i=0,i �=k(xk − xi)

Ln
k (xk) :=

n∏
i=0,i �=k

xk − xi

xk − xi︸ ︷︷ ︸
=1

= 1

Ln
k (xj) :=

=0︷ ︸︸ ︷
xj − xj

xj − xi

n∏
i=0,j �=i �=k

xj − xi

xk − xi
= 0 j �= k

L0, . . . , Ln j = 0, . . . , n

0 =
n∑

k=0

akLn
k (xj) = aj

aj = 0 0 ≤ j ≤ n

n + 1 Ln
0 , . . . , Ln

n

Pn

(x0, y0), . . . , (xn, yn)

p(x) =
n∑

k=0

yk

n∏
i=0,i �=k

x − xi

xk − xi

n∑
k=0

yk

n∏
i=0,i �=k

x − xi

xk − xi
∈ Pn

n∑
k=0

yk

n∏
i=0,i �=k

xj − xi

xk − xi
= yj 0 ≤ j ≤ n

(x0, y0), . . . , (xn, yn)

xk



⇐⇒
gk(xi) = 0 i < k

Pn

Nn
0 (x) = 1

Nn
k (x) :=

k−1∏
j=0

(x − xj) 1 ≤ k ≤ n

Nn
k (xi) = 0 k > i

Nn
0 , . . . , Nn

n

n∑
k=0

akNn
k ≡ 0

i = 0

0 V or=
n∑

k=0

akNn
k (x0) = a0 · 1 +

n∑
k=1

ak

k−1∏
j=0

(x0 − xj)

︸ ︷︷ ︸
=0

= a0

i − 1 → i :

0 V or=
i−1∑
k=0

ak︸︷︷︸
=0

Nk(xi) + aiNi(xi) +
n∑

k=i+1

ak Nk(xi)︸ ︷︷ ︸
=0

= ai

i−1∏
j=0

(xi − xj)︸ ︷︷ ︸
�=0

ai = 0

Pn

p(x) =
n∑

k=0

akNn
k (x)

ak



pi,...,k (xi, yi), . . . , (xk, yk)

pii(x) ≡ yi

pi,...,k(x) =
(x − xi)pi+1,...,k(x) + (xk − x)pi,...,k−1(x)

xk − xi

∈ Pk−i i ≤ j ≤ k
xj yj

k − i = 1 k = i + 1

(x − xi)pi+1,i+1(x) + (xk − x)pii(x)
xk − xi

=
yi+1(x − xi) + yi(xi+1 − x)

xi+1 − xi
∈ P1

yi+1

=0︷ ︸︸ ︷
(xi − xi) +yi(xi+1 − xi)

xi+1 − xi
= yi

yi+1(xi+1 − xi) + yi

=0︷ ︸︸ ︷
(xi+1 − xi+1)

xi+1 − xi
= yi+1

k − i − 1 → k − i

pi+1,...,k(x) ∈ Pk−i−1

pi,...,k−1(x) ∈ Pk−i−1

(x − xi)pi+1,...,k(x) + (xk − x)pi,...,k−1(x)
xk − xi

∈ Pk−i

i < j < k

=0︷ ︸︸ ︷
(xi − xi) pi+1,...,k(xi) + (xk − xi)

=yi︷ ︸︸ ︷
pi,...,k−1(xi)

xk − xi
=

xk − xi

xk − xi
yi = yi

(xj − xi)

=yj︷ ︸︸ ︷
pi+1,...,k(xj) +(xk − xj)

=yj︷ ︸︸ ︷
pi,...,k−1(xj)

xk − xi
=

xj − xi + xk − xj

xk − xi
yj

= yj

(xk − xi)

=yk︷ ︸︸ ︷
pi+1,...,k(xk) +

=0︷ ︸︸ ︷
(xk − xk) pi,...,k−1(xk)

xk − xi
=

xk − xi

xk − xi
yk = yk

(xi, yi), . . . , (xk, yk)
pi,...,k



(xi, f(xi)), . . . , (xi+k, f(xi+k))

f [xi, . . . , xi+k] := ak

pi,...,i+k (xi, yi), . . . , (xi+k, yi+k)
f [xi, . . . , xi+k]

pi,...,i+k+1(x) = pi,...,i+k(x) + f [xi, . . . , xi+k+1](x − xi) · . . . · (x − xi+k)

pn(x) = f [x0] + f [x0, x1](x − x0) + . . . + f [x0, . . . , xn]
n−1∏
k=0

(x − xk)

=
n∑

j=0

f [x0, . . . , xj ]
j−1∏
k=0

(x − xk)

ak

pi,...,i+k+1 − pi,...,i+k ∈ Pk+1

pi,...,i+k+1(xj) − pi,...,i+k(xj) = yj − yj = 0 i ≤ j ≤ i + k

pi,...,i+k+1 − pi,...,i+k xi, . . . , xi+k

pi,...,i+k+1(x) − pi,...,i+k(x) = ak+1(x − xi) . . . (x − xi+k)
pi,...,i+k+1(x) = pi,...,i+k(x) + ak+1(x − xi) . . . (x − xi+k)

f [xi, . . . , xi+k+1] = ak+1

p0,...,n = p0 + (p0,1 − p0) + . . . + (p0,...,n − p0,...,n−1)

p0,...,k − p0,...,k−1
b)
= f [x0, . . . , xk](x − x0) . . . (x − xk−1) 1 ≤ k ≤ n



p0,...,n(x) = f [x0] + f [x0, x1](x − x0) + . . . + f [x0, . . . , xn]
n−1∏
j=0

(x − xj)

f ∈ Pk fj := f(xj) i ≤ j ≤ i + k
xi, . . . , xi+k

f [xi, . . . , xi+k] = konstant

xi, . . . , xi+k

f ∈ Pk−1

f [xi, . . . , xi+k] ≡ 0

pi,...,i+k (xi, f(xi)), . . . , (xi+k, f(xi+k))
f ∈ Pk

pi,...,i+k

f [xi, . . . , xi+k] = ak

f ∈ Pk−1

f [xi, . . . , xi+k] = ak = 0

f [xj ] = f(xj) i ≤ j ≤ i + k

f [xi, . . . , xi+k] =
f [xi+1, . . . , xi+k] − f [xi, . . . , xi+k−1]

xi+k − xi

f [xi+1, . . . , xi+k] = pi+1,...,i+k

f [xi, . . . , xi+k−1] = pi,...,i+k−1

(x − xi)pi+1,...,i+k(x) − (x − xi+k)pi,...,i+k−1(x)
xi+k − xi

f [xi+1, . . . , xi+k] − f [xi, . . . , xi+k−1]
xi+k − xi



pi,...i+k(x) =
(x − xi)pi+1,...,i+k(x) − (x − xi+k)pi,...,i+k−1(x)

xi+k − xi

f [xi, . . . , xi+k] =
f [xi+1, . . . , xi+k] − f [xi, . . . , xi+k−1]

xi+k − xi

pn ∈ Pn

pn(xj) = f(xj) 0 ≤ j ≤ n

xj

f(x) − p(x) = f [x0, . . . , xn, x]
n∏

j=0

(x − xj)

x = xj 0 ≤ j ≤ n
xn+1 �= xj 0 ≤ j ≤ n

pn+1 (x0, f(x0)), . . . , (xn+1, f(xn+1))

pn+1(x) = pn(x) + f [x0, . . . , xn, xn+1]
n∏

j=0

(x − xj)

f(xn+1)
V or= pn+1(xn+1)

= pn(xn+1) + f [x0, . . . , xn, xn+1]
n∏

j=0

(xn+1 − xj)

f(xn+1) − pn(xn+1) = f [x0, . . . , xn, xn+1]
n∏

j=0

(xn+1 − xj)

x0, . . . , xn+1

I =
[

min
0≤j≤n

xj , max
0≤j≤n

xj

]
f ∈ Cn+1(I) s ∈ I

f [x0, . . . , xn+1] =
f (n+1)(s)
(n + 1)!



pn+1 ∈ Pn+1 (x0, f(x0)), . . . , (xn+1, f(xn+1))

r(x) := f(x) − pn+1(x)

= f(x) −
n+1∑
j=0

f [x0, . . . , xj ]
j−1∏
k=0

(x − xk)

x0, . . . , xn+1

r(n+1) s ∈ I

r(n+1)(x) = f (n+1)(x) − (n + 1)!f [x0, . . . , xn+1]
r(n+1)(s) = 0

f [x0, . . . , xn+1] =
f (n+1)(s)
(n + 1)!

x0, . . . , xn f ∈ Cn+1[a, b]
p ∈ Pn (x0, f(x0)), . . . , (xn, f(xn))

∀x ∈ [a, b] ∃s ∈ [a, b] :

f(x) − p(x) =
f (n+1)(s)
(n + 1)!

n∏
j=0

(x − xj)

|f(x) − p(x)| ≤ (b − a)n+1

(n + 1)!
max

s∈[a,b]
|f (n+1)(s)|

x = xj 0 ≤ j ≤ n
x �= xj

f(x) − p(x) = f [x0, . . . , xn, x]
n∏

j=0

(x − xj)

=
f (n+1)(s)
(n + 1)!

n∏
j=0

(x − xj)

|f(x) − p(x)| ≤
∣∣∣∣∣∣

n∏
j=0

(x − xj)

∣∣∣∣∣∣ max
s∈[a,b]

|f (n+1)(s)|
(n + 1)!

≤ (b − a)n+1 max
s∈[a,b]

|f (n+1)(s)|
(n + 1)!



x0 f [x0] f [x0, x1] . . . f [x0, . . . , xn]
x1 f [x1] f [x1, x2] . . .

f [xn−1, xn]
xn f [xn]

n + (n − 1) + . . . + 1 =
n∑

i=1

i =
n(n + 1)

2

p(x) = 1 + 2(x − 3) − 3
8
(x − 3)(x − 1)

p(x) = 1 + 2(x − 3) − 3
8
(x − 3)(x − 1) +

7
40

(x − 3)(x − 1)(x − 5)

3 1 −3−1
1−3 = 2

5
4−2

5−3 = − 3
8

1 −3 2−(−3)
5−1 = 5

4

5 2

3 1 −3−1
1−3 = 2

5
4−2

5−3 = − 3
8

3/20−(−3)/8
6−3 = 6+15

3·40 = 7
40

1 −3 2−(−3)
5−1 = 5

4
3
20

5 2 2
6 4



(x0, f
(0)
0 , . . . , f

(m1−1)
0 )

(xk, f
(0)
k , . . . , f

(mk−1)
k )

p ∈ Pn

p(j)(xi) = f
(j)
i 0 ≤ i ≤ k, 0 ≤ j ≤ mi

x0 = . . . = x0 < . . . < xm = . . . = xm

pn ∈ Pn x0 < . . . < xk

mi

∑k
i=0 mi ≥ n + 1 pn

C
∑k

i=0 mi ≥ n+1

p ≡ 0

x0 < . . . < xk 0 ≤ j ≤ mi − 1 0 ≤ i ≤ k∑k
i=0 mi = n + 1 p ∈ Pn

p(j)(xi) = y
(j)
i 0 ≤ i ≤ k 0 ≤ j ≤ mi − 1

g0, . . . , gn Pn p =
∑n

l=0 blgl



p(j)(xi) = y
(j)
i 0 ≤ i ≤ k, 0 ≤ j ≤ mi − 1

⇐⇒
(

n∑
l=0

blgl

)(j)

(xi) = y
(j)
i 0 ≤ i ≤ k, 0 ≤ j ≤ mi − 1

⇐⇒

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

g0(x0) . . . gn(x0)

gm0−1
0 (x0) . . . gm0−1

n (x0)

g0(xk) . . . gn(xk)

gmk−1
0 (xk) . . . gmk−1

n (xk)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎝ b0

bn

⎞
⎟⎠ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

y0

y
(m0−1)
0

yk

y
(mk−1)
k

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

P1, P2

Q(x) := P1(x) − P2(x)

Q(j)(xi) = 0 0 ≤ j ≤ mi − 1

xi mi

Q ≡ 0
P1 ≡ P2

b = A−1y

lim
ε→0

f [xj , xj + ε] = lim
ε→0

f(xj + ε) − f(xj)
ε

= f ′(xj)

f [xj , xj ] := f ′(xj)



f ∈ Cn(R) x0, . . . , xn

f [x0, . . . , xn]

=
∫ 1

0

∫ t1

0

. . .

∫ tn−1

0

f (n)(x0 + (x1 − x0)t1 + . . . + (xn − xn−1)tn)dtn . . . dt1

n = 0 :
f [x0] = f(x0)

n − 1 → n

(xn−1 − xn−2)tn−1 + (xn − xn−1)tn−1 = (xn − xn−2)tn−1

∫ tn−1

0

f (n)(x0 + (x1 − x0)t1 + . . . + (xn − xn−1)tn)dtn

=
f (n−1)(x0 + . . . + (xn−2 − xn−3)tn−2 + (xn − xn−2)tn−1)

xn − xn−1

−f (n−1)(x0 + . . . + (xn−2 − xn−3)tn−2 + (xn−1 − xn−2)tn−1)
xn − xn−1

∫ 1

0

. . .

∫ tn−2

0

(
f (n−1)(x0 + . . . + (xn−2 − xn−3)tn−2 + (xn − xn−2)tn−1)

xn − xn−1

−f (n−1)(x0 + . . . + (xn−2 − xn−3)tn−2 + (xn−1 − xn−2)tn−1)
xn − xn−1

)
dtn−1 . . . dt1

n−1=
f [x0, . . . , xn−2, xn] − f [x0, . . . , xn−1]

xn − xn−1

= f [x0, . . . , xn]

f : [a, b] × [a, b] → R

lim
xn→x

∫ b

a

f(xn, t)dt =
∫ b

a

lim
xn→x

f(xn, t)dt



[a, b]×[a, b] |xn−x| < δ

|f(xn, t) − f(x, t)| <
ε

b − a

lim
xn→x

f(xn, t) = f(x, t)

∣∣∣∣∣
∫ b

a

(f(xn, t) − f(x, t))dt

∣∣∣∣∣
≤

∫ b

a

|f(xn, t) − f(x, t)|dt

≤ (b − a)
ε

b − a
= ε

f ∈ Cn(R)
f [x0, . . . , xn] xj 0 ≤ j ≤ n

f [xj , . . . , xj︸ ︷︷ ︸
k+1−mal

] =
f (k)(xj)

k!

k ∈ N0

f [x0, . . . , xn]

∫ 1

0

∫ t1

0

. . .

∫ tn−1

0

lim
xj→x

f (n)(x0 +(x1−x0)t1 + . . .+(xn−xn−1)tn)dtn . . . dt1

f (n)(x0 + (x1 − x0)t1 + . . . + (xn − xn−1)tn)

x0, . . . , xn

lim
xj→x

f [x0, . . . , xn]

=
∫ 1

0

∫ t1

0

. . .

∫ tn−1

0

lim
xj→x

f (n)(x0 + . . . + (xn − xn−1)tn)dtn . . . dt1



∫ t1

0

. . .

∫ tn−1

0

dtn . . . dt2 =
tn−1
1

(n − 1)!

n = 1 ∫ t1

0

dt2 = 1 =
t01
0!

n → n + 1 ∫ t1

0

∫ t2

0

. . .

∫ tn−1

0

dtn . . . dt2
V or=

∫ t1

0

tn−2
2

(n − 2)!
dt2

=
tn−1
1

(n − 1)!

x0 = . . . = xn

f [x0, . . . , x0︸ ︷︷ ︸
=n+1−mal

]

=
∫ 1

0

∫ t1

0

. . .

∫ tn−1

0

f (n)(x0 + (x0 − x0)t1 + . . . + (x0 − x0)tn)dtn . . . dt1

= f (n)(x0)
∫ 1

0

∫ t1

0

. . .

∫ tn−1

0

dtn . . . dt1

= f (n)(x0)
∫ 1

0

tn−1
1

(n − 1)!
dt1

= f (n)(x0)
tn1
n!

∣∣∣∣1
0

=
f (n)(x0)

n!

Pn

p(x) =
n∑

j=0

(
f [x0, . . . , xj ]

j−1∏
k=0

(x − xk)

)

p(x) =
n∑

j=0

f [x0, . . . , xj ]
j−1∏
k=0

(x − xk)

f [x0, . . . , xk]
∏j−1

k=0(x−xk) x0, . . . , xk



I :=
[

n
min
i=0

xi,
n

max
i=0

xi

]
∀x ∈ I ∃s ∈ I :

f(x) − p(x) =
f (n+1)(s)
(n + 1)!

n∏
j=0

(x − xj)

p ∈ Pn

p(x) =
n∑

k=0

(x − d)k p(k)(d)
k!

x0 = d m0 = n + 1

n∑
k=j−1

(d − d)k−j k!
(k − j)!

p(k)(d)
k!

= p(j)(d)

p ∈ P2

p(x0) = c00

p′(x0) = c0,1

p(x1) = c1,0

x0 c0,0 f [x0, x0] = c0,1 f [x0, x0, x1] =
f [x0, x1] − f [x0, x0]

x1 − x0

x0 c0,1 f [x0, x1] =
c1,0 − c0,0

x1 − x0
x1 c1,0

p(x) = f [x0] + f [x0, x0](x − x0) + f [x0, x0, x1](x − x0)2

= c0,0 + c0,1(x − x0) +
(

c1,0 − c0,0

(x1 − x0)2
− c0,1

x1 − x0

)
(x − x0)2



q = exp
2πi

n

(qj , yj) j = 0, . . . , n − 1

p(x) =
n−1∑
k=0

ŷkxk ∈ Pn−1

yj = p(qj) =
n−1∑
k=0

ŷkqjk 0 ≤ j ≤ n − 1

⎛
⎜⎜⎜⎜⎝

y0

yn−1

⎞
⎟⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎝

ŷ0(q0)0 + ŷ1(q0)1 + . . . + ŷn−1(q0)n−1

ŷ0(q1)0 + ŷ1(q1)1 + . . . + ŷn−1(q1)n−1

ŷ0(qn−1)0 + ŷ1(qn−1)1 + . . . + ŷn−1(qn−1)n−1

⎞
⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎝

q0·0 q0·1 . . . q0·(n−1)

q1·0 q1·1 . . . q1·(n−1)

q(n−1)·0 q(n−1)·1 . . . q(n−1)·(n−1)

⎞
⎟⎟⎟⎠
⎛
⎜⎜⎜⎜⎝

ŷ0

ŷn−1

⎞
⎟⎟⎟⎟⎠

y = Wŷ

wjk = qjk 0 ≤ j, k ≤ n − 1

W = WT

WW
T

= nIn

ŷ =
1
n

W
y

ŷk =
1
n

n−1∑
j=0

qjkyj



wjk = qjk = wkj

qlj = exp
2πi · lj

n
= exp

−2πi · lj
n

= qlj = q−lj

0 ≤ k, l ≤ n

(
WW

T
)

kl
=

n−1∑
j=0

qkjq−lj =
n−1∑
j=0

q(k−l)j

=

⎧⎨
⎩

1 − q(k−l)(n−1+1)

1 − qk−l
qk−l �= 1

n qk−l = 1

qn=1
=

{
0 k �= l
n k = l

WW = n1n

W−1 =
1
n

W

ŷ =
1
n

Wy

ŷk =
1
n

n−1∑
j=0

q−jkyj

ŷk =
1
n

n−1∑
j=0

yj exp
−2πijk

n
=

1
n

n−1∑
j=0

yjq
jk

yj =
n−1∑
k=0

ŷk exp
2πijk

n
=

n−1∑
k=0

ŷkqjk



n = 2m = 2p

Pn =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

e0

e2

en−2

e1

e3

en−1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Dm =

⎛
⎜⎜⎜⎝

1
q

qm−1

⎞
⎟⎟⎟⎠

Wn =
(

Im Im

Im −Im

)(
Im 0
0 Dm

)(
Wm 0
0 Wm

)
Pn

ŷ =
1
n

Wny

q = exp 2πi
n

q2m = qn = 1
qm = qn/2 = −1

ŷk =
1
n

n−1∑
j=0

yjq
jk

=
1
2

⎛
⎝ 2

n

m−1∑
j=0

(q2)jky2j + qk 2
n

m−1∑
j=0

(q2)jky2j+1

⎞
⎠

=
1
2
(
gk + qkuk

)
q2 = exp −2πi

n/2 gk uk
n
2

q0, q2, q4, . . . , q2m−2

gk y0, y2, . . . , y2m−2 0 ≤ k ≤ m − 1
uk y1, y3, . . . , y2m−1 0 ≤ k ≤ m − 1



ŷk+m =
1
n

n−1∑
j=0

yjq
j(k+m)

=
1
n

m−1∑
j=0

(q2)j(k+m)y2j + qk+m 1
n

m−1∑
j=0

(q2)j(k+m)y2j+1

q2m=1,qm=−1
=

1
n

m−1∑
j=0

(q2)jky2j − qk 1
n

m−1∑
j=0

(q2)jky2j+1

=
1
2
(
gk − qkuk

)
=

1
2
(
gk + qk+muk

)
ŷk gk uk

1
2

n = 2p

ŷk = 1
n

∑n−1
j=0 qjkyj

ŷ0 =
1
1

0∑
j=0

exp
−2πi · 0

1
yj = y0

q = exp 2πi
2 = −1

ŷ0 =
1
2

1∑
j=0

(−1)−0·jyj =
y0 + y1

2

ŷ1 =
1
2

1∑
j=0

(−1)−1·jyj =
y0 − y1

2

g0 = y0

u0 = y1

ŷ0 =
1
2
(
g0 + q0u0

)
=

y0 + y1

2

ŷ1 = ŷ0+1 =
1
2
(
g0 − q0u0

)
=

y0 − y1

2



q = exp( 2πi
4 ) = i

ŷ0 =
1
4

3∑
j=0

(−i)j·0yj =
y0 + y1 + y2 + y3

4

ŷ1 =
1
4

3∑
j=0

(−i)j·1yj =
y0 − iy1 + y2 − iy3

4

ŷ2 =
1
4

3∑
j=0

(−i)j·2︸ ︷︷ ︸
=(−1)j

yj =
y0 − y1 + y2 − y3

4

ŷ3 =
1
4

3∑
j=0

(−i)j·3︸ ︷︷ ︸
=ij

yj =
y0 + iy1 − y2 − iy3

4

q0 = 1, q2 = −1

gk y0, y2

uk y1, y3

g0 =
y0 + y2

2

g1 =
y0 − y2

2

u0 =
y1 + y3

2

u1 =
y1 − y3

2

ŷ0 =
g0 + (−i)0u0

2
=

y0 + y1 + y2 + y3

4

ŷ1 =
g1 + (−i)1u1

2
=

y0 − y2 − i(y1 − y3)
4

ŷ2 =
g0 + (−i)2u0

2
=

y0 + y2 − (y1 + y3)
4

ŷ3 =
g1 + (−i)3u1

2
=

y0 − y2 + i(y1 − y3)
4

n = 2p 1
2n log2 n

Mp n log2 n Ap



Mp =
1
2
p2p =

n

2
log2 n

Ap = p2p = n log2 n

n = 21

M1 = 1
A1 = 2 = 1 · 21

p → p + 1 qk

Mp+1 = 2Mp + n = 2
1
2
p2p + 2p

= (p + 1)2p =
1
2
(p + 1)2p+1

Ap+1 = 2Ap + 2n = 2p2p + 2p+1

= 2(p + 1)2p+1

Tm =

{
a0

2
+

m∑
k=1

(ak cos kt + bk sin kt)

∣∣∣∣∣ ak, bk ∈ C

}

T ∈ Tm

T (tj) = yj tj =
2πj

n
j = 0, . . . , n − 1

n = 2m + 1

T (t) =
a0

2
+

m∑
k=1

(ak cos kt + bk sin kt)

n = 2m bm = 0

T (t) =
a0

2
+

m−1∑
k=1

(ak cos kt + bk sin kt) +
am

2
cos mt

ak =
2
n

n−1∑
j=0

yj cos
2πjk

n

bk =
2
n

n−1∑
j=0

yj sin
2πjk

n



ŷk =
1
n

n−1∑
j=0

yj exp
−2πjk

n

=
1
n

n−1∑
j=0

yj

(
cos

−2πjk

n
+ i sin

−2πjk

n

)

=
1
2
(ak − ibk)

cos
2π(n − k)j

n
= cos

(
2πj − 2πkj

n

)
= cos

2πkj

n

sin
2π(n − k)j

n
= sin

(
2πj − 2πkj

n

)
= − sin

2πkj

n

ak =
2
n

n−1∑
j=0

yj cos
2πkj

n

=
2
n

n−1∑
j=0

yj cos
2π(n − k)j

n

= an−k

bk =
2
n

n−1∑
j=0

yj sin
2πkj

n

= − 2
n

n−1∑
j=0

yj sin
2π(n − k)j

n

= −bn−k

ŷn−k =
1
2
(an−k − ibn−k) =

1
2
(ak + ibk)



n = 2m + 1

p(xj)

= yj =
n−1∑
k=0

ŷk exp
2πijk

n

= ŷ0 +
m∑

k=1

ŷk exp
2πijk

n
+

n−1∑
k=m+1

ŷk exp
2πijk

n

= ŷ0 +
m∑

k=1

ŷk exp
2πijk

n
+

m∑
k=1

ŷn−k exp
2πij(n − k)

n

= ŷ0 +
m∑

k=1

(
ak − ibk

2
exp

2πijk

n

+
ak + ibk

2
exp

−2πijk

n
exp

2πijn

n︸ ︷︷ ︸
=1

⎞
⎟⎟⎠

= ŷ0 +
m∑

k=1

(
ak

exp 2πijk
n + exp −2πijk

n

2

+bk

exp 2πijk
n − exp −2πijk

n

2i

)

=
a0

2
+

m∑
k=1

(
ak cos

2πijk

n
+ bk sin

2πijk

n

)

sin
2πjm

n

n=2m= sin
2πjm

2m
= sin(πj) = 0

n = 2m

p(xj) =
a0

2
+

m−1∑
k=1

(
ak cos

2πijk

n
+ bk sin

2πijk

n

)
+

am

2
cos

2πijm

n



f ∈ Ck[a, b] w ∈ L1(a, b) a ≤ x0 < . . . < xn ≤ b

I(f) :=
∫ b

a

w(x)f(x)dx

In(f) :=
n∑

j=0

f(xj)wj

f ∈ Ck[a, b]

In(f) ⇐⇒
∀p ∈ Pn : In(p) = I(p)

w ∈ L1(a, b) a ≤ x0 < . . . < xn ≤ b

Ln
j (x) =

n∏
i=0,i �=j

x − xi

xj − xi
0 ≤ j ≤ n

Pn I : Pn → R Pn

wj =
∫ b

a

w(x)Ln
j (x)dx

In

⇐⇒ ∀p ∈ Pn : In(p) = I(p)
In ,Ln

j⇐⇒ ∀0 ≤ j ≤ n : In(Ln
j ) = I(Ln

j )

Ln
j (xk)=δjk⇐⇒

∫ b

a

w(x)Ln
j (x)dx

Def
= I(Ln

j ) V or= In(Ln
j )

Def
=

n∑
k=0

wk Ln
j (xk)︸ ︷︷ ︸
=δjk

= wj



p (x0, f(x0)), . . . , (xn, f(xn))

p(x) =
n∑

j=0

Ln
j (x)f(xj)

In(f) = I(pn)

n∑
j=0

Ln
j (xi)︸ ︷︷ ︸
=δij

f(xj) = f(xi) 0 ≤ i ≤ n

(x0, f(x0)), . . . , (xn, f(xn))

In(f)
Def
=

n∑
j=0

wjf(xj)

=
n∑

j=0

f(xj)
∫ b

a

w(x)Ln
j (x)dx

=
∫ b

a

w(x)
n∑

j=0

Ln
j (x)f(xj)

︸ ︷︷ ︸
=pn(x)

dx

=
∫ b

a

w(x)pn(x)dx

= I(pn)

In w ≡ 1

Rn(f) := In(f) − I(f)

x0 = a x1 = b

I1(f) =
b − a

2
(f(a) + f(b))

|R1(f)| ≤ ‖ f ′′ ‖∞
12

(b − a)3



x0 = a x1 = b

w0 =
∫ b

a

1
x − x1

x0 − x1
dx =

∫ b

a

x − b

a − b
dx

=
1

a − b

∫ 0

a−b

udu =
1

a − b

−(a − b)2

2
=

b − a

2

w1 =
∫ b

a

1
x − x0

x1 − x0
dx =

1
b − a

∫ b

a

(x − a)dx

=
1

2(b − a)
(b2 − a2 − a(b − a)) =

b − a

2

y =
x − a

b − a

dy =
dx

b − a∫ 1

0

y(1 − y)dy =
y2

2

∣∣∣∣1
0

− y3

3

∣∣∣∣1
0

=
1
2
− 1

3
=

1
6

|R1(f)| = |I(pn) − I(f)| =

∣∣∣∣∣
∫ b

a

(f − pn)dx

∣∣∣∣∣
≤

∣∣∣∣∣
∫ b

a

f ′′(sx)
2!

n∏
k=0

(x − xk)dx

∣∣∣∣∣
≤ ‖ f ′′ ‖∞

2!

∫ b

a

(x − a)(b − x)dx

=
‖ f ′′ ‖∞

2

∫ 1

0

y(b − a)(b − y(b − a) − a)(b − a)dx

=
‖ f ′′ ‖∞

2
(b − a)3

∫ 1

0

y(1 − y)dx

=
‖ f ′′ ‖∞

12
(b − a)3

wj

∫ b

a

f(x)dx =
N∑

i=1

∫ ai

ai−1

f(x)dx a = a0 < . . . < aN = b



Th(f) =
h

2

(
f(a) + 2

N−1∑
l=1

f(a + lh) + f(b)

)

|Rh(f)| ≤ ‖ f (2) ‖∞
12

(b − a)h2

|Rh(f)| =
n−1∑
k=0

∣∣∣∣hf(xk) + f(xk+1)
2

−
∫ xk+1

xk

f(x)dx

∣∣∣∣
≤

n−1∑
k=0

‖ f ′′ ‖∞
12

h3

=
‖ f ′′ ‖∞

12
(b − a)h2

B0(t) = 1
d

dt
Bk(t) = Bk−1(t) k ≥ 1∫ 1

0

Bk(t)dt = 0 k ≥ 1

Bk := k! · Bk(0)

a) Bk(0) = Bk(1) k ≥ 2
b) Bk(t) = (−1)kBk(1 − t) k ≥ 0
c) B2k+1(0) = B2k+1( 1

2 ) = B2k+1(1) = 0 k ≥ 1



Bk(1) − Bk(0) =
∫ 1

0

B′
k(t)dt =

∫ 1

0

Bk−1(t)dt
k−1≥1= 0

(−1)kBk(1 − t)

(−1)0B0(1 − t) = 1
d

dt
(−1)kBk(1 − t) = (−1)k(−1)B′

k(1 − t)

= (−1)k−1Bk−1(1 − t) k ≥ 1

s = 1 − t ds = −dt k ≥ 1∫ 1

0

(−1)kBk(1 − t)dt = (−1)k

∫ 0

1

(−1)Bk(s)ds

= (−1)k

∫ 1

0

Bk(t)dt︸ ︷︷ ︸
=0

= 0

B2k+1

(
1
2

)
b)
= (−1)2k+1B2k+1

(
1 − 1

2

)

= −B2k+1

(
1
2

)

B2k+1

(
1
2

)
= 0

B2k+1(0)
a)
= B2k+1(1)

B2k+1(0)
b)
= (−1)2k+1B2k+1(1 − 0) = −B2k+1(1)

B2k+1(1) = 0
B2k+1(0) = 0

Bk(t)



g ∈ C2m[0, 1]∫ 1

0

g(t)dt =
1
2
g(1) +

1
2
g(0) −

m∑
k=1

B2k(0)
(
g(2k−1)(1) − g(2k−1)(0)

)

+
∫ 1

0

B2m(t)g(2m)(t)dt

m = 1 B1(t) = t − 1
2∫ 1

0

g(t)dt =
∫ 1

0

B0(t)︸ ︷︷ ︸
=1

g(t)dt

= B1(t)︸ ︷︷ ︸
=t− 1

2

g(t)|10 −
∫ 1

0

B1(t)g′(t)dt

=
1
2
g(1) +

1
2
g(0) − B2(t)g′(t)|10 +

∫ 1

0

B2(t)g′′(t)dt

B2(0)=B2(1)=
1
2
g(1) +

1
2
g(0)

−
1∑

k=1

B2k(0)
(
g(2k−1)(1) − g(2k−1)(0)

)

+
∫ 1

0

B2m(t)g(2m)(t)dt

m → m + 1 ∫ 1

0

B2m(t)g(2m)(t)dt

= B2m+1(t)︸ ︷︷ ︸
=0

g(2m)(t)|10 −
∫ 1

0

B2m+1(t)g(2m+1)(t)dt

= −B2m+2(t)g(2m+1)(t)|10 +
∫ 1

0

B2m+2(t)g2m+2(t)dt

B2m+2(0)=B2m+2(1)= −B2m+2(0)
(
g(2m+1)(1) − g(2m+1)(0)

)
+
∫ 1

0

B2m+2(t)g2m+2(t)dt



∫ 1

0

g(t)dt

=
1
2
g(1) − 1

2
g(0) −

m∑
k=1

B2k(0)
(
g(2k−1)(1) − g(2k−1)(0)

)
−B2(m+1)(0)

(
g(2(m+1)−1)(1) − g(2(m+1)−1)(0)

)
+
∫ 1

0

B2m+2(t)g2m+2(t)dt

[0, 1]
[xj−1, xj ]

f ∈ C2m(a, b)

h =
b − a

n
xj = a + jh 1 ≤ j ≤ n

gj : [0, 1] → R, t �→ hf(xj−1 + th)

∫ xj

xj−1

f(x)dx =
∫ 1

0

gj(t)dt

gj(1) = hf(xj) = gj+1(0)

g
(2k−1)
j (t) = h2kf (2k−1)(xj−1 + th)

g
(2k−1)
j (1) = g

(2k−1)
j+1 (0) = h2kf (2k−1)(xj)

x = xj−1 + th

dx = hdt

∫ 1

0

gj(t)dt
Def
=

∫ 1

0

hf(xj−1 + th)dt

=
∫ xj

xj−1

f(x)dx



gj(1) = hf(xj−1 + h) = hf(xj)
gj+1(0) = hf(xj)

g
(2k−1)
j (t) = h

d2k−1

dt2k−1
f(xj−1 + th)

= hh2k−1f (2k−1)(xj−1 + th)

g
(2k−1)
j (1)

c)
= h2kf (2k−1)(xj)

g
(2k−1)
j+1 (0)

c)
= h2kf (2k−1)(xj)

[xj , xj+1] 0 ≤ j ≤ n − 1

f ∈ C2m(a, b)

h :=
b − a

n
∀1 ≤ j ≤ n : xj = a + jh

Th(f) =
∫ b

a

f(x)dx +
m∑

k=1

h2k B2k

(2k)!

(
f (2k−1)(b) − f (2k−1)(a)

)
+ J · h2m

Th(f) =
h

2

n∑
j=1

(f(xj) + f(xj−1))

|J | ≤ (b − a) ‖ B2m ‖∞‖ f2m ‖∞
∀m ∈ N∫ b

a

f(x)dx = h

n∑
j=0

f(a + jh) + J · h2m



∫ b

a

f(x)dx

=
n∑

j=1

∫ xj

xj−1

f(x)dx
a)
=

n∑
j=1

∫ 1

0

gj(t)dt

=
n∑

j=1

(
1
2
gj(1) +

1
2
gj(0)

)
−

n∑
j=1

m∑
k=1

B2k(0)︸ ︷︷ ︸
=B2k/(2k)!

⎛
⎜⎜⎜⎝g

(2k−1)
j (1) − g

(2k−1)
j (0)︸ ︷︷ ︸

=g
(2k−1)
j−1 (1)

⎞
⎟⎟⎟⎠

+
n∑

j=1

∫ 1

0

B2m(t)g(2m)
j (t)dt

b)
=

h

2

n∑
j=1

(f(xj) + f(xj−1)) −
m∑

k=1

B2k

(2k)!

⎛
⎜⎜⎜⎜⎜⎜⎝

n∑
j=1

(g(2k−1)
j (1) − g

(2k−1)
j−1 (1))

︸ ︷︷ ︸
=g

(2k−1)
n (1)−g

(2k−1)
0 (1))

⎞
⎟⎟⎟⎟⎟⎟⎠

+
n∑

j=1

∫ 1

0

B2m(t)h2m+1f (2m)(xj−1 + th)dt

Def
= Tn(f) −

m∑
k=1

h2k B2k

(2k)!
(f (2k−1)( xn︸︷︷︸

=b

) − f (2k−1)( x0︸︷︷︸
=a

))

+h2m h

n∑
j=1

∫ 1

0

B2m(t)f (2m)(xj−1 − th)dt

︸ ︷︷ ︸
=J

|J | ≤ h

m∑
j=1

‖ B2m ‖∞‖ f (2m) ‖∞

nh=b−a≤ (b − a) ‖ B2m ‖∞‖ f (2m) ‖∞= const

f2k−1(b) − f2k−1(a) = 0



h,
h

2
,
h

4
,
h

8
, . . .

h :=
b − a

n

T1(h) = h
f(a) + f(b)

2
+ h

n−1∑
j=1

f(a + jh)

Tk+1(h) =
22kTk

(
h
2

)− Tk(h)
22k − 1

= Tk

(
h

2

)
+

Tk

(
h
2

)− Tk(h)
22k − 1

∫ b

a

f(x)dx = Tm(h) + O(h2m+2)

k = 1

Th(f) =
∫ b

a

f(x)dx + O(h2)

k → k + 1 :

Tk(h) =
∫ b

a

f(x)dx + ckh2k + . . . + cmh2m + O(h2m)

22kTk

(
h

2

)
= 22k

∫ b

a

f(x)dx + 22kck2−2kh2k + . . .

+22kcm2−2mh2m + O(h2m)

22kTk

(
h

2

)
− Tk(h)

= (22k − 1)
∫ b

a

f(x)dx + ck+1(2−2 − 1)h2k+2 + . . .

+cm(22k−2m − 1)h2m + O(h2m)



∫ b

a

f(x)dx

=
22kTk

(
h
2

)− Tk(h)
22k − 1

− ck+1
2−2 − 1
22k − 1

h2k+2 − . . .

−cm
22k−2m − 1

22k − 1
h2m + O(h2m)

= Tk+1(h) − c′k+1h
2k+2 − . . . − c′mh2m + O(h2m)

h T1(h)
h
2 T1

(
h
2

)
T2(h)

h
4 T1

(
h
4

)
T2

(
h
2

)
T3(h)

h
8 T1

(
h
8

)
T2

(
h
4

)
T3

(
h
2

)
T4(h)

Tk

(
h
2

)
Tk(h)∫ b

a
f(x)dx

Tk

(
h

2

)
− Tk(h)



(a, b)

∀x ∈ (a, b) : w(x) > 0

∫ b

a

w(x)f(x)dx

n∑
j=1

Ajf(xj)

p ∈ Pn

p ∈ P2n−1 2n
2n

∀p ∈ P2n−1 : In(f) = I(f)

In P2n

In P2n

p(x) =
n∏

i=1

(x − xj)2 ∈ P2n

0 <

∫ b

a

w(x)p(x)dx =
n∑

j=1

Aj f(xj)︸ ︷︷ ︸
=0

= 0

〈p, q〉 :=
∫ b

a

w(x)p(x)q(x)dx



〈a1p1 + a2p2, q〉 =
∫

(a1p1 + a2p2)qwdx

= a1

∫
p1qwdx + a2

∫
wp2qdx

= a1 〈p1, q〉 + a2 〈p2, q〉
〈p, q〉 =

∫
pqwdx =

∫
qpwdx = 〈q, p〉

〈p, p〉 =
∫

wppdx = 0 ⇒ p ≡ 0

q0 ≡ 1 ∈ P0

∀0 ≤ j ≤ n − 1 : qj+1 = xj+1 −
j∑

i=0

〈
xj+1, pi

〉
〈pi, pi〉 pi ∈ Pj+1

∀0 ≤ j ≤ n : pj =
qj√〈qj , qj〉

j = 0

〈p0, p0〉 =
〈1, 1〉√〈1, 1〉2

= 1

j → j + 1 0 ≤ k ≤ j

〈qj+1, pk〉 =
〈
xj+1, pk

〉− 〈pk, pk〉
〈
xj+1, pk

〉
〈pk, pk〉

= 0

〈pj+1, pk〉 =
〈qj+1, pk〉√〈qj+1, qj+1〉

= 0

〈pj+1, pj+1〉 =
〈qj+1, qj+1〉√〈qj+1, qj+1〉2

= 1

x1, . . . , xm pm



a < x1 < . . . < xk < b

pm pm

q(x) =
k∏

j=1

(x − xj) ∈ Pk

pm

q(x) = 1

k < m pm(x)q(x)

∫
w · (±pmq)︸ ︷︷ ︸

≥0

dx = 〈pm, q〉

q∈Pk= 0
pmq ≡ 0

p �= 0 �= q

k = m

xj pn

Aj =
∫ b

a

w(x)
n∏

i=1,i �=j

(
x − xi

xj − xi

)2

dx

P2n−1

In(f) =
n∑

j=1

∫ b

a

w
n∏

i=1,i �=j

x − xi

xj − xi
dxf(xj)

Pn−1

∀p ∈ P2n−1 ∃q, r ∈ Pn−1 : p = qpn + r



∫ b

a

wpdx =
∫ b

a

wqpndx︸ ︷︷ ︸
=0

+
∫ b

a

wrdx︸ ︷︷ ︸
=In(r)

Pn−1= In(r)
= In(r) + In(qpn)︸ ︷︷ ︸

=0 pn(xi)=0

= In(p)

In P2n−1

wj =
n∏

i=1,i �=j

x − xi

xj − xi

w2
j ∈ P2n−2 ∫ b

a

ww2
j dx = In(w2

j )

=
n∑

k=1

Akw2
j (xk)

= Aj



f ∈ Cn+1(R) m ≤ n

f (m)(0)

f(−kh), . . . , f(kh)

ai

f (m)(0) =
m!
hm

k∑
i=−k

aif(ih) + O(hn+1−m)

n + 1 >> m

f(ih) =
n∑

j=0

f (j)(0)
(ih)j

j!
+ O(hn+1)

ai

k∑
i=−k

aif(ih) =
n∑

j=0

f (j)(0)
hj

j!
·

k∑
i=−k

ijai + O(hn+1)

k∑
i=−k

aif(ih) =
1
m!

hmf (m)(0) + O(hn+1)

∀0 ≤ j ≤ n :
k∑

i=−k

ijai =
{

1 j = m
0

⎛
⎜⎜⎜⎝

1 . . . 1
−k . . . k

(−k)n . . . kn

⎞
⎟⎟⎟⎠
⎛
⎜⎝ a−k

ak

⎞
⎟⎠ =

⎛
⎜⎜⎜⎜⎜⎜⎝

0

1 ←

0

⎞
⎟⎟⎟⎟⎟⎟⎠



2k + 1 = n + 1

A =

⎛
⎜⎜⎜⎝

1 . . . 1
−k . . . k

(−k)n . . . kn

⎞
⎟⎟⎟⎠

det A

=

⎛
⎜⎜⎜⎜⎜⎝

1 1 1 1 1 1
0 1 2 · · · 2k − 1 2k
0 −k + 1 2(−k + 2) · · · (2k − 1)(k − 1) 2k2

0 (−k + 1)n−1 2(−k + 2)n−1 · · · (2k − 1)(k − 1)n−1 2kn

⎞
⎟⎟⎟⎟⎟⎠

det A = (2k)!

⎛
⎜⎜⎜⎝

1 1 1 1 1
−k + 1 −k + 2 · · · k − 1 k

(−k + 1)n−1 (−k + 2)n−1 · · · (k − 1)n−1 kn−1

⎞
⎟⎟⎟⎠

det A =

⎛
⎜⎜⎜⎝

1 1 1 1
−2k + 1 · · · −1 0

(−k + 1)n−2(−2k + 1) · · · (k − 1)n−2(−1) 0

⎞
⎟⎟⎟⎠

det A = (2k)!(−1)n−1(−1)n−1(2k−1)!

⎛
⎜⎜⎜⎝

1 1 1
−k + 1 · · · k − 1

(−k + 1)n−2 · · · (k − 1)n−2

⎞
⎟⎟⎟⎠

det A =
n∏

k=1

(2k)! �= 0



f ∈ C3

f ′(0) =
f(h) − f(−h)

2h
+ O(h2)

f ∈ C4

f ′′(0) =
f(h) − 2f(0) + f(−h)

h2
+ O(h2)

m = 1, n = 2, k = 1⎛
⎝ 1 1 1

−1 0 1
1 0 1

⎞
⎠
⎛
⎝ −0, 5

0
0.5

⎞
⎠ =

⎛
⎝ 0

1
0

⎞
⎠

a−1 = −0.5, a0 = 0, a1 = 0, 5

m = 2, n = 3, k = 1⎛
⎝ 1 1 1

−1 0 1
1 0 1

⎞
⎠
⎛
⎝ 0, 5

−1
0.5

⎞
⎠ =

⎛
⎝ 0

0
1

⎞
⎠

a−1 = 0.5, a0 = −1, a1 = 0, 5



(tj)j∈Z j ∈ Z k ∈ N
k ≥ 2

Bj1(t) := 1[tj ,tj+1)(t)

wjk(t) :=

⎧⎨
⎩

t − tj
tj+k−1 − tj

tj < tj+k−1

0

Bjk := wjkBj,k−1 + (1 − wj+1,k)Bj+1,k−1

Bjk

(1 − wj+1,k)(t) =

⎧⎨
⎩

tj+k − t

tj+k − tj+1
tj+1 < tj+k

1

Bj,1(t) wjk(t)
tj+1 < tj+k

1 − t − tj+1

tj+k − tj+1
=

tj+k − tj+1 − (t − tj+1)
tj+k − tj+1

=
tj+k − t

tj+k − tj+1

Bjk =
j+k−1∑

i=j

pikBi1 pik ∈ Pk−1

Bj,k

k = 2 :

Bj2(t) = wj2︸︷︷︸
∈P1

1[tj ,tj+1)(t) + (1 − wj+1,2)︸ ︷︷ ︸
∈P1

1[tj+1,tj+2)(t)

=
j+1∑
i=j

pi2Bi,1



k − 1 → k :

Bjk(t) = wj,kBj,k−1 + (1 − wj+1,k)Bj+1,k−1

= wjk︸︷︷︸
∈P1

j+k−2∑
i=j

qi,k−1︸ ︷︷ ︸
∈Pk−2

Bi,1 + (1 − wj+1,k)︸ ︷︷ ︸
∈P1

j+k−1∑
i=j+1

ri,k−1︸ ︷︷ ︸
∈Pk−2

Bi,1

=
j+k−1∑

i=j

pikBi,1

tj = tj+k

Bj,k ≡ 0

k = 1
1[tj ,tj+1)(tj) = 0 tj = tj+1

k − 1 → k tj = tj+1 tj = tj+k−1 tj+1 = tj+k

Bjk = wjk Bj,k−1︸ ︷︷ ︸
≡0

+(1 − wj+1,k) Bj+1,k−1︸ ︷︷ ︸
≡0

≡ 0

tj < tj+k tj < tj+k−1

Bj,k(t) > 0 t ∈ (tj , tj+k)
Bj,k(t) = 0

tj < tj+k tj = tj+k−1

Bj,k(t) > 0 t ∈ [tj , tj+k)
Bj,k(t) = 0

Bjk(t) = 0 t �∈ [tj , tj+k)

k = 1 :
Bj1(t) = 1[tj ,tj+1)(t) = 0 t �∈ [tj , tj+1)

k − 1 → k :

Bj,k−1(t) = 0 t �∈ [tj , tj+k−1)
Bj+1,k−1(t) = 0 t �∈ [tj+1, tj+k)



Bjk(t) = wjk Bj,k−1(t)︸ ︷︷ ︸
=0 t�∈[tj ,tj+k−1)

+(1 − wj+1,k) Bj+1,k−1(t)︸ ︷︷ ︸
=0 t�∈[tj+1,tj+k)

= 0 t �∈ [tj , tj+k)

tj < tj+k

a) Bjk(t) ≥ 0
b) Bjk(t) > 0 t ∈ (tj , tj+k)

k = 1

Bj,1 = 1[tj ,tj+1) ≥ 0

k − 1 → k :

wjk ≥ 0 t ≥ tj

Bj,k−1 = 0 t �∈ [tj , tj+k−1)
(1 − wj+1,k) > 0 t < tj+k

Bj+1,k−1 = 0 t �∈ [tk+1, tj+k)

wj,kBj,k−1 ≥ 0
(1 − wj+1,k)Bj+1,k−1 ≥ 0

Bj,k(t) = wj,kBj,k−1 + (1 − wj+1,k)Bj+1,k−1

≥ 0

k = 1 :

Bj,1 = 1[tj ,tj+1) > 0 t ∈ (tj , tj+1)

k − 1 → k :

wjk > 0 t ∈ (tj , tj+k−1) tj < tj+k−1

(1 − wj+1,k) > 0 t ∈ (tj+1, tj+k)

tj < tj+1 tj < tj+k−1

wj,kBj,k−1 > 0 t ∈ (tj , tj+k−1) tj < tj+k−1

(1 − wj+1,k)Bj+1,k−1 > 0 t ∈ (tj+1, tj+k)



Bj,k(t) = wj,kBj,k−1︸ ︷︷ ︸
>0

+ (1 − wj+1,k)Bj+1,k−1︸ ︷︷ ︸
≥0

> 0 t ∈ (tj , tj+k−1)
Bj,k(t) = wj,kBj,k−1︸ ︷︷ ︸

≥0

+ (1 − wj+1,k)Bj+1,k−1︸ ︷︷ ︸
>0

> 0 t ∈ (tj+1, tj+k)

tj < tj+k−1

Bjk(tj) = 0

k = 2 : tj < tj+1

Bj,2(tj) =
tj − tj

tj+1 − tj︸ ︷︷ ︸
=0 tj<tj+k−1

1[tj ,tj+1)(tj) + (1 − wj+1,k)(tj) 1[tj+1,tj+2)(tj)︸ ︷︷ ︸
=0 tj<tj+1

= 0

k − 1 → k : tj < tj+k−1

Bj+1,k−1(tj) = 0
{

tj = tj+1 k − 1
tj < tj+1 tj �∈ [tj+1, tj+k)

Bj,k(tj) =
tj − tj

tj+k−1 − tj︸ ︷︷ ︸
=0 tj<tj+k−1

Bj,k−1(tj) + (1 − wj+1,k)(tj) Bj+1,k−1(tj)︸ ︷︷ ︸
=0

= 0

tj = tj+k−1 < tj+k

Bjk(tj) = 1

k = 1 : tj = tj < tj+1

Bj1(tj) = 1[tj ,tj+1)(tj) = 1

k = 2 : tj = tj+1 < tj+2

Bj2(tj) =
tj − tj

tj+1 − tj
1[tj ,tj+1)(tj)︸ ︷︷ ︸

=0

+ 1[tj+1,tj+2)(tj)︸ ︷︷ ︸
=1 tj=tj+1

= 1



k − 1 → k : tj = . . . = tj+k−1 < tj+k

Bjk(tj) =
tj − tj

tj+k−1 − tj︸ ︷︷ ︸
=0

Bj,k−1(tj) +
tj+k −

=tj+1︷︸︸︷
tj

tj+k − tj+1︸ ︷︷ ︸
tj+1<tj+k

Bj+1,k(tj)︸ ︷︷ ︸
=1 tj+1=...=tj+k−1<tj+k

= 1

lim
j→±∞

tj = ±∞
∀j ∈ Z : tj < tj+k

k ≥ 2

Sk,(tj)j∈Z
=

⎧⎨
⎩∑

j∈Z

cj,kBj,k(t) : cj,k ∈ R

⎫⎬
⎭

tj = tj+k Bj,k = 0

∑
j∈Z

cj,kBj,k(t) + a
∑
j∈Z

dj,kBj,k(t) =
∑
j∈Z

(cj,k + adj,k)Bj,k(t)

Sk,(tj)j∈Z

∑
j∈Z

cjkBj,k =
∑
j∈Z

(cjkwjk + cj−1,k(1 − wjk))Bj,k−1

t ∈ [tj0 , tj0+1]

Bj0−k+1(t), . . . , Bj0(t)

(cj,k)j∈Z cj,k ∈ R

Bjk = wjkBj,k−1 + (1 − wj+1,k)Bj+1,k−1



∑
j∈Z

cj,kBj,k =
∑
j∈Z

(cj,kwjkBj,k−1 + cj,k(1 − wj+1,k)Bj+1,k−1)

=
∑
j∈Z

(cj,kwjk + cj−1,k(1 − wjk))Bj,k−1

u ∈ R k ≥ 1

(t − u)k−1 =
∑
j∈Z

gjk(u)Bjk(t)

gj1(u) := 1
gjk(u) := (tj+1 − u) · · · (tj+k−1 − u)

tj < tj+k−1

gj−1,k(u)(1 − wjk(t)) + gj,k(u)wjk(t)

= (tj − u) . . . (tj+k−2 − u)
tj+k−1 − t

tj+k−1 − tj

+(tj+1 − u) . . . (tj+k−1 − u)
t − tj

tj+k−1 − tj

= gj,k−1(u)
(tj − u)(tj+k−1 − t) + (tj+k−1 − u)(t − tj)

tj+k−1 − tj

= gj,k−1(u)
−tjt − utj+k−1 + tj+k−1t + utj

tj+k−1 − tj

= gj,k−1(u)(t − u)

tj = tj+k−1

(gj−1,k(u)(1 − wjk) + gj,k(u)wjk) Bj,k−1(t)︸ ︷︷ ︸
≡0

= gj,k−1(u)(t − u) Bj,k−1(t)︸ ︷︷ ︸
≡0

k = 1

(t − u)0 = 1 =
∑
j∈Z

1[tj ,tj+1)(t)

=
∑
j∈Z

gj1(u)︸ ︷︷ ︸
=1

1[tj ,tj+1)(t)



k − 1 → k :∑
j∈Z

gjk(u)Bjk(t) =
∑
j∈Z

gj,k(u) (wj,kBj,k−1(t) + (1 − wj+1,k(t))Bj+1,k−1)

=
∑
j∈Z

(gj,k(u)wj,k + (1 − wj,k(t))gj−1,k)Bj,k−1

= (t − u)
∑
j∈Z

gj,k−1(u)Bj,k−1(t)

= (t − u)(t − u)k−2

= (t − u)k−1

k − 1 k

(t − u)k−i

(k − i)!
=

∑
j∈Z

(− d
du

)i−1
gjk(u)

(k − 1)!
Bjk(t)

p ∈ Pk−1

p(t) =
∑
j∈Z

(
k∑

i=1

(− d
du

)i−1
gjk(u)

(k − 1)!

(
d

du

)k−i

p(u)

)
Bjk(t)

Pk−1(t) ⊂ Sk,(tj)j∈Z

(t − u)k−1 =
∑
j∈Z

gjk(u)Bjk(t)

∑
j∈Z

(
− d

du

)i−1

gjk(u)Bjk(t) =
(
− d

du

)i−1

(t − u)k−1

= (k − 1) . . . (k − i + 1)(t − u)k−i

=
(k − 1)!
(k − i)!

(t − u)k−i

(t − u)k−i

(k − i)!
=
∑
j∈Z

(− d
du

)i−1
gjk(u)

(k − 1)!
Bjk(t)



p(t) =
k−1∑
i=0

(t − u)i

i!
p(i)(u)

=
k∑

i=1

(t − u)k−i

(k − i)!
p(k−i)(u)

=
∑
j∈Z

(
k∑

i=1

(− d
du )i−1gjk(u)
(k − 1)!

(
d

du

)k−i

p(u)

)
Bjk(t)

a)

(− d
du

)k−1
gjk(u)

(k − 1)!
= 1

b)
∑
j∈Z

Bjk = 1

(− d
du

)k−1
gjk(u)

(k − 1)!
=

(− d
du

)k−1 (
(−u)k−1 + buk−2 + . . .

)
gjk(u)

(k − 1)!

=
(k − 1)!
(k − 1)!

= 1

p ≡ 1

k∑
i=1

(− d
du

)i−1
gjk(u)

(k − 1)!

(
d

du

)k−i

p(u)

=

(− d
du

)k−1
gjk(u)

(k − 1)!︸ ︷︷ ︸
=1

(
d

du

)0

1

= 1



tj

#tj := #{k : tk = tj}

k ≥ 2

(t − ti)k−11[ti,∞)(t) =
∑
j≥i

gjk(ti)Bjk(t)

∀1 ≤ m ≤ #ti : (t − ti)k−m1[ti,∞)(t) =
∑
j≥i

gj,k−m+1(ti)Bj,k−m+1(t)

t < ti

(Bj,k−m+1) ⊂ [tj , tj+k−m+1)

∀j ≥ i : Bjk(t) = 0

ti < t k ≥ 1

(t − u)k−1 =
∑
j∈Z

gj,k(u)Bj,k(t)

k − m ≥ 0

(t − ti)k−m =
∑
j∈Z

gj,k−m+1(ti)Bj,k−m+1(t)

(Bj,k−m+1) ⊂ [tj , tj+k−m+1)
(Bi−k+m−1,k−m+1) ⊂ [ti−k+m−1, ti)

Bj,k−m+1 j ≥ i − k + m

(t − ti)k−m1[ti,∞)(t)

= (t − ti)k−m

=
∑

j≥i−k+m

gj,k−m+1(ti)Bj,k−m+1(t)



gj,k(u) = (tj+1 − u) . . . (tj+k−1 − u)
gj,k−m+1(ti) = (tj+1 − ti) . . . (tj+k−m − ti)

∀0 ≤ r ≤ k − m − 1 :

gi−k+m+r,k−m+1(ti) = (ti−k+m+r+1 − ti) . . . (ti+r − ti)

0 ≤ r ≤ k − m − 1

gi−k+m,k−m+1(ti) = . . . = gi−1,k−m+1(ti) = 0

i∑
j≥i−k+m−1

gj,k−m+1(ti)Bj,k−m+1(t) =
∑
j≥i

gj,k−m+1(ti)Bj,k−m+1(t)

t = ti

SPk,(tj)j∈Z

=
{
p ∈ Lin

(
Pk−1 ∪ {(t − tj)i1[tj ,∞)(t)}

)
: 0 ≤ i < k

k − #tj − 1 tj}
= Lin

(
Pk−1 ∪ {(t − tj)k−m1[tj ,∞)(t) : 1 ≤ m ≤ #tj

)
s < k tj

k − #tj − 1

s(t) = p(t)︸︷︷︸
∈Pk−1

+
k−1∑
m=0

cm(t − tj)m1[tj ,∞)(t)

1[tj ,∞)(t)
(t − tj)m1[tj ,∞)(t) m ≥ 1

k − #tj − 1

⇐⇒ ∀0 ≤ r ≤ k − #tj − 1 :
(

d

dt

)r

(t − tj)m �= �= 0

⇐⇒ cm = 0 m ≤ k − #tj − 1

⇐⇒ s(t) = p(t) +
#tj∑
m=1

cm(t − tj)k−m1[tj ,∞)(t)



Bi,k

SPk,(tj)j∈Z
= Sk,(tj)j∈Z

(a, b)

Pk−1 ⊂ Sk,(tj)j∈Z

(t − ti)k−m1[ti,∞)(t) ∈ Sk,(tj)j∈Z

SPk,(tj)j∈Z
⊂ Sk,(tj)j∈Z

dim Pk−1 = k tj #tj cm �= 0

dim SPk,(tj)j∈Z
|(a,b) := k +

∑
a<tj<b

#tj

(Bjk) ⊂ [tj , tj+k)

(a, b) ∩ (Bjk) �= ∅
⇐⇒ a < tj < b tj ≤ a < tj+k < b

Sk,(tj)j∈Z
|(a,b) = Lin{Bjk : (Bjk) ∩ (a, b) �= ∅}

= Lin ({Bjk : a < tj < b} ∪ {Bjk : tj ≤ a < tj+k < b})

dim Sk,(tj)j∈Z
|(a,b) = k +

∑
a<tj<b

#tj

= dim SPk,(tj)j∈Z
|(a,b)

SPk,(tj)j∈Z
|(a,b) ⊂ Sk,(tj)j∈Z

|(a,b)

Bj,k

R



∑
i∈Z

ciBi,k

∑
i∈Z

ciBi,k =
∑
i∈Z

diBi,k

(a, b)

J = {j ∈ Z : a < tj < b tj ≤ a < tj+k < b}

(Bi,k)i∈J ∑
i∈J

ciBi,k =
∑
i∈J

diBi,k ⇒ ∀i ∈ J : ci = di

(a, b) ∑
i∈Z

ciBi,k =
∑
i∈Z

diBi,k ⇒ ∀i ∈ Z : ci = di



s ∈ Sk,(tj)j∈Z
∀j : tj < tj+k−1

s′ ∈ Sk−1

tj < tj+k−1

∀j : #tj ≤ k − 1

s ∈ C#tj−k−1 ⊂ C0

tj

(t − tj)m1[tj ,∞)(t) k > m ≥ 1

s′

(t − tj)m1[tj ,∞)(t) k − 1 > m ≥ 0

s ∈ Sk−1,(tj)j∈Z

#tj = k − 1 s′ tj

tj < tj+k−1 s :=
∑

j∈Z cj,kBjk ∈ Sk,(tj)j∈Z

s′ =
∑

j

aj,kBj,k−1

aj,k−1 =
k − 1

tj+k−1 − tj
(cjk − cj−1,k)

s|(ti,ti+1) = p

(gj,k − gj−1,k)(u) = (tj+1 − u) . . . (tj+k−1 − u) − (tj − u) . . . (tj+k−2 − u)
= (tj+k−1 − u − tj + u) (tj+1 − u) . . . (tj+k−2 − u)
= (tj+k−1 − tj)gj,k−1(u)
∈ Pk−2(u)



cj,k(p) =
k∑

i=1

(− d
du

)i−1
gjk(u)

(k − 1)!

(
d

du

)k−i

p(u)

aj,k−1(p′) =
k−1∑
i=1

(− d
du

)i−1
gj,k−1(u)

(k − 2)!

(
d

du

)k−i

p(u)

(cjk − cj−1,k)(p)

=
k∑

i=1

(− d
du

)i−1
(gj,k − gj−1,k)(u)
(k − 1)!

(
d

du

)k−i

p(u)

dk−1

duk−1 gj,k−1(u)≡0
=

tj+k−1 − tj
k − 1

k−1∑
i=1

(− d
du

)i−1
gj,k−1(u)

(k − 2)!

(
d

du

)k−i

p(u)

=
tj+k−1 − tj

k − 1
aj,k−1(p′)

tj < tj+k−1

B′
jk = (k − 1)

(
Bj,k−1

tj+k−1 − tj
− Bj+1,k−1

tj+k − tj+1

)

cj,k = δjj0

Bj0,k =
∑
j∈Z

cj,kBjk

B′
j0,k =

∑
j∈Z

c′j,kBj,k−1 =
∑
j∈Z

(k − 1)
cj,k − cj−1,k

tj+k−1 − tj
Bj,k−1

= (k − 1)
∑
j∈Z

δj,j0

tj+k−1 − tj
Bj,k−1 − (k − 1)

∑
j∈Z

δj−1,j0

tj+k−1 − tj
Bj,k−1

= (k − 1)
Bj0,k

tj0+k−1 − tj0
− (k − 1)

Bj0+1,k−1

tj0+k−1 − tj0



t ∈ [ti, ti+1)

a
(0)
j := aj i − k + 1 ≤ j ≤ i

a
(q+1)
j := a

(q)
j−1(1 − wj,k−q) + a

(q)
j wj,k−q

i − k + q + 2 ≤ j ≤ i 0 ≤ q ≤ k − 2

∑
j∈Z

ajBjk(t) = a
(k−1)
i

∀2 ≤ r ≤ k∑
j∈Z

aj,rBj,r =
∑
j∈Z

aj,r(wj,rBj,r−1) + (1 − wj+1,r)Bj+1,r−1

=
∑
j∈Z

(aj−1,r(1 − wj,r) + aj,rwj,r)Bj,r−1

=
∑
j∈Z

aj,r−1Bj,r−1

∑
j∈Z

ajBj,k =
∑
j∈Z

aj,1Bj,1 = aj,1

∑
j∈Z

ajBj,k

=
∑
j∈Z

(aj−1(1 − wjk) + ajwjk)Bj,k−1

=
∑
j∈Z

a
(1)
j Bj,k−1

=
∑
j∈Z

(a(1)
j−1(1 − wjk−1) + a

(1)
j wjk−1)Bj,k−2

= . . . =
∑
j∈Z

a
(k−1)
j Bj,1

0 ≤ wj,k−q(t) ≤ 1



t0, . . . , tn

s(t) =
n−k∑
i=0

aiBi,k(t)

x0 < . . . < xn−k y0, . . . , yn−k ai

∀j = 0, . . . , n − k : s(xj) = yj

⎛
⎜⎝ y0

yn−k

⎞
⎟⎠ =

⎛
⎜⎝ s(x0)

s(xn−k)

⎞
⎟⎠

=

⎛
⎜⎝ B0,k(x0) · · · Bn−k,k(x0)

B0,k(xn−k) · · · Bn−k,k(xn−k)

⎞
⎟⎠
⎛
⎜⎝ a0

an−k

⎞
⎟⎠

∀i = 0, . . . , n − k : ti < xi < ti+k

ti < x < ti+1 = ti+k

s(x) =
n−k∑
i=0

aiBi,1(x)

=
n−k∑
i=0

ai1[ti,ti+1)(x) = ai

ai := yi i = 0, . . . , n − k

n − k = 0 x0

s(x) =
0∑

i=0

aiBi,2(x) = a0B0,2(x)

a0 := y0



n − k = 1 x0, x1

s(x) =
1∑

i=0

aiBi,2(x) = a0B0,2(x) + a1B1,2(x)

y0 = s(x0) = a0B0,2(x0) + a1B1,2(x0)
y1 = s(x1) = a0B0,2(x1) + a1B1,2(x1)(

y0

y1

)
=

(
B0,2(x0) B1,2(x0)
B0,2(x1) B1,2(x1)

)(
a0

a1

)

B0,2(x) = w02B0,1 + (1 − w1,2)B11

=
x − t0
t1 − t0

1(t0,∞)(t1)1[t0,t1)(x)

+
(

1 − x − t1
t2 − t1

1(t1,∞)(t2)
)

1[t1,t2)(x)

B1,2(x) = w12B1,1 + (1 − w2,2)B21

=
x − t1
t2 − t1

1(t1,∞)(t2)1[t1,t2)(x)

+
(

1 − x − t2
t3 − t2

1(t2,∞)(t3)
)

1[t2,t3)(x)

x0 ∈ (t0, t1) t0 < x0 < t1 < x1 < t3

B0,2(x0) =
x0 − t0
t1 − t0

> 0

B1,2(x0) = 0
B1,2(x1) > 0

⎛
⎜⎜⎜⎜⎝

x − t0
t1 − t0︸ ︷︷ ︸

>0

0

B0,2(x1) B1,2(x1)︸ ︷︷ ︸
>0

⎞
⎟⎟⎟⎟⎠



x0 ∈ [t1, t2), x1 ∈ (t1, t2) t0 ≤ t1 ≤ x0 < x1 < t2

B0,2(x0) = 1 − x0 − t1
t2 − t1

B1,2(x0) =
x0 − t1
t2 − t1

B0,2(x1) = 1 − x1 − t1
t2 − t1

B1,2(x1) =
x1 − t1
t2 − t1

det
(

B0,2(x0) B1,2(x0)
B0,2(x1) B1,2(x1)

)

=
(

1 − x0 − t1
t2 − t1

)
x1 − t1
t2 − t1

−
(

1 − x1 − t1
t2 − t1

)
x0 − t1
t2 − t1

=
x1 − t1 − (x0 − t1)

t2 − t1
=

x1 − x0

t2 − t1
> 0

x0 ∈ [t1, t2), x1 ∈ [t2, t3) t0 ≤ t1 ≤ x0 < t2 ≤ x1 < t3

B0,2(x0) = 1 − x0 − t1
t2 − t1

> 0

B1,2(x0) =
x0 − t1
t2 − t1

B0,2(x1) = 0

B1,2(x1) = 1 − x1 − t2
t3 − t2

⎛
⎜⎜⎝

B0,2(x0)︸ ︷︷ ︸
>0

B1,2(x0)

0 B1,2(x1)︸ ︷︷ ︸
>0

⎞
⎟⎟⎠

→ tj < xj < tj+2

{x : Bj−1,2(x) �= 0} ⊂ [tj−1, tj+1)
{x : Bj,2(x) �= 0} ⊂ [tj , tj+2)

{x : Bj+1,2(x) �= 0} ⊂ [tj+1, tj+3)



⎛
⎜⎜⎜⎜⎜⎝

B0,2(x0) B1,2(x0) 0
B0,2(x1) B1,2(x1) B2,2(x1) 0

0
0 Bn−k−1,2(xn−k−1) Bn−k,2(xn−k−1)
0 Bn−k−1,2(xn−k) Bn−k,2(xn−k)

⎞
⎟⎟⎟⎟⎟⎠

xj ≥ tj+1 : Bj−1,2(xj) = 0
xj < tj+1 : Bj+1,2(xj) = 0

→ x0

y0 = s(x0) =
0∑

i=0

aiBi,k(x0) = a0 B0,k(x0)︸ ︷︷ ︸
�=0

a0 :=
y0

B0,k(x0)

→ Bj+1,k(xj) = 0

(Bj+1,k) ⊂ [tj+1, tj+1+k)
tj < xj < tj+k

xj ∈ (tj , tj+1]

(Bj+1,k) ⊂ [tj+1, tj+k−1)
Bj+1,k(xj−r) = 0 xj−r < xj r > 0

Bj+r,k(xj) = 0 (Bj+r,k) ⊂ [tj+r, tj+r+k) r > 0

Bj−1,k(xj) = 0

(Bj−1,k) ⊂ [tj−1, tj−1+k)
tj < xj < tj+k



xj ∈ (tj−k+1, tj+k]

Bj−1,k(xj+r) = 0 xj+r > xj r > 0
Bj−r,k(xj) = 0 (Bj−r,k) ⊂ [tj−r, tj−r+k)

∀j = 0, . . . , n − k : tj+1 < xj < tj+k−1

∀j : #tj ≤ k − 2
s ∈ Ck−#tj−1 ⊂ C1

∀0 ≤ i ≤ n − k :
n−k∑
j=0

ajBj,k(xi) = 0

⎛
⎜⎝ B0,k(x0) · · · Bn−k,k(x0)

B0,k(xn−k) · · · Bn−k,k(xn−k)

⎞
⎟⎠
⎛
⎜⎝ a0

an−k

⎞
⎟⎠ = 0

s ∈ C1 t0, tn n− k + 3

t0, tn, x0, . . . , xn−k

n − k + 3 s n − k + 2 s′

x
(1)
0 ∈ (t0, x1)

x
(1)
j ∈ (xj−1, xj)

x
(1)
n−k+1 ∈ (xn−k, tn)

tj+1 < xj < tj+k−1

x
(1)
0 ∈ (t0, tk−1) ⊂ (B0,k−1)

x
(1)
j ∈ (tj , tj+k−1) ⊂ (Bj,k−1)

x
(1)
n−k+1 ∈ (tn−k+1, tn) ⊂ (Bn−k+1,k−1)



k− 1 s′

y0 = . . . = yn−k+1 = 0

s′ = 0
s = 0
a = 0



W �= ∅
p : W → [0, 1], w �→ p(w)

∑
w∈W

p(w) = 1

(W, p)
(Ai)i∈I ⇐⇒

∀i, j ∈ I : Ai ∩ Aj = ∅
Ai

∞∑
n=1

An :=
∞⋃

n=1

An

W = {1, . . . , n}

p : {1, . . . , n} → [0, 1], w �→ 1
n

B(1, q) q ∈ [0, 1]

p : {0, 1} → [0, 1], w �→
{

q w = 1
1 − q w = 0

B(n, q) q ∈ [0, 1]

p : {0, 1, . . . , n} → [0, 1], i �→
(

n

i

)
qi(1 − q)n−i



p : N → [0, 1], i �→ (1 − q)i−1q

a > 0

p : N0 → [0, 1], i �→ ai

i!
e−a

a ∈ W

δa : W → [0, 1], w �→
{

1 a = w
0 a �= w

1.)
n∑

i=1

1
n

= 1

2.)
1∑

i=0

p(w) = q + (1 − q) = 1

3.)
n∑

i=0

(
n

i

)
qi(1 − q)n−i = (q + (1 − q))n = 1

4.)
∞∑

i=1

(1 − q)i−1q = q

∞∑
i=0

(1 − q)i = q
1

1 − (1 − q)
= 1

5.)
∞∑

i=0

e−a ai

i!
= e−aea = 1

6.) p(a)︸︷︷︸
=1

+
∑

w∈W\a

p(w)︸︷︷︸
=0

= 1

Pot(W ) = {A : A ⊂ W}

Pot({1, 2}) = {∅, {1}, {2}, {1, 2}}



W �= ∅
P : Pot(W ) → [0, 1], A �→ P [A]

⇐⇒
1.) P [∅] = 0

2.) P

[ ∞∑
n=1

An

]
=

∞∑
n=1

P [An]

3.) P [W ] = 1

(W, p)

P : Pot(W ) → [0, 1], A �→
∑
w∈A

p(w)

P : Pot(W ) → [0, 1]
(W, p)

P [∅] =
∑
w∈∅

p(w) = 0

P

[ ∞∑
n=1

An

]
Def
=

∑
w∈P∞

n=1 An

p(w)

=
∞∑

n=1

∑
w∈An

p(w)

=
∞∑

n=1

P [An]

P [W ] =
∑

w∈W p(w) = 1

P [{w}] =
∑

w∈{w}
p(w) = p(w)



p : W → [0, 1], w �→ P [{w}]

p(w)
Def
= P [{w}] V or∈ [0, 1]∑

w∈W

p(w)
Def
=

∑
w∈W

P [{w}]

= P

[∑
w∈W

{w}
]

= P [W ] = 1

N

w ∈ W p(w) = a
a > 0

P [W ] =
∑

w∈W

p(w) =
∑

w∈W

a = ∞

P [W ] = 1
a = 0

P [W ] =
∑

w∈W

p(w) =
∑

w∈W

0 = 0

P [W ] = 1

1
3

W = {1, . . . , 6}
∀1 ≤ i ≤ 6 : p(i) =

1
6

A = {5, 6}
P [A] =

∑
w∈A

p(w) = p(5) + p(6)

=
1
6

+
1
6

=
1
3



A, B, An ⊂ W n ∈ N

1.) w ∈ AC

2.) A ⊂ B
3.) An w ∈ ⋃∞

n=1 An

4.) An w ∈∑∞
n=1 An

5.) An w ∈ ⋂∞
n=1 An

6.)
⋂∞

m=1

⋃∞
n=m An

7.)
⋃∞

m=1

⋂∞
n=m An

w ∈ W w �∈ A w ∈ AC

w ∈ A w ∈ B) ⇐⇒ A ⊂ B

⇐⇒ An

⇐⇒ An w ∈ An

⇐⇒ w ∈
∞⋃

n=1

An

An

⇐⇒ An w ∈ An

⇐⇒ w ∈
∞∑

n=1

An

⇐⇒ w ∈ An

⇐⇒ w ∈
∞⋂

n=1

An



⇐⇒ n ≥ m An

⇐⇒ n ≥ m w ∈ An

⇐⇒ w ∈
⋃

n≥m

An

⇐⇒
∞⋂

m=1

⋃
n≥m

An

⇐⇒ An n ≥ m

⇐⇒ n ≥ m w ∈ An

⇐⇒ w ∈
⋂

n≥m

An

⇐⇒ w ∈
∞⋃

m=1

⋂
n≥m

An

P [A + B] = P [A] + P [B]
P [AC ] = 1 − P [A]

A ⊂ B P [A] ≤ P [B]

P

⎡
⎣ ∞⋃

j=1

Aj

⎤
⎦ ≤

∞∑
j=1

P [Aj ]

A1 = A

A2 = B

An = ∅ n ≥ 3



P

[ ∞∑
n=1

An

]
=

∞∑
n=1

P [An]

= P [A] + P [B] +
∞∑

n=3

P [∅]︸︷︷︸
=0

= P [A] + P [B]

P [A] + P [AC ] = P [A + AC ] = P [W ] = 1

P [B] = P [A + B ∩ AC ]
= P [A] + P [B ∩ AC ]
≥ P [A]

P

⎡
⎣ ∞⋃

j=1

Aj

⎤
⎦ = P

⎡
⎣A1 +

∞∑
j=2

Aj ∩ AC
j−1 ∩ . . . ∩ AC

1

⎤
⎦

= P [A1] +
∞∑

j=2

P
[
Aj ∩ AC

j−1 ∩ . . . ∩ AC
1

]

≤
∞∑

j=1

P [Aj ]



Ai ⊂ W i ∈ I
Ai ⇐⇒

∀i, j ∈ I : P [Ai ∩ Aj ] = P [Ai]P [Aj ]

Ai ⇐⇒

∀J ⊂ I, |J | < ∞ : P

[⋂
i∈J

Ai

]
=
∏
i∈J

P [Ai]

(Ai)i∈I J ⊂ I
(Ai)i∈J

K ⊂ J (Ai)i∈I K ⊂ I

P

[⋂
i∈K

Ai

]
=
∏
i∈K

P [Ai]

(Ai)i∈J

(Ai)i∈I ⇐⇒
J, K ⊂ I

P

⎡
⎣⋂

j∈J

AC
j ∩

⋂
k∈K

Ak

⎤
⎦ =

∏
j∈J

P [AC
j ]
∏
k∈K

P [Ak]

⋂
j∈∅

Aj = W

∏
j∈∅

P [Aj ] = 1

⇐ J = ∅
⇒ |J | |J | = 0

P

[ ⋂
k∈K

Ak

]
=
∏
k∈K

P [Ak]



n → n + 1 :

P

⎡
⎣⋂

j∈J

AC
j ∩

⋂
k∈K

Ak

⎤
⎦

= P

⎡
⎣ ⋂

j∈J\{j0}
AC

j ∩
⋂

k∈K

Ak ∩ AC
j0

⎤
⎦

P [A∩B]=P [A]−P [A∩BC ]
= P

⎡
⎣ ⋂

j∈J\{j0}
AC

j ∩
⋂

k∈K

Ak

⎤
⎦

−P

⎡
⎣ ⋂

j∈J\{j0}
AC

j ∩
⋂

k∈K∪{j0}
Ak

⎤
⎦

|J\{j0}|=n
=

∏
j∈J\{j0}

P
[
AC

j

] ∏
k∈K

P [Ak]

−P [Aj0 ]
∏

j∈J\{j0}
P [AC

j ]
∏
k∈K

P [Ak]

1−P [Aj0 ]=P [AC
j0

]
= P [AC

j0 ]
∏

j∈J\j0

P [AC
j ]
∏
k∈K

P [Ak]

W = {1, 2}

∀1 ≤ i ≤ 2 : P [i] =
1
2

Q[1] = 1
Q[2] = 0

A = {1} B = {1, 2}

P [A ∩ B] = P [A] =
1
2
�= 1

2
· 1
2

= P [A] · P [B]

Q[A ∩ B] = Q[A] = 1 = Q[A] · Q[B]

A1, . . . , An

P [A1 ∩ . . . ∩ An] =
n∏

i=1

P [Ai]



{A} = {A, A}

W = {1, 2}
A1 = {1}
A2 = {2}
A3 = ∅

p(1) = p(2) =
1
2

P [A1 ∩ A2 ∩ A3] = P [∅] = 0 = P [A1]P [A2]P [A3]

P [A1 ∩ A2] = P [∅] = 0 �= 1
4

= P [A1]P [A2]

W = {1, 2, 3, 4}
A1 = {1, 2}
A2 = {2, 3}
A3 = {3, 1}

p(i) =
1
4

P [A1 ∩ A2] = P [2] =
1
4

=
1
2

1
2

= P [A1] · P [A2]

P [A1 ∩ A3] = P [1] =
1
4

=
1
2

1
2

= P [A1] · P [A3]

P [A2 ∩ A3] = P [3] =
1
4

=
1
2

1
2

= P [A2] · P [A3]

P [A1 ∩ A2 ∩ A3] = P [∅] = 0 �= 1
2

1
2

1
2

= P [A1]P [A2]P [A3]



⇐⇒ P [A ∩ A] = P [A]P [A]
⇐⇒ P [A] = P [A]2

⇐⇒ P [A] ∈ {0, 1}



Wi (W1, p1), . . . , (Wn, pn)

W = W1 × . . . × Wn

p : W1 × . . . × Wn → [0, 1], (w1, . . . , wn) �→
n∏

i=1

pi(wi)

W1, . . . , Wn W1 × . . . × Wn

p(wi) ∈ [0, 1]

p(w) = p1(w1) · . . . · pn(wn) ∈ [0, 1]

p(w) ≥ 0∑
w∈W

p(w) =
∑

w1∈W1

. . .
∑

wn∈Wn

p1(w1) . . . pn(wn)

=
∑

w1∈W1

p1(w1)

︸ ︷︷ ︸
=1

· . . . ·
∑

wn∈Wn

pn(wn)

︸ ︷︷ ︸
=1

= 1

(Wi, pi)

(Wi, pi) (W i, pi) (W, p)

Pi pi

Ai := W1 × . . . × Wi−1 × Ai × Wi+1 × . . . × Wn

(Ai)C = W1 × . . . × Wi−1 × AC
i × Wi+1 × . . . × Wn

∞∑
k=1

Ai
k = W1 × . . . × Wi−1 ×

∞∑
k=1

Ak,i × Wi+1 × . . . × Wn

P [Ai] = Pi[Ai]



w ∈ (Ai)C ⇐⇒ wi �∈ Ai

⇐⇒ wi ∈ AC
i

⇐⇒ W1 × . . . × Wi−1 × AC
i × Wi+1 × . . . × Wn

w ∈
∞∑

k=1

Ai
k

⇐⇒ ∃!k : w ∈ Ai
k

⇐⇒ ∃!k : wi ∈ Ak,i

⇐⇒ w ∈ W1 × . . . × Wi−1 ×
∞∑

k=1

Ak,i × Wi+1 × . . . × Wn

P [Ai]
Def
=

∑
(w1,...,wn)∈W1×...×Ai×...×Wn

p1(w1) . . . pn(wn)

=
∑

w1∈W1

p1(w1) . . .
∑

wi∈Ai

pi(wi) . . .
∑

wn∈Wn

pn(wn)

=

( ∑
w1∈W1

p1(w1)

)
︸ ︷︷ ︸

=1

. . .

( ∑
wi∈Ai

pi(wi)

)
. . .

( ∑
wn∈Wn

pn(wn)

)
︸ ︷︷ ︸

=1

=
∑

wi∈Ai

pi(wi) = Pi[Ai]

(Wi, pi)

Ai ⊂ Wi 1 ≤ i ≤ n
A1, . . . , An ⊂ W

w ∈
n⋂

i=1

Ai ⇐⇒ w ∈ A1 × . . . × An

⇐⇒ ∀1 ≤ i ≤ n : wi ∈ Ai



P

[
n⋂

i=1

Ai

]
=

∑
w∈A1∩...∩An

p1(w1) . . . pn(wn)

=
∑

(w1,...,wn)∈A1×...×An

p1(w1) . . . pn(wn)

=
∑

w1∈A1

. . .
∑

wn∈An

p1(w1) . . . pn(wn)

=

( ∑
w1∈A1

p1(w1)

)
. . .

( ∑
wn∈An

pn(wn)

)

=
n∏

i=1

Pi[Ai] =
n∏

i=1

P [Ai]

Ai

A1, . . . , An



X : (W, P ) → R

X, Y : (W, P ) → V

{X = v} := X−1(v) := {w ∈ W : X(w) = v}
{X ∈ A} := X−1(A) := {w ∈ W : X(w) ∈ A}

P [X ∈ A] := P [{w ∈ W : X(w) ∈ A}]
P [X ∈ A, Y ∈ B] := P [{X ∈ A} ∩ {Y ∈ B}]

X : (W, P ) → R

{X ≤ z} := {w ∈ W : X(w) ≤ z}
X−1

X : W → V

X−1 : Pot(V ) → Pot(W ), A �→ X−1(A)

X−1(∅) = ∅
X−1(V ) = W

X−1(BC) = (X−1(B))C

X−1(
⋃

i∈I Bi) =
⋃

i∈I X−1(Bi)

X−1(
∑

i∈I Bi) =
∑

i∈I X−1(Bi)

X−1(
⋂

i∈I Bi) =
⋂

i∈I X−1(Bi)

B1 ⊂ B2 X−1(B1) ⊂ X−1(B2)

X : W → V
X(w) ∈ ∅

w ∈ W

X−1(∅) = {w ∈ W : X(w) ∈ ∅} = ∅

X : W → V

∀w ∈ W : X(w) ∈ V

X−1(V ) = {w ∈ W : X(w) ∈ V } = W



w ∈ X−1(BC)
Def⇐⇒ X(w) ∈ BC

B+BC=V⇐⇒ X(w) �∈ B

X(w)∈B ⇐⇒ w∈X−1(B)⇐⇒ w �∈ X−1(B)
X−1(B)+X−1(B)C=W⇐⇒ w ∈ (X−1(B))C

w ∈ X−1

(⋃
i∈I

Bi

)
Def⇐⇒ X(w) ∈

⋃
i∈I

Bi ⇐⇒ ∃i : X(w) ∈ Bi

Def⇐⇒ ∃i : w ∈ X−1(Bi) ⇐⇒ w ∈
⋃
i∈I

X−1(Bi)

∃! ∃
∀ ∃

w ∈ X−1(B1)
Def⇒ X(w) ∈ B1 ⊂ B2

Def⇒ w ∈ X−1(B2)

X : (W, P ) → V

P [X−1(·)] : Pot(V ) → [0, 1], A �→ P [X−1(A)]

P [X−1(A)] ≥ 0
P [X−1(∅)] = P [∅] = 0
P [X−1(V )] = P [W ] = 1

P

[
X−1

( ∞∑
i=1

Ai

)]
= P

[ ∞∑
i=1

X−1(Ai)

]
=

∞∑
i=1

P [X−1(Ai)]



W = {1, . . . , 6}

X : (W, P ) → {a, b, c, d},

1 �→ a
2 �→ a
3 �→ a
4 �→ b
5 �→ b
6 �→ c

P [X = a] =
1
2

P [X = b] =
1
3

P [X = c] =
1
6

P [X = d] = 0

P [X−1(·)] {a, b, c, d}
P [X−1(·)] = P [Y −1(·)] X = Y

W = {a, b} P [a] = P [b] = 1
2

X : {a, b} → {−1, 1},
{

a �→ 1
b �→ −1

Y : {a, b} → {−1, 1},
{

a �→ −1
b �→ 1

X = −Y X �= Y

P [X = 1] = P [Y = 1] =
1
2

P [X = −1] = P [Y = −1] =
1
2

P [X−1(·)] = P [Y −1(·)]
i ∈ I Xi : (W, P ) → Vi ⇐⇒

∀Ai ⊂ Vi ({Xi ∈ Ai})i∈I

∀J ⊂ I ∀Ai ⊂ Vi : P
[⋂

i∈J{Xi ∈ Ai}
]

=
∏

i∈J P [Xi ∈ Ai]



∀zi ∈ Vi ({Xi = zi})i∈I

∀J ⊂ I ∀zi ∈ Vi : P
[⋂

i∈J{Xi = zi}
]

=
∏

i∈J P [Xi = zi]

P [Xi = zi]

⇐⇒
⇐⇒
⇒ Ai = {zi}
⇒

{Xi ∈ Ai} =
∑

zi∈Ai

{Xi = zi}

J ⊂ I

P

[⋂
i∈J

{Xi ∈ Ai}
]

= P

[⋂
i∈J

∑
zi∈Ai

{Xi = zi}
]

=
∑

z1∈A1

. . .
∑

zn∈An

P

[⋂
i∈J

{Xi = zi}
]

4.)
=

∑
z1∈A1

. . .
∑

zn∈An

∏
i∈J

P [Xi = zi]

=
∏
i∈J

P

[ ∑
zi∈Ai

{Xi = zi}
]

=
∏
i∈J

P [Xi ∈ Ai]

(Wi, Pi)
X : (W, P ) → R

Xi : (W, P ) → Vi fi : Vi → Ui

fi ◦ Xi

(W, P )
fi◦Xi−→ Ui

Xi ↘ ↗ fi

Vi



ui ∈ Ui J ⊂ I

P

[⋂
i∈J

{fi ◦ Xi = ui}
]

= P

[⋂
i∈J

{Xi ∈ f−1(ui)}
]

Xi =
∏
i∈J

P
[{Xi ∈ f−1(ui)}

]
=

∏
i∈J

P [fi ◦ Xi = ui]

(fi ◦ Xi)i∈I

Xi : (W, P ) → Vi I =
⊕

k∈K Ik

|Ik| < ∞

(Xi1 , . . . , XiIk
) : W → Vi1 × . . . × VIk

K1 ⊂ K

P

[ ⋂
k∈K1

(Xi1 , . . . , XiIk
) = vk

]

= P

⎡
⎣ ⋂

k∈K1

⋂
j∈Ik

Xij = vk,ij

⎤
⎦

(Xi)i =
∏

k∈K1

∏
j∈Ik

P
[
Xij

= vk,ij

]
=

∏
k∈K1

P
[
(Xi1 , . . . , XiIk

) = vk

]



X, Y : (W, P ) → N0

P [X + Y = n] =
n∑

k=0

P [X = k]P [Y = n − k]

P [X + Y = n] = P

[
n∑

k=0

{X = k} ∩ {Y = n − k}
]

=
n∑

k=0

P [X = k, Y = n − k]

=
n∑

k=0

P [X = k]P [Y = n − k]

X, Y P [X−1(·)] = Poi(c) P [Y −1(·)] =
Poi(d)

P [(X + Y )−1(·)] = Poi(c + d)

n ∈ N0

P [X + Y = n] =
n∑

k=0

P [X = k, Y = n − k]

=
n∑

k=0

P [X = k]P [Y = n − k]

=
n∑

k=0

ck

k!
dn−k

(n − k)!
e−ce−d

=
e−(c+d)

n!

n∑
k=0

(
n

k

)
ckdn−k

=
e−(c+d)

n!
(c + d)n

= Poi(c + d)(n)

B(n, p)



P [X−1(·)] = B(n, p) P [Y −1(·)] =
B(1, p)

P [(X + Y )−1(·)] = B(n + 1, p)

X1, . . . , Xn P [X−1
i (·)] = B(1, p)

P

⎡
⎣( n∑

i=1

Xi

)−1

(·)
⎤
⎦ = B(n, p)

P [X−1(·)] = B(n, p) P [Y −1(·)] = B(m, p)

P [(X + Y )−1(·)] = B(n + m, p)

1 ≤ k ≤ n

P [X + Y = k]
= P [X = k − 1, Y = 1] + P [X = k, Y = 0]

= P [X = k − 1] · P [Y = 1] + P [X = k] · P [Y = 0]

=
(

n

k − 1

)
pk−1(1 − p)n−k+1p +

(
n

k

)
pk(1 − p)n−k(1 − p)

=
(

n + 1
k

)
pk(1 − p)n+1−k

= B(n + 1, p)(k)

P [X + Y = n + 1] = P [X = n, Y = 1]

= P [X = n] · P [Y = 1]

=
(

n

n

)
pn(1 − p)n−np

=
(

n + 1
n + 1

)
pn+1(1 − p)n+1−(n+1)

= B(n + 1, p)(n + 1)

P [X + Y = 0] = P [X = 0, Y = 0]

= P [X = 0] · P [Y = 0]

=
(

n

0

)
p0(1 − p)n−0(1 − p)

=
(

n + 1
0

)
p0(1 − p)n+1 = B(n + 1, p)(0)



P [(X1 + X2)−1(·)] = B(2, p)

n → n + 1 P [(
∑n

i=1 Xi)−1(·)] = B(n, p)∑n
i=1 Xi Xn+1

P

⎡
⎣(n+1∑

i=1

Xi

)−1

(·)
⎤
⎦ = B(n + 1, p)

P [X−1(·)] = P

⎡
⎣( n∑

i=1

Xi

)−1

(·)
⎤
⎦

P [Y −1(·)] = P

⎡
⎣( m+n∑

i=n+1

Xi

)−1

(·)
⎤
⎦

n∑
i=1

Xi,

m+n∑
i=n+1

Xi

P [X + Y = k]

=
k∑

j=0

P [X = j]P [Y = k − j]

V or=
k∑

j=0

P

[
n∑

i=1

Xi = j

]
P

[
m+n∑

i=n+1

Xi = k − j

]

= P

[
n∑

i=1

Xi +
m+n∑

i=n+1

Xi = k

]
b)
= B(n + m, p)(k)



B(n, p)
Poi(c)

c =
n∑

i=1

pi

X1, . . . , Xn : (W, P ) → R P [X−1
i (·)] =

B(1, pi)

∞∑
k=0

∣∣∣∣∣P
[

n∑
i=1

Xi = k

]
− Poi

(
n∑

i=1

pi

)
[k]

∣∣∣∣∣ ≤ 2
n∑

i=1

p2
i

B(1, pi)
Poi (

∑n
i=1 pi)

Wi = {−1, 0, 1, 2, . . .}
Pi

B(1, pi) Poi(pi) Pi

k = −1 0 0 exp(−pi) − 1 + pi

k = 0 1 − pi exp(−pi) 1 − pi

k = 1 pi pi exp(−pi) pi exp(−pi)

k ≥ 2 0
1
k!

pk
i exp(−pi)

1
k!

pk
i exp(−pi)

1 = exp(−pi)
∞∑

k=0

pk
i

k!

∞∑
k=−1

Pi(k) = (exp(−pi) − 1 + pi) + (1 − pi) + exp(−pi)
∞∑

k=1

pk
i

k!

= exp(−pi)
∞∑

k=0

pk
i

k!
= 1

exp(x) ≥ 1 + x

exp(−x) − 1 − (−x) ≥ 0
Pi[−1] = exp(−pi) − 1 + pi ≥ 0



(Wi, Pi)
(W, P )

W = W1 × . . . × Wn

P [(w1, . . . , wn)] =
n∏

i=1

Pi[wi]

Xi(w) = 1{−1}+N(wi)

Yi(w) =
∞∑

k=0

k · 1k(wi)

X1, . . . , Xn

P [Xi = 0] = Pi[0] = 1 − pi

P [Xi = 1] = Pi[{−1} ∪ N] = pi

P [X−1
i (·)] = B(1, pi) X =

∑n
i=1 Xi

Y1, . . . , Yn

P [Yi = 0] = Pi[{−1, 0}] = (exp(−pi) − 1 + pi) + (1 − pi)
= exp(−pi)

∀k ∈ N : P [Yi = k] = Pi[k] =
exp(−pi)

k!
pk

i

P [Y −1
i (·)] = Poi(pi)

Y =
n∑

i=1

Yi

P [Y −1(·)] = Poi

[
n∑

i=1

pi

]

Xi(−1) = 1 �= 0 = Yi(−1)
Xi(0) = 0 = Yi(0)
Xi(1) = 1 = Yi(1)

∀k ≥ 2 : Xi(k) = 1 �= k = Yi(k)



1 − exp(−pi)
exp(x)≥1+x

≤ pi

P [Xi = Yi] = P [wi ∈ {0, 1}]
= Pi(0) + Pi(1)
= 1 − pi + exp(−pi)pi

P [Xi �= Yi] = 1 − (1 − pi + exp(−pi)pi)
= pi(1 − exp(−pi))

exp(−x)≥1−x

≤ p2
i

(
n∑

i=1

Xi(w) �=
n∑

i=1

Yi(w)

)
⇒ (∃i : Xi(w) �= Yi(w))

{X �= Y } ⊂
n⋃

i=1

{Xi �= Yi}

P [X �= Y ] ≤
n∑

i=1

P [Xi �= Yi]

≤
n∑

i=1

p2
i



∞∑
k=0

∣∣∣∣∣P [X = k] − Poi

(
n∑

i=1

pi

)
[k]

∣∣∣∣∣
=

∞∑
k=0

|P [X = k] − P [Y = k]|

=
∞∑

k=0

|P [X = k, Y = k] + P [X = k, Y �= k]

−P [Y = k, X = k] − P [Y = k, X �= k]|
Δ≤

∞∑
k=0

P [X = k, Y �= k] +
∞∑

k=0

P [X �= k, Y = k]

= 2P [X �= Y ]

≤ 2
n∑

i=1

p2
i

lim
n→∞

n∑
i=1

p2
i = 0

B(1, pn)

lim
n→∞npn = c > 0

∞∑
k=0

|B(n, pn)[k] − Poi(c)[k]| ≤ 2np2
n + |exp(npn) − exp(c)|

lim
n→∞

∞∑
k=0

|B(n, pn)[k] − Poi(c)[k]| = 0



limn→∞ npn = c

lim
n→∞ pn =

(
lim

n→∞
1
n

)
lim

n→∞npn = 0 · c = 0

lim
n→∞np2

n =
(

lim
n→∞npn

)
lim

n→∞ pn = c · 0 = 0

x �→ xk

∞∑
k=0

|Poi(npn)[k] − Poi(c)[k]| =
∞∑

k=0

±
(

(npn)k

k!
− ck

k!

)

= ±
( ∞∑

k=0

(npn)k

k!
−

∞∑
k=0

ck

k!

)

= ±(exp(npn) − exp(c))

∞∑
k=0

|B(n, pn)[k] − Poi(c)[k]|

≤
∞∑

k=0

|B(n, pn)[k] − Poi(npn)[k]| +
∞∑

k=0

|Poi(npn)[k] − Poi(c)[k]|

≤ 2
n∑

i=1

p2
n + |exp(npn) − exp(c)|

= 2np2
n + |exp(npn) − exp(c)|

exp

0 ≤ lim
n→∞

∞∑
k=0

|B(n, pn)[k] − Poi(c)[k]|

≤ lim
n→∞ 2np2

n + lim
n→∞ |exp(npn) − exp(c)|

= 0



W = { }

X : (W, P ) → R

P [X−1(·)]
R

X : (W, P ) → R∑
w∈W

|X(w)|P [w] < ∞

E[X] =
∑

w∈W

X(w)P [w]

E[|X|] < ∞ P [X−1(·)]

E[|X|] =
∑

x∈X(W )

|x|P [X−1(x)] =
∑
x∈R

|x|P [X−1(x)]

E[X] =
∑

x∈X(W )

xP [X−1(x)] =
∑
x∈R

xP [X−1(x)]



E[|X|] =
∑

w∈W

|X(w)|P [w]

=
∑

x∈X(W )

∑
w:X(w)=x

|X(w)|︸ ︷︷ ︸
=|x|

P [w]

=
∑

x∈X(W )

|x|
∑

w:X(w)=x

P [w]

=
∑

x∈X(W )

|x|P
⎡
⎣ ∑

w:X(w)=x

{w}
⎤
⎦

=
∑

x∈X(W )

|x|P [X = x]

=
∑

x∈X(W )

|x|P [X−1(x)]

E[X] =
∑

w∈W

X(w)P [w]

=
∑

x∈X(W )

∑
w:X(w)=x

X(w)︸ ︷︷ ︸
=x

P [w]

=
∑

x∈X(W )

x
∑

w:X(w)=x

P [w]

=
∑

x∈X(W )

xP

⎡
⎣ ∑

w:X(w)=x

{w}
⎤
⎦

=
∑

x∈X(W )

xP [X = x]

=
∑

x∈X(W )

xP [X−1(x)]

x �∈ X(W )

X−1(x) = ∅
P [X−1(x)] = P [∅] = 0

x �∈ X(W ) ⇒ xP [X = x] = 0



∑
x∈R

xP [X−1(x)] =
∑

x∈X(W )

xP [X−1(x)]

P [X−1(·)]

R (W, P )
X : (W, P ) → R P [X−1(·)] = Q[·]

E[X] =
∑
x∈R

xP [X−1(x)]

X : (W, P ) → V f : V → R E[|f ◦X|] <
∞

W
f◦X−→ R

X ↘ ↗ f
V

E[f ◦ X] =
∑

w∈W

f(X(w))P [w]

=
∑
t∈R

tP [f ◦ X = t]

=
∑
x∈V

f(x)P [X = x]

∑
w∈W

|f(X(w))|P [w] =
∑

x∈X(W )

∑
w:X(w)=x

|f(X(w))|︸ ︷︷ ︸
=|f(x)|

P [w]

=
∑

x∈X(W )

|f(x)|
∑

w:X(w)=x

P [w]

=
∑

x∈X(W )

|f(x)|P [X = x]

=
∑
x∈V

|f(x)|P [X = x]



∑
w∈W

f(X(w))P [w] =
∑

x∈X(W )

∑
w:X(w)=x

f(X(w))︸ ︷︷ ︸
=f(x)

P [w]

=
∑

x∈X(W )

f(x)
∑

w:X(w)=x

P [w]

=
∑

x∈X(W )

f(x)P [X = x]

=
∑
x∈V

f(x)P [X = x]

X : N → R, i �→ (−1)ii2i

P [i] =
1
2i

P [N] =
∞∑

i=1

P [i] =
∞∑

i=1

1
2i

=
1

1 − 1
2

− 1 = 2 − 1 = 1

E[|X|] =
∞∑

i=1

∣∣(−1)ii2i
∣∣ 1
2i

=
∞∑

i=1

i = ∞

X : (W, P ) → R

X, Y : (W, P ) → R 0 ≤ |X| ≤ |Y |

E[|X|p] < ∞ p ≥ 1 E[|X|] < ∞
E[X2] < ∞ ⇐⇒ E[(X + a)2] < ∞

X : (W, P ) → R E[|X|] < ∞



|X| M

E[|X|] =
∑

w∈W

|X(w)|︸ ︷︷ ︸
≤M

P [w]

≤ M
∑

w∈W

P [w]

︸ ︷︷ ︸
=1

= M < ∞

E[|X|] =
∑

w∈W

|X(w)|P [w]

≤
∑

w∈W

|Y (w)|P [w]

= E[|Y |] < ∞

|X(w)| ≤ 1 X(w) ≤ 1
|X(w)| ≤ |X(w)|p |X(w)| ≥ 1

|X| ≤ |X|p + 1

E[|X|] =
∑

w∈W

|X(w)|P [w]

≤
∑

w∈W

|X(w)|pP [w] +
∑

w∈W

P [w]

= E[|X|p] + 1 < ∞
⇒ E[|X|] < ∞

(X + a)2 = X2 + 2aX + a2

≤ X2 + 2|a||X| + a2

E[(X + a)2] < ∞
⇐ E[|X + a|] < ∞

X2 = (X + a)2 − 2aX − a2

= (X + a)2 − 2a(X + a) + a2

≤ (X + a)2 + 2|a||X + a| + a2



E[X2] < ∞
X, Y : (W, P ) → R E[|X|], E[|Y |] < ∞ a ∈ R

E[|X + aY |] =
∑

w∈W

|X(w) + aY (w)|P [w]

≤
∑

w∈W

|X(w)|P [w] + |a|
∑

w∈W

|Y (w)|P [w]

= E[|X|] + |a|E[|Y |] < ∞

a ∈ R X, Y, Z : (W, P ) → R E[|X|], E[|Y |],
E[|Z|] < ∞

X : (W, P ) → R, w �→ c

E[X] = c
E[aX + Y ] = aE[X] + E[Y ]

Z ≥ 0 E[Z] ≥ 0
X ≥ Y E[X] ≥ E[Y ]

|X| ≤ |c| E[|X|] < ∞

E[X] =
∑

w∈W

X(w)P [w] = c
∑

w∈W

P [w]

︸ ︷︷ ︸
=1

= c

E[|aX + Y |] < ∞

E[aX + Y ] =
∑

w∈W

(aX(w) + Y (w))P [w]

= a
∑

w∈W

X(w)P [w] +
∑

w∈W

Y (w)P [w]

= aE[X] + E[Y ]

E[Z] =
∑

w∈W

Z(w)︸ ︷︷ ︸
≥0

P [w]︸ ︷︷ ︸
≥0

≥ 0



E[X] = E[X − Y + Y ]
a)
= E[X − Y︸ ︷︷ ︸

≥0

] + E[Y ]

b)

≥ E[Y ]

a) {1, . . . , n} : E[X] =
n + 1

2
b) B(n, p) : E[X] = np
c) Poi(c) : E[X] = c

d) : E[X] =
1
p

E[X] =
∑
x∈R

xP [X = x] =
n∑

i=1

i
1
n

=
n(n + 1)

2n
=

n + 1
2

E[X] =
∑
x∈R

xP [X = x] =
n∑

i=0

i

(
n

i

)
pi(1 − p)n−i

=
n∑

i=0

i
n!

i!(n − i)!
pi(1 − p)n−i

= np

n∑
i=1

(n − 1)!
(i − 1)!(n − 1 − (i − 1))!

pi−1(1 − p)n−1−i−1

= np

n−1∑
i=0

(
n − 1

i

)
pi(1 − p)n−1−i

= np(p + (1 − p))n−1

= np



E[X] =
∑
x∈R

xP [X = x] =
∞∑

i=0

ie−c ci

i!

= c

∞∑
i=1

e−c ci−1

(i − 1)!

= ce−c
∞∑

i=0

ci

i!
= c

p > 0
∑∞

i=0 yi = 1
1−y y ∈ (0, 1)

∑
d
dx

E[X] =
∑
x∈R

xP [X = x] =
∞∑

i=1

i(1 − p)i−1p

= p

(
−

∞∑
i=1

d

dx
(1 − x)i

)
x=p

= p
d

dx

[
−

∞∑
i=0

(1 − x)i

]
x=p

= p
d

dx

(
− 1

1 − (1 − x)

)
x=p

= p

(
1
x2

)
x=p

=
1
p



X : (W, P ) →
R E[X]

X : (W, P ) → R E[|X|] < ∞

V ar[X] := E[ (X − E[X])2 ]

s(X) =
√

V arX

E[ (X − EX)8 ]

V ar[X] < ∞ ⇐⇒ E[X2] < ∞

V ar[X] < ∞

V ar[X] = E[X2] − E[X]2

a, b ∈ R
V ar[aX + b] = a2V ar[X]

X, Y : (W, P ) → R V arX < ∞, V arY < ∞

V ar[X + Y ] < ∞

E[X2] < ∞ ⇐⇒ E[(X + a)2] < ∞

V ar[X] < ∞ E[X2] < ∞

V ar[X] := E[(X − EX)2]
= E[X2 − 2XE[X] + E[X]2]
= E[X2] − 2E[X]2 + E[X]2

= E[X2] − E[X]2



V ar[X] < ∞ ⇐⇒ E[X2] < ∞
⇐⇒ E[(aX)2] < ∞
⇐⇒ E[(aX + b)2] < ∞
⇐⇒ V ar[aX + b] < ∞

V ar[aX + b] = E
[
(aX + b)2

]− E[aX + b]2

= a2E[X2] + 2abE[X] + b2 − (aE[X] + b)2

= a2E[X2] − a2E[X]2 = a2V ar[X]

V ar[X], V ar[Y ] < ∞

E[X2], E[Y 2] < ∞

2X2 + 2Y 2 − (X + Y )2

= 2X2 + 2Y 2 − X2 − 2XY − Y 2

= X2 − 2XY + Y 2

= (X − Y )2 ≥ 0

(X + Y )2 ≤ 2(X2 + Y 2)
E[(X + Y )2] ≤ 2E[X2] + 2E[Y 2] < ∞

V ar[X + Y ] < ∞

a) {1, . . . , n} : V ar[X] =
n2 − 1

12
b) B(n, p) V ar[X] = np(1 − p)
c) Poi(c) V ar[X] = c

d) V ar[X] =
1 − p

p2



E[X2] =
∑
x∈R

f(x)P [X = x] =
n∑

i=1

i2
1
n

=
n(n + 1)(2n + 1)

6
1
n

V ar[X] = E[X2] − E[X]2 =
(n + 1)(2n + 1)

6
−
(

n + 1
2

)2

= (n + 1)
2(2n + 1) − 3(n + 1)

12

=
n2 − 1

12

E[X(X − 1)] =
∑
x∈R

f(x)P [X = x] =
n∑

i=1

i(i − 1)
n!

i!(n − i)!
pi(1 − p)n−i

=
n∑

i=0

n!
(i − 2)!(n − 2 − (i − 2))!

pi(1 − p)n−i

= n(n − 1)p2
n∑

i=2

(n − 2)!
(i − 2)!(n − 2 − (i − 2))!

pi−2(1 − p)n−2−(i−2)

= n(n − 1)p2
n−2∑
i=0

(
n − 2

i

)
pi(1 − p)n−2−(i−2)

︸ ︷︷ ︸
=1

= n(n − 1)p2

V ar[X] = E[X(X − 1)] + E[X] − E[X]2

= n2p2 − np2 + np − (np)2

= n(p − p2)
= np(1 − p)



E[X2] =
∑
x∈R

f(x)P [X = x] =
∞∑

k=0

(k(k − 1) + k)e−c ck

k!

=

( ∞∑
k=2

ck

(k − 2)!
+

∞∑
k=1

ck

(k − 1)!

)
e−c

= c2e−c
∞∑

k=0

ck

k!
+ e−cc

∞∑
k=0

ck

k!

= c2 + c

V ar[X] = E[X2] − E[X]2 = c2 + c − c2 = c

P [X = k] = (1 − p)k−1p

E[X] =
1
p

E[X(X − 1)] =
∑
x∈R

f(x)P [X = x]

=
∞∑

k=1

k(k − 1)(1 − p)k−1p

= p(1 − p)
d2

dp2

∞∑
k=0

(1 − p)k

= p(1 − p)
d2

dp2

1
p

= p(1 − p)
2
p3

=
2(1 − p)

p2

V ar[X] = E[X(X − 1)] + E[X] − E[X]2

=
2(1 − p)

p2
+

1
p
− 1

p2

=
1 − p

p2



X : (W, P ) → R
V ar[X] ≥ 0
V ar[X] = 0 ⇐⇒ P [X = E[X]] = 1

V ar[X] =
∑
x∈R

(x − E[X])2︸ ︷︷ ︸
≥0

P [X = x] ≥ 0

⇐
V ar[X] = (E[X] − E[X])2︸ ︷︷ ︸

=0

P [X = E[X]]

+
∑

x∈R\{E[X]}
(x − E[X])2 P [X = x]︸ ︷︷ ︸

=0

= 0

⇒ P [X ∈ R] = 1

∃c ∈ R : P [X = c] > 0

V ar[X] = 0

∀x ∈ R : (x − E[X])2P [X = x] = 0

x = E[X]
x = E[X]

P [X = E[X]] > 0
P [X = E[X]] = 1

V ar[X], V ar[Y ] < ∞
V ar[X + Y ] = V arX + V arY + 2(E[XY ] − E[X]E[Y ])

V ar[X + Y ] < ∞

|XY | ≤ X2 + Y 2

2
E[|XY |] < ∞

V ar[X + Y ] = E[(X + Y )2] − E[X + Y ]2

= E[X2] + 2E[XY ] + E[Y 2]
−E[X]2 − 2E[X]E[Y ] − E[Y ]2

= V arX + V arY + 2 (E[XY ] − E[X] · E[Y ])



V ar[X + Y ] �= V ar[X] + V ar(Y )

V arX �= 0

V ar[X + X] = V ar[2X]
= 4V ar[X]
�= V ar[X] + V ar[X]

X : (W, P ) → R E[X2] < ∞

∀a ∈ R : V ar[X] ≤ E[ (X − a)2 ]

V ar[X] = E[ (X − a)2 ] ⇐⇒ a = E[X]

E[X] E[(X − a)2]

E[ (X − a)2 ] = E[X2] − 2aE[X] + a2

= V ar[X] + E[X]2 − 2aE[X] + a2

= V ar[X] + (E[X] − a)2︸ ︷︷ ︸
≥0

≥ V ar[X]

(E[X] − a)2 = V ar[X] ⇐⇒ a = E[X]



X, Y : (W, P ) → R E[|X|], E[|Y |], E[|XY |] <
∞

Kov(X, Y ) = E[ (X − E[X])(Y − E[Y ]) ]

(X − E[X])(Y − E[Y ])
= XY − XE[Y ] − Y E[X] − E[X]E[Y ]

E[|X|], E[|Y |], E[|XY |] < ∞
E[ |(X − E[X])(Y − E[Y ])| ] < ∞

Kov(X, Y ) = E[XY ] − E[X]E[Y ]
Kov(X, X) = V ar(X)
Kov(X, Y ) = Kov(Y, X)
∀a, b, c, d ∈ R : Kov(aX + b, cY + d) = acKov(X, Y )

Kov(X, Y ) = E[XY − XE[Y ] − Y E[X] − E[X]E[Y ]]
= E[XY ] − E[X]E[Y ]

Kov(X, X) = E[X · X] − E[X]E[X] = V ar(X)

Kov(X, Y ) = E[XY ] − E[X]E[Y ]
= E[Y X] − E[Y ]E[X]
= Kov(Y, X)

Kov(aX + b, cY + d)
= E[ (aX + b − E(aX + b))(cY + d − E(cY + d)) ]
= acE[ (X − EX)(Y − EY )]
= acKov(X, Y )



E[X2], E[Y 2] < ∞
|E[XY ]| ≤

√
E[X2]

√
E[Y 2] < ∞

|Kov(X, Y )| ≤
√

V arX
√

V arY

E[X2], E[Y 2] > 0
E[X2], E[Y 2] < ∞

|XY | ≤ X2 + Y 2

2

E[|XY |] ≤ 1
2
E[X2] +

1
2
E[Y 2] < ∞

0 ≤ E

[(
tX ± 1

t
Y

)2
]

= t2E[X2] ± 2E[XY ] +
1
t2

E[Y 2]

|E[XY ]| ≤ t2E[X2] +
1
t2

E[Y 2]

t2 =

√
E[Y 2]
E[X2]

|E[XY ]| ≤ 1
2

√
E[Y 2]
E[X2]

E[X2] +
1
2

√
E[X2]
E[Y 2]

E[Y 2]

=
√

E[X2]
√

E[Y 2]

E[X2] = 0

E[X2] = 0 ⇐⇒ ∀x ∈ R : x2P [X = x] = 0
⇐⇒ ∀x ∈ R : |x|P [X = x] = 0
⇒ ∀x, y ∈ R : |xy|P [X = x, Y = y] = 0
⇐⇒ E[|XY |] = 0

E[Y 2] = 0

|Kov(X, Y )|2 = E[| (X − EX)(Y − EY ) |]2
≤ E[(X − EX)2] · E[(Y − EY )2]
= V ar[X]V ar[Y ]



X1, . . . , Xn : (W, P ) → R E[X2
i ] < ∞

V ar

[
n∑

i=1

Xi

]
=

n∑
i=1

V ar[Xi] +
n∑

i,j=1,i �=j

Kov(Xi, Xj)

X1, . . . , Xn

∀i, j : Kov(Xi, Xj) = 0

V ar

[
n∑

i=1

Xi

]
=

n∑
i=1

V ar[Xi]

E[|Xi||Xj |] ≤
√

E[X2
i ] ·

√
E[X2

j ] < ∞

V ar

[
n∑

i=1

Xi

]
= E

⎡
⎣( n∑

i=1

Xi − E

[
n∑

i=1

Xi

])2
⎤
⎦

= E

⎡
⎣( n∑

i=1

(Xi − E[Xi])

)⎛⎝ n∑
j=1

(Xj − E[Xj ])

⎞
⎠
⎤
⎦

=
n∑

i,j=1

E[(Xi − E[Xi]) · (E[Xj − E[Xj ])]

=
n∑

i=1

V ar[Xi] +
n∑

i,j=1,i �=j

Kov(Xi, Xj)

V ar

[
n∑

i=1

Xi

]
=

n∑
i=1

V ar[Xi] +
n∑

i,j=1,i �=j

Kov(Xi, Xj)︸ ︷︷ ︸
=0

=
n∑

i=1

V ar[Xi]



〈X, Y 〉 =
∑

w∈W

X(w)Y (w)P [w]

〈X, X〉 =
∑

w∈W

X(w)X(w)P [w] ≥ 0

〈a1X1 + a2X2, Y 〉 =
∑

w∈W

(a1X1(w) + a2X2(w))Y (w)P [w]

= a1

∑
w∈W

X1(w)Y (w)P [w]

+a2

∑
w∈W

X2(w)Y (w)P [w]

= a1 〈X1, Y 〉 + a2 〈X2, Y 〉
〈X, Y 〉 =

∑
w∈W

X(w)Y (w)P [w] = 〈Y, X〉

〈X, X〉 = 0 ⇐⇒ ∀w ∈ W : X2(w)P [w] = 0
⇐⇒ X(w) = 0

Kov2(X, Y ) = V ar[X]V ar[Y ]

⇐⇒ Y − E[Y ] = (X − E[X])
Kov(X, Y )
V ar(X)

V ar[X] > 0

A := X − E[X]
B := Y − E[Y ]

c :=
〈A, B〉
〈A, A〉

D := B − A
〈A, B〉
〈A, A〉



B = A
〈A, B〉
〈A, A〉 +

(
B − A

〈A, B〉
〈A, A〉

)
= cA + D

〈A, D〉 =
〈

A, B − A
〈A, B〉
〈A, A〉

〉

= 〈A, B〉 − 〈A, B〉
〈A, A〉 〈A, A〉

= 0

〈B, B〉 = 〈cA + D, cA + D〉
= c2 〈A, A〉 + 2c 〈A, D〉︸ ︷︷ ︸

=0

+ 〈D, D〉

〈A, B〉 = 〈A, cA + D〉2

=

⎛
⎝c 〈A, A〉 + 〈A, D〉︸ ︷︷ ︸

=0

⎞
⎠2

= c2 〈A, A〉2

(Kov(X, Y ))2 = V ar(X)V ar(Y )

⇐⇒ 〈A, B〉2 = 〈A, A〉 〈B, B〉
⇐⇒ c2 〈A, A〉2 = 〈A, A〉 (c2 〈A, A〉 + 〈D, D〉)

〈A,A〉�=0⇐⇒ 〈D, D〉 = 0
⇐⇒ D = 0

⇐⇒ B = A
〈A, B〉
〈A, A〉

⇐⇒ Y − E[Y ] = (X − E[X])
Kov(X, Y )
V ar(X)

V ar(X) = 0

∀x ∈ R : (x − E[X])P [X = x] = 0



Kov(X, Y ) = E[(X − E[X])(Y − E[Y ])]

=
∑

x,y∈R

(x − E[X])(y − E[Y ])P [X = x, Y = y]

≤
∑
x∈X

(x − E[X])P [X = x]

= 0

|Kov(X, Y )|√
V ar[X]

√
V ar[Y ]

≤ 1

|Kov(X, Y )|√
V ar[X]

√
V ar[Y ]

= 1 ⇐⇒ X − E[X] Y − E[Y ]

r :=
Kov(X, Y )√
V arX

√
V arY

∈ [−1, 1]

X : (W, P ) → R

P [X = −2] = P [X = −1] = P [X = 1] = P [X = 2] =
1
4

Y := X2

Kov(X, Y ) = 0



E[X] =
1
4
(−2 − 1 + 1 + 2) = 0

V ar(X) = E[X2] =
1
4
(4 + 1 + 1 + 4) =

10
4

=
5
2

> 0

E[Y ] = E[X2] =
5
2

> 0

E[Y 2] =
1
4
(16 + 1 + 1 + 16) > 0

V ar(Y ) = E[Y 2] − E[Y ]2 =
34
4

− 25
4

> 0

E[XY ] =
1
4
(−8 − 1 + 1 + 8) = 0

Kov(X, Y ) = E[XY ] − E[X]E[Y ] = 0
r(X, Y ) = 0



X : (W, P ) → R

X1, . . . , Xn : (W, P ) → R E[|Xi|] < ∞

E

[
n∏

i=1

|Xi|
]

< ∞

E

[
n∏

i=1

Xi

]
=

n∏
i=1

E[Xi]

n∏
i=1

Xi : Rn → R, (x1, . . . , xn) �→
n∏

i=1

xi

E

[
n∏

i=1

|Xi|
]

=
∑

x∈Rn

|x1 · . . . · xn|P [(X1, . . . , Xn) = (x1, . . . , xn)]

=
∑
x1∈R

. . .
∑

xn∈R

|x1 · . . . · xn| · P
[

n⋂
i=1

{Xi = xi}
]

=
∑
x1∈R

. . .
∑

xn∈R

n∏
i=1

|xi|P [Xi = xi]

=
n∏

i=1

∑
x1∈R

|xi|P [Xi = xi]

=
n∏

i=1

E[|Xi|] < ∞



E

[
n∏

i=1

Xi

]

=
∑

x∈Rn

x1 · . . . · xnP [(X1, . . . , Xn) = (x1, . . . , xn)]

=
∑
x1∈R

. . .
∑

xn∈R

x1 · . . . · xnP

[
n⋂

i=1

{Xi = xi}
]

=
∑
x1∈R

. . .
∑

xn∈R

n∏
i=1

xiP [Xi = xi]

=
n∏

i=1

∑
x1∈R

xiP [Xi = xi]

=
n∏

i=1

E[Xi] < ∞

Xi : (W, P ) → R i ∈ I E[|Xi|] < ∞

Kov(Xi, Xj) = 0

Kov(Xi, Xj) = E[Xi · Xj ] − E[Xi] · E[Xj ] = 0

Kov(X, Y ) = 0

W = {−1, 0, 1}

E[X] = −1 · 1
3

+ 0 · 1
3

+ 1 · 1
3

= 0

E[|X|] = | − 1| · 1
3

+ |0| · 1
3

+ |1| · 1
3

=
2
3

E[X · |X|] = | − 1|(−1)
1
3

+ |0| · 0 · 1
3

+ |1| · 1 · 1
3

= 0

Kov(|X|, X) = E[X|X|] − E[X]E[|X|] = 0

{X = 1, |X| = 0}



P [X = 1, |X| = 0] = 0 �= 1
9

= P [|X| = 0] · P [X = 1]

X |X|



f : [0,∞) → [0,∞) X : (W, P ) → R

E[f(|X|)] < ∞
a > 0 f(a) > 0

P [|X| ≥ a] ≤ E[f(|X|)]
f(a)

P [|X| ≥ a]

=
∑

x∈R,|x|≥a

P [X = x]

≤
∑

x∈R,|x|≥a

f(|x|)
f(a)︸ ︷︷ ︸

≥1 f(|x|)≥f(a)

P [X = x] +
∑

x∈R,|x|<a

f(|x|)
f(a)︸ ︷︷ ︸
≥0

P [X = x]

=
1

f(a)

∑
x∈R

f(|x|)P [X = x]

=
E[f(|X|)]

f(a)

X : (W, P ) → R E[X2] < ∞

∀a > 0 : P [|X − EX| ≥ a] ≤ V arX

a2

f : [0,∞) → [0,∞), y �→ y2

P [|Y | ≥ a] ≤ E[|Y |2]
a2

P [|X − E(X)| ≥ a] ≤ E[|X − EX|2]
a2

=
V arX

a2



a ≥ 1 X : (W, P ) → {−a, 0, a}

P [X = −a] = P [X = a] =
1

2a2

P [X = 0] = 1 − 1
a2

E[X] = a
1

2a2
+ 0 ·

(
1 − 1

2a2

)
+ (−a)

1
2a2

= 0

E[X2] = a2 1
2a2

+ 02 ·
(

1 − 1
2a2

)
+ (−a)2

1
2a2

= 1

V ar[X] = E[X2] − E[X]2 = 1

P [|X − EX| ≥ a] = P [|X| ≥ a]
= P [X = −a] + P [X = a]

=
1
a2

=
V ar[X]

a2

Xi : (W, P ) → R

E[Xi] = c

V ar[Xi] = v

Kov(Xi, Xj) = 0

1
n

∑n
i=1 Xi

∀ε > 0 : lim
n→∞P

[∣∣∣∣∣ 1n
n∑

i=1

Xi − c

∣∣∣∣∣ ≥ ε

]
= 0

E

[
1
n

n∑
i=1

Xi

]
=

1
n

n∑
i=1

E[Xi] = c



lim
n→∞P

[∣∣∣∣∣ 1n
n∑

i=1

Xi − c

∣∣∣∣∣ ≥ ε

]

= lim
n→∞P

[∣∣∣∣∣ 1n
n∑

i=1

Xi − E

[
1
n

n∑
i=1

Xi

]∣∣∣∣∣ ≥ ε

]

≤ lim
n→∞

V ar
[

1
n

∑n
i=1 Xi

]
ε2

= lim
n→∞

V ar [
∑n

i=1 Xi]
n2ε2

Kov(Xi,Xj)=0
= lim

n→∞
nv

n2ε2

= 0

∀i �= j : Kov(Xi, Xj) = 0

1
n

∑n
i=1 Xi

∀ε, δ > 0 ∃n0 ∀n ≥ n0 : P

[∣∣∣∣∣
n∑

i=1

Xi − nc

∣∣∣∣∣ ≥ nε

]
< δ

∑n
i=1 Xi



B ⊂ W P [B] > 0

P [·|B] : Pot(W ) → [0, 1], A �→ P [A|B] =
P [A ∩ B]

P [B]

P [W |B] =
P [W ∩ B]

P [B]
= 1

P [∅|B] =
P [∅]
P [B]

= 0

P

[ ∞∑
n=1

An|B
]

=
P [
∑∞

n=1 An ∩ B]
P [B]

=
∑∞

n=1 P [An ∩ B]
P [B]

=
∞∑

n=1

P [An|B]

%

B = {(1, 5), (2, 4), (3, 3), (4, 2), (5, 1)} =
A = {(2, 1), (2, 2), (2, 3), (2, 4), (2, 5),

(2, 6), (1, 2), (3, 2), (4, 2), (5, 2), (6, 2)}
=

A ∩ B = {(2, 4), (4, 2)}

P [A|B] =
P [A ∩ B]

P [B]
=

2/36
5/36

= 0.4

A, B ⊂ W P [B] > 0

A ⊃ B P [A|B] = 1
B ∩ A = ∅ P [A|B] = 0

P [AC |B] = 1 − P [A|B]



P [A|B] =
P [A ∩ B]

P [B]
=

P [B]
P [B]

= 1

P [A|B] =
P [A ∩ B]

P [B]
=

P [∅]
P [B]

= 0

P [·|B]

A ⊂∑∞
j=1 Bj

P [A] =
∞∑

j=1

P [A|Bj ]P [Bj ]

P [A|Bj ]P [Bj ] = 0 P [Bj ] = 0

P [A] > 0

P [Bi|A] =
P [A|Bi]P [Bi]∑∞

j=1 P [A|Bj ]P [Bj ]

A =
∑∞

j=1 A ∩ Bj

P [A] =
∞∑

j=1

P [A ∩ Bj ] =
∞∑

j=1

P [A|Bj ]P [Bj ]

P [Bi|A] =
P [A ∩ Bi]

P [A]
=

P [A|Bi]P [Bi]∑∞
j=1 P [A|Bj ]P [Bj ]

∑
i∈I Bi = W



Bj

P [A] = P

[
A ∩

∞⋃
i=1

Bi

]

<
∞∑

i=1

P [A ∩ Bi]

=
∞∑

j=1

P [A|Bj ]P [Bj ]

∑∞
j=1 Bi A �⊂∑∞

j=1 Bj

P [A] = P

⎡
⎣A ∩

⎛
⎝ ∞∑

j=1

Bj

⎞
⎠
⎤
⎦+ P

⎡
⎢⎣A ∩

⎛
⎝ ∞∑

j=1

Bj

⎞
⎠C

⎤
⎥⎦

︸ ︷︷ ︸
>0

>
∞∑

j=1

P [A ∩ Bj ]

=
∞∑

j=1

P [A|Bj ]P [Bj ]

K1 K2

K1 K2

K1

K2

K1

P [K1] = 0.07
P [K2] = 0, 93

P [S|K1] = 0.92
P [S|K2] = 0.085

P [S] = P [S|K1]P [K1] + P [S|K2]P [K2]



P [K1|S] =
P [S|K1]P [K1]

P [S|K1]P [K1] + P [S|K2]P [K2]
= 0.45

K1 + K2 = W
K1 ∩ K2 �= ∅

K1 ∪ K2 � W
P [S]



X : (W, S, P ) → (R, B)∫
W

|X(w)|dP < ∞

E[X] :=
∫

W

XdP

X : (W, S, P ) → (R, B)

X, Y : (W, S, P ) → (R, B) 0 ≤ |X| ≤ |Y | E[|Y |] < ∞
E[|X|] < ∞

E[|X|p] < ∞ p ≥ 1 E[|X|] < ∞
E[X2] < ∞ ⇐⇒ E[(X + a)2] < ∞

X : (W, S, P ) → (R, B) E[|X|] < ∞
|X| ≤ K.∫

W

|X(w)|dP ≤ K

∫
W

dP = 1

∫
W

|X(w)|dP ≤
∫

W

|Y (w)|dP < ∞

|X(w)| ≤ 1 |X(w)| ≤ 1
|X(w)| ≤ |X(w)|p |X(w)| ≥ 1

|X| ≤ |X|p + 1

E[|X|] =
∫

W

|X(w)|dP ≤
∫

W

|X(w)|pdP +
∫

W

dP

= E[|X|p] + 1 < ∞



⇒ E[|X|] < ∞

(X + a)2 = X2 + 2aX + a2

≤ X2 + 2|a||X| + a2

E[(X + a)2] < ∞
⇐ E[|X + a|] < ∞

X2 = (X + a)2 − 2aX − a2

= (X + a)2 − 2a(X + a) + a2

≤ (X + a)2 + 2|a||X + a| + a2

E[X2] < ∞
X, Y : (W, S, P ) → (R, B) E[|X|], E[|Y |] < ∞ a ∈ R

E[|X + aY |] =
∫

W

|X + aY |dP

≤
∫

W

|X|dP + |a|
∫

W

|Y |dP

= E[|X|] + |a|E[|Y |]
< ∞

a ∈ R X, Y, Z : (W, S, P ) → (R, B) E[|X|],
E[|Y |], E[|Z|] < ∞

X : (W, P ) → R, w �→ c

E[X] = c
E[aX + Y ] = aE[X] + E[Y ]

Z ≥ 0 E[Z] ≥ 0
X ≥ Y E[X] ≥ E[Y ]

∫
cdP = c

∫
dP = c



E[|aX + Y |] < ∞

E[aX + Y ] =
∫

W

(aX(w) + Y (w))dP

= a

∫
W

X(w)dP +
∫

W

Y (w)dP

= aE[X] + E[Y ]

E[Z] =
∫

W

Z(w)︸ ︷︷ ︸
≥0

dP ≥ 0

E[X] = E[X − Y + Y ]
b)
= E[X − Y︸ ︷︷ ︸

≥0

] + E[Y ]

c)

≥ E[Y ]

X, Y : (W, S, P ) → (R, B)
E[|X|] = 0 ⇐⇒ |X| = 0

E[|X|] = 0 ⇐⇒
∫

|X|dP = 0

⇐⇒ |X| = 0



X : (W, S, P ) → (R, B) E[|X|] < ∞

V ar[X] = E[ (X − E[X])2 ] =
∫

W

(X(w) − E[X])2dP

s(X) =
√

V arX

E[|X|] < ∞ V ar[X]

V ar[X] < ∞ ⇐⇒ E[X2] < ∞
V ar[X] < ∞

V ar[X] = E[X2] − E[X]2

a, b ∈ R
V ar[aX + b] = a2V ar[X]

X, Y : (W, S, P ) → (R, B) V arX < ∞, V arY < ∞
V ar[X + Y ] < ∞

V ar[X] ≥ 0

E[X2] < ∞ ⇐⇒ E[(X + a)2] < ∞
V ar[X] < ∞ E[X2] < ∞

V ar[X] := E[(X − EX)2]
= E[X2 − 2XE[X] + E[X]2]
= E[X2] − 2E[X]2 + E[X]2

= E[X2] − E[X]2

V ar[X] < ∞ ⇐⇒ E[X2] < ∞
⇐⇒ E[(aX)2] < ∞
⇐⇒ E[(aX + b)2] < ∞
⇐⇒ V ar[aX + b] < ∞



V ar[aX + b] = E[(aX + b)2 − E[aX + b]2

= a2E[X2] + 2abE[X] + b2 − (aE[X] + b)2

= a2E[X2] − a2E[X]2 = a2V ar[X]

V ar[X], V ar[Y ] < ∞

E[X2], E[Y 2] < ∞

2X2 + 2Y 2 − (X + Y )2

= 2X2 + 2Y 2 − X2 − 2XY − Y 2

= X2 − 2XY + Y 2

= (X − Y )2 ≥ 0

(X + Y )2 ≤ 2(X2 + Y 2)
E[(X + Y )2] ≤ 2E[X2] + 2E[Y 2] < ∞

V ar[X + Y ] < ∞
∫

|X − E[X]|2dP ≥ 0

X, Y : (W, S, P ) → (R, B)

V ar[X] = 0 ⇐⇒ X = E[X]

V ar[X] = 0 ⇐⇒ E[|X − E[X]|2] = 0
⇐⇒ |X − E[X]|2 = 0
⇐⇒ X = E[X]



X, Y : (W, S, P ) → (R, B) E[|X|], E[|Y |], E[|XY |] <
∞

Kov(X, Y ) = E[(X − E[X])(Y − E[Y ])]
= E[XY ] − E[X] · E[Y ]

Kov(|X|, |Y |)
= E[|X| · |Y | − E[|X|] · |Y | − E[|Y |] · |X| + E[|X|] · E[|Y |]]
= E[|XY |] − E[|X|] · E[|Y |] < ∞

Kov(X, Y ) = E[XY − E[X]Y − E[Y ]X + E[X]E[Y ]]
= E[XY ] − E[X] · E[Y ]

Kov(X, X) = V ar(X)
Kov(X, Y ) = Kov(Y, X)
∀a, b, c, d ∈ R : Kov(aX + b, cY + d) = acKov(X, Y )

Kov(X, X) = E[X · X] − E[X]E[X] = V ar(X)

Kov(X, Y ) = E[XY ] − E[X]E[Y ]
= E[Y X] − E[Y ]E[X]
= Kov(Y, X)

Kov(aX + b, cY + d)
= E [ (aX + b − E(aX + b))(cY + d − E(cY + d)) ]
= acE [ (X − EX)(Y − EY )]
= acKov(X, Y )



E[X2], E[Y 2] < ∞

|E[XY ]| ≤
√

E[X2]
√

E[Y 2] < ∞
|Kov(X, Y )| ≤

√
V arX

√
V arY

E[X2], E[Y 2] > 0
E[X2], E[Y 2] < ∞

|XY | ≤ X2 + Y 2

2

E[|XY |] ≤ 1
2
E[X2] +

1
2
E[Y 2] < ∞

0 ≤ E

[(
tX ± 1

t
Y

)2
]

= t2E[X2] ± 2E[XY ] +
1
t2

E[Y 2]

|E[XY ]| ≤ t2E[X2] +
1
t2

E[Y 2]

t2 =
√

E[Y 2]
E[X2]

|E[XY ]| ≤ 1
2

√
E[Y 2]
E[X2]

E[X2] +
1
2

√
E[X2]
E[Y 2]

E[Y 2]

=
√

E[X2]
√

E[Y 2]

E[X2] = 0

E[X2] = 0 ⇐⇒ |X| = 0
⇒ |XY | = 0
⇐⇒ E[|XY | = 0]

E[Y 2] = 0

|Kov(X, Y )|2 = E[| (X − EX)(Y − EY ) |]2
≤ E[(X − EX)2] · E[(Y − EY )2]
= V ar[X]V ar[Y ]



X1, . . . , Xn : (W, S, P ) → (R, B) E[X2
i ] < ∞

V ar

[
n∑

i=1

Xi

]
=

n∑
i=1

V ar[Xi] +
n∑

i,j=1,i �=j

Kov(Xi, Xj)

X1, . . . , Xn Kov(Xi, Xj) = 0

V ar

[
n∑

i=1

Xi

]
=

n∑
i=1

V ar[Xi]

E[|Xi||Xj |] ≤
√

E[X2
i ] ·

√
E[X2

j ] < ∞

V ar

[
n∑

i=1

Xi

]
= E

⎡
⎣( n∑

i=1

Xi − E

[
n∑

i=1

Xi

])2
⎤
⎦

= E

⎡
⎣( n∑

i=1

(Xi − E[Xi])

)⎛⎝ n∑
j=1

(Xj − E[Xj ])

⎞
⎠
⎤
⎦

=
n∑

i,j=1

E[(Xi − E[Xi]) (Xj − E[Xj ])]

=
n∑

i=1

V ar[Xi] +
n∑

i,j=1,i �=j

Kov(Xi, Xj)

V ar

[
n∑

i=1

Xi

]
=

n∑
i=1

V ar[Xi] +
n∑

i,j=1,i �=j

Kov(Xi, Xj)︸ ︷︷ ︸
=0

=
n∑

i=1

V ar[Xi]



g : [0,∞) → [0,∞) X :
(W, S, P ) → (R, B)

E[g(|X|)] < ∞
a > 0 g(a) > 0

P [|X| ≥ a] ≤ E[g(|X|])
g(a)

P [|X| ≥ a] =
∫

1{|X|≥a}dP

≤
∫

1{|X|≥a}
g(|X|)
g(a)︸ ︷︷ ︸

≥1 |x|≥a

dP +
∫

1{|X|<a}
g(|X|)
g(a)︸ ︷︷ ︸
≥0

dP

=
1

g(a)

∫
g(|X|)dP

=
E[g(|X|)]

g(a)

X : (W, S, P ) → (R, B) E[X2] < ∞

∀a > 0 : P [|X − E[X]| ≥ a] ≤ V arX

a2

x �→ x2

P [|Y | ≥ a] ≤ E[Y 2]
a2

P [|X − E[X]| ≥ a] ≤ E[ |X − E[X]|2 ]
a2

=
V arX

a2

X : (W, S, P ) → (R, B) a > 0

P [|X| ≥ a] ≤ 1
a
E[|X|]



id : [0,∞) → [0,∞), t �→ t

P [|X| ≥ a] ≤ E[id(|X|)]
id(a)

=
E[|X|]

a

Xi : (W, S, P ) → (R, B)

E[Xi] = c

V ar[Xi] = v

Kov(Xi, Xj) = 0

1
n

∑n
i=1 Xi

∀ε > 0 : lim
n→∞P

[∣∣∣∣∣ 1n
n∑

i=1

Xi − c

∣∣∣∣∣ ≥ ε

]
= 0

E

[
1
n

n∑
i=1

Xi

]
=

1
n

n∑
i=1

E[Xi] = c

lim
n→∞P

[∣∣∣∣∣ 1n
n∑

i=1

Xi − c

∣∣∣∣∣ ≥ ε

]

= lim
n→∞P

[∣∣∣∣∣ 1n
n∑

i=1

Xi − E

[
1
n

n∑
i=1

Xi

]∣∣∣∣∣ ≥ ε

]

≤ lim
n→∞

V ar
[

1
n

∑n
i=1 Xi

]
ε2

Kov(Xi,Xj)=0
= lim

n→∞

n∑
i=1

V ar [Xi]
n2ε2

= lim
n→∞

nv

n2ε2

= 0



(Ai)i∈I ⇐⇒

∀J ⊂ I : P

[⋂
i∈J

Ai

]
=
∏
i∈J

P [Ai]

(Gi)i∈I

Si ⊂ S

⇐⇒ Ai ∈ Gi (Ai)i∈I

⇐⇒ ∀ J ⊂ I ∀Ai ∈ Gi, i ∈ J : P

[⋂
i∈J

Ai

]
=
∏
i∈J

P [Ai]

(Gi)i∈I

(S(Gi))i∈I

J = {i1, . . . , ik} Ail
∈ S(Gil

)

P [Ai1 ∩ . . . ∩ Aik
] =

k∏
j=1

P [Aij ]

Ai1 ∈ S(Gi1) Ai2 ∈ Gi2 , . . . , Aik
∈ Gik

Di1 =

⎧⎨
⎩A ∈ S(Gi,1) : P [A ∩ Ai2 ∩ . . . ∩ Aik

] = P [A]
k∏

j=2

P [Aij ]

⎫⎬
⎭

Gi1 ⊂ Di1

Di1

A ∈ Di1 AC ∈ Di1

P [AC ∩ Ai2 ∩ . . . ∩ Aik
]

= P [Ai2 ∩ . . . ∩ Aik
] − P [A ∩ Ai2 ∩ . . . ∩ Aik

]
A∈Di1= P [Ai2 ] · . . . · P [Aik

] − P [A] · P [Ai2 ] · . . . · P [Aik
]

= P [AC ] · P [Ai2 ] · . . . · P [Aik
]



Bj ∈ Di1

∑∞
j=1 Bj ∈ Di1

P

⎡
⎣
⎛
⎝ ∞∑

j=1

Bj

⎞
⎠ ∩ Ai2 ∩ . . . ∩ Aik

⎤
⎦

=
∞∑

j=1

P [Bj ∩ Ai2 ∩ . . . ∩ Aik
]

Bj∈Di1=
∞∑

j=1

P [Bj ]
k∏

j=2

P [Aij ]

= P

⎡
⎣ ∞∑

j=1

Bj

⎤
⎦ j∏

j=2

P [Aij
]

∅, W ∈ D1

P [∅ ∩ Ai2 ∩ Aik
] = P [∅] = 0

= P [∅]
k∏

j=2

P [Aij
]

P [W ∩ Ai2 ∩ Aik
] = P [Ai2 ∩ Aik

]

= P [W ]
k∏

j=2

P [Aij
]

(A, B ∈ Gi1 ⇒ A ∩ B ∈ Gi1)

D(Gi1) = S(Gi1)

→

Din+1 =
{

A ∈ S(Gin+1) : P [Ai1 ∩ . . . ∩ Aik
] =

∏k
j=1 P [Aij ]

Aij
∈ S(Gij

) 1 ≤ j ≤ n + 1, Aij
∈ Gij

j ≥ n + 2

}
Gin+1 ⊂ Din+1

A ∈ Din+1 AC ∈ Din+1

P
[
Ai1 ∩ . . . ∩ AC

in+1
∩ . . . ∩ Aik

]
= P [Ai1 ∩ . . . ∩ W ∩ . . . ∩ Aik

] − P
[
Ai1 ∩ . . . ∩ Ain+1 ∩ . . . ∩ Aik

]
A∈Dik−1= P [W ]

k∏
j=1,j �=n+1

P [Aij ] − P [Ain+1 ]
k∏

j=1

P [Aij ]

= P [AC
in+1

]
k∏

j=1,j �=n+1

P [Aij ]



Bj,in+1 ∈ Din+1

∑∞
j=1 Bj,in+1 ∈ Din+1

P

⎡
⎣Ai1 ∩ . . . ∩

∞∑
j=1

Bj,in+1 ∩ . . . ∩ Aik

⎤
⎦

=
∞∑

j=1

P
[
Ai1 ∩ . . . ∩ Bj,in+1 ∩ . . . ∩ Aik

]
Bj,in+1∈Din+1=

∞∑
j=1

P [Bj,in+1 ]
k∏

j=1,j �=n+1

P [Aij
]

= P

⎡
⎣ ∞∑

j=1

Bj,in+1

⎤
⎦ k∏

j=1,j �=n+1

P [Aij ]

(A, B ∈ Gin+1 ⇒ A ∩ B ∈ Gin+1)

D(Gin+1) = S(Gin+1)

(Gi)i∈I

I =
⊕

k∈K Ik

Sk := S

(⋃
i∈Ik

Gi

)

(⋃
i∈Ik

Gi

)
k∈K

A, B ∈
⋃

i∈Ik

Gi ⇒ A ∩ B ∈
⋃

i∈Ik

Gi

k ∈ K

Ek =

{⋂
i∈J

Ai | J ⊂ Ik , Ai ∈ Gi

}

⋂
i∈J1

Ai ∩
⋂

i∈J2

Ai =
⋂

i∈J1∪J2⊂Ik

Ai ∈ Ek



{k1, . . . , kn} ⊂ K Ckj =
⋂

i∈Jkj
Ai ∈ Ekj

P [Ck1 ∩ . . . ∩ Ckn
]

= P

⎡
⎣ ⋂

i∈Jk1

Ai ∩ . . . ∩
⋂

i∈Jkn

Ai

⎤
⎦

(Gi)i∈I =
∏

i∈Jk1

P [Ai] · . . . ·
∏

i∈Jkn

P [Ai]

(Gi)i∈I = P [Ck1 ] · . . . · P [Ckn
]

(Ek)k∈K

(S(Ek))k∈K =

(
S

(⋃
i∈Ik

Gi

))
k∈K



(An)n

∞∑
k=1

P [Ak] < ∞ ⇒ P

⎡
⎣ ∞⋂

n=1

⋃
k≥n

Ak

⎤
⎦ = 0

∞∑
k=1

P
[
AC

k

]
< ∞ ⇒ P

⎡
⎣ ∞⋃

n=1

⋂
k≥n

Ak

⎤
⎦ = 1

(⋃
k≥n Ak

)
n

P

⎡
⎣ ∞⋂

n=1

⋃
k≥n

Ak

⎤
⎦ = lim

n→∞P

[ ∞⋃
k=n

Ak

]

≤ lim
n→∞

∞∑
k=n

P [Ak]

= 0

P

⎡
⎣ ∞⋃

n=1

⋂
k≥n

Ak

⎤
⎦

= 1 − P

⎡
⎢⎣
⎛
⎝ ∞⋃

n=1

⋂
k≥n

Ak

⎞
⎠C

⎤
⎥⎦

= 1 − P

⎡
⎣ ∞⋂

n=1

⋃
k≥n

AC
k

⎤
⎦

a)
= 1



(An)n

Ai

∞∑
k=1

P [Ak] = ∞ ⇒ P

⎡
⎣ ∞⋂

n=1

⋃
k≥n

Ak

⎤
⎦ = 1

∞∑
k=1

P [AC
k ] = ∞ ⇒ P

⎡
⎣ ∞⋃

n=1

⋂
k≥n

Ak

⎤
⎦ = 0

P

⎡
⎣ ∞⋂

n=1

⋃
k≥n

Ak

⎤
⎦ , P

⎡
⎣ ∞⋃

n=1

⋂
k≥n

Ak

⎤
⎦ ∈ {0, 1}

ε > 0
(⋂N

k=n AC
k

)
N

Ak

P

⎡
⎣⋂

k≥n

AC
k

⎤
⎦ ↓

= lim
N→∞

P

[
N⋂

k=n

AC
k

]

= lim
N→∞

N∏
k=n

P [AC
k ]

= lim
N→∞

N∏
k=n

(1 − P [Ak])

1−x≤e−x

≤ lim
N→∞

N∏
k=n

exp(−P [Ak])

= lim
N→∞

exp

⎛
⎜⎜⎜⎜⎝−

N∑
k=n

P [Ak]

︸ ︷︷ ︸
→∞

⎞
⎟⎟⎟⎟⎠

= 0



(⋃
k≥n Ak

)
n

P

⎡
⎣ ∞⋂

n=1

⋃
k≥n

Ak

⎤
⎦ = lim

n→∞P

⎡
⎣⋃

k≥n

Ak

⎤
⎦

= lim
n→∞ 1 − P

⎡
⎣⋂

k≥n

AC
k

⎤
⎦

= 1

P

⎡
⎣ ∞⋃

n=1

⋂
k≥n

Ak

⎤
⎦ = 1 − P

⎡
⎢⎣
⎛
⎝ ∞⋃

n=1

⋂
k≥n

Ak

⎞
⎠C

⎤
⎥⎦

= 1 − P

⎡
⎣ ∞⋂

n=1

⋃
k≥n

AC
k

⎤
⎦

c)
= 1 − 1 = 0



W1, W2 P W1 × W2

Xi : W1 × W2 → Wi, (x1, x2) �→ xi

P [A]︸ ︷︷ ︸
W1×W2

=
∑

x1∈W1

⎛
⎜⎝ ∑

x2∈W2

1A(x1, x2) P [X2 = x2|X1 = x1]︸ ︷︷ ︸
W2

⎞
⎟⎠P [X1 = x1]︸ ︷︷ ︸

W1

P [X1 = x1] > 0

P [X2 = x2|X1 = x1] =
P [X2 = x2 ∩ X1 = x1]

P [X1 = x1]
=

P [(x1, x2)]
P [X1 = x1]

P [A] =
∑

(x1,x2)∈W1×W2

1A(x1, x2)P [(x1, x2)]

=
∑

x1∈W1

( ∑
x2∈W2

1A(x1, x2)P [X2 = x2|X1 = x1]

)
P [X1 = x1]

K : W1 × S2 → [0, 1], (w1, A2) �→ K(w1, A2)

(W1, S1) (W2, S2) ⇐⇒
∀w1 ∈ W1 : K(w1, ·) (W2, S2)
∀A2 ∈ S2 : K(·, A2) S1

K(w1, ·)
w1

K(·, A2) S1 ∫
K(w1, A2)P1(dw1)



P1 (W1, S1)
(W1, S1) (W2, S2)

P : (W1 × W2, S1 ⊗ S2) → [0, 1], A �→
∫

W1

K(w1, Aw1)P1(dw1)

w1

Aw1 = {w2 ∈ W2 : (w1, w2) ∈ A}
f : (W1 × W2, S1 ⊗ S2) → (R, B) f ≥ 0∫

fdP =
∫

W1

(∫
W2

f(w1, w2)K(w1, dw2)
)

P1(dw1)

P = P1 × K

∀Ai ∈ Si : P [A1 × A2] :=
∫

A1

K(w1, A2)P1(dw1)

A ∈ S Aw1 ∈ S2

gw1 : (W2, S2) → (W1 × W2, S1 ⊗ S2), w2 �→ (w1, w2)

g−1
w1

(A1 × A2)
= {w2 ∈ W2 : (w1, w2) ∈ A1 × A2}
=

{ ∅ w1 �∈ A1

A2 w1 ∈ A1

∈ S2

A1 × A2 S1 ⊗ S2 gw1 (S2, S1 ⊗ S2)

A ∈ S1 ⊗ S2

Aw1 = {w2 ∈ W2 : (w1, w2) ∈ A}
= g−1

w1
(A) ∈ S2

S1 ⊗S2

D = {A ∈ S1 ⊗ S2 : w1 �→ K(w1, Aw1) S1 − }
⊂ S1 ⊗ S2



A1 × A2 ∈ D W1 × W2 ∈ D

1A1(w1) S1 A1 ∈ S1

K(w1, A2) S1 A2 ∈ S2

K(w1, (A1 × A2)w1) =
{

K(w1, A2) w1 ∈ A1

K(w1, ∅) = 0 w1 �∈ A1

= 1A1(w1) · K(w1, A2)

S1

A ∈ D AC ∈ D

AC |w1 = g−1
w1

(AC) = (g−1
w1

(A))C = (A|w1)
C

K
(
w1, A

C |w1

)
= K

(
w1, (Aw1)

C
)

= 1 − K(w1, Aw1)︸ ︷︷ ︸
S1

S1

Ai ∈ D
∑∞

i=1 Ai ∈ D

∞∑
i=1

Ai|w1 =
∞∑

i=1

g−1
w1

(Ai) = g−1
w1

( ∞∑
i=1

Ai

)
=

( ∞∑
i=1

Ai

)∣∣∣∣∣
w1

K

⎛
⎝w1,

( ∞∑
i=1

Ai

)∣∣∣∣∣
w1

⎞
⎠ = K

(
w1,

∞∑
i=1

Ai|w1

)

=
∞∑

i=1

K(w1, Ai|w1)︸ ︷︷ ︸
≥0,S1

S1

∑n
i=1 K(w1, Ai|w1)

S1

{A1 × A2 : Ai ∈ Si}
S1 ⊗ S2

S1 ⊗ S2 = S({A1 × A2 : Ai ∈ Si})
A1×A2 = D({A1 × A2 : Ai ∈ Si})

⊂ D

⊂ S1 ⊗ S2



∫
W1

K(w1, Aw1)P1(dw1)
(W1 × W2, S1 ⊗ S2)∫

W1

K(w1, ∅)︸ ︷︷ ︸
=0

P1(dw1) = 0

∫
W1

K(w1, W2)︸ ︷︷ ︸
=1

P1(dw1) = 1

∫
W1

K(w1, Aw1)︸ ︷︷ ︸
≥0

P1(dw1) ≥ 0

∫
W1

K

⎛
⎝w1,

( ∞∑
i=1

Ai

)
w1

⎞
⎠P1(dw1)

=
∫

W1

K

(
w1,

∞∑
i=1

Ai|w1

)
P1(dw1)

=
∫

W1

∞∑
i=1

K(w1, Ai|w1)P1(dw1)

=
∞∑

i=1

∫
W1

K(w1, Ai|w1)P1(dw1)

A1 × A2∫
W1

K(w1, (A1 × A2)|w1)P1(dw1) =
∫

A1

K(w1, A2)P1(dw1)

= P [A1 × A2]

f = 1A A ∈ S1 ⊗ S2∫
1AdP

Def
= P [A]

Def
=

∫
W1

K(w1, Aw1)P1(dw1)

Def
=

∫
W1

(∫
W2

1Aw1
K(w1, dw2)

)
P1(dw1)

Def
=

∫
W1

∫
W2

1A(w1, w2)K(w1, dw2)P1(dw1)



Ai ∈ S1 ⊗ S2∫
W2

n∑
i=1

ci1AiK(w1, dw2) =
∫

W2

n∑
i=1

ci1AiK(w1, dw2)

=
n∑

i=1

ciK(w1, Ai|w1)

S1 ∫
W1

(∫
W2

n∑
i=1

ci1Ai
(w1, w2)K(w1, dw2)

)
P1(dw1)

=
n∑

i=1

ci

∫
W1

(∫
W2

1Ai(w1, w2)K(w1, dw2)
)

P1(dw1)

=
n∑

i=1

ci

∫
W

1AidP =
∫

W

n∑
i=1

ci1AidP

f ≥ 0 fn ↑ f fn ∈ T∫
W2

fnK(w1, dw2) ↑
∫

W2

fK(w1, dw2)

∫
W2

fK(w1, dw2) S1 S1

∫
W

fdP
↑

= lim
n→∞

∫
fndP

b)
= lim

n→∞

∫
W1

∫
W2

fn(w1, w2)K(w1, dw2)P1(dw1)

↑
=

∫
W1

∫
W2

f(w1, w2)K(w1, dw2)P1(dw1)

P0 (W0, S0) ∀i ≥ 1
Ki

(∏i−1
j=0 Wj ,⊗i−1

j=0Sj

)
(Wi, Si)

P (n) (
∏n

i=0 Wi,⊗n
i=0Si)

∀1 ≤ i ≤ n : P (i) = P (i−1) × Ki



⊗n
i=0Si f ≥ 0∫
fdP (n)

=
∫

. . .

∫
f(x0, . . . , xn)Kn((x0, . . . , xn−1, dxn) . . . K1(x0, dw1)P0(dx0)

i = 2
i − 1 → i

S (A1 × . . . × Ai : Aj ∈ Sj)

⊂ S

⎛
⎝Ai−1 × Ai : Ai−1 ∈

i−1⊗
j=1

Sj , Ai ∈ Si

⎞
⎠

=

⎛
⎝ i−1⊗

j=1

Sj

⎞
⎠⊗ Si

S (A1 × . . . × Ai−1 × Wi : Aj ∈ Sj) ⊂ S(A1 × . . . × Ai : Aj ∈ Sj)⎛
⎝ i−1⊗

j=1

Sj

⎞
⎠× Wi ⊂

i⊗
j=1

Sj

⎛
⎝ i−1⊗

j=1

Sj

⎞
⎠× Ai ⊂

i⊗
j=1

Sj

⎛
⎝ i−1⊗

j=1

Sj

⎞
⎠⊗ Si ⊂

i⊗
j=1

Sj

∃!P (i) := P (i−1) × Ki⎛
⎝ i∏

j=0

Wj

⎛
⎝ i−1⊗

j=0

Sj

⎞
⎠⊗ Si

⎞
⎠ =

⎛
⎝ i∏

j=0

Wj ,

i⊗
j=0

Sj

⎞
⎠

P0 (W0, S0) n ∈ N Kn(∏n−1
i=0 Wi,⊗n−1

i=0 Si

)
(
∏n

i=0 Wi,⊗n
i=0Si)

(
∏∞

i=0 Wi,⊗∞
i=0Si)

∀A(n) ∈
n⊗

i=0

Si : P [A(n) × Wn+1 × . . .] = P (n)[A(n)]



P P (n)

A(n) = A(n−1) × Wn A(n−1) ∈ ⊗n−1
i=1 Si

P (n)[A(n)] =
∫

1A(n−1)×Wn
Kn((x0, . . . xn−1), dxn)

P (n−1)(d(x0, . . . , xn−1))

=
∫

1A(n−1)

(∫
1Wn

Kn((x0, . . . xn−1), dxn)
)

P (n−1)(d(x0, . . . , xn−1))

=
∫

1A(n−1) Kn((x0, . . . xn−1), Wn)︸ ︷︷ ︸
=1

P (n−1)(d(x0, . . . , xn−1))

= P (n−1)[A(n−1)]

k < n A(k) ∈ ⊗k
i=1Si ∩ ⊗n

i=1Si n − k

P (n)[A(k) × Wk+1 × . . . × Wn] = P k[A(k)]

∀n ∈ N

Tn =
n⊗

i=0

Si × Wn+1 × . . .

∏∞
i=0 Wn

Tn ⊂ Tn+1

A, B ∈ ⋃∞
n=1 Tn

∃n, m ∈ N : A ∈ Tm, B ∈ Tn

m ≤ n Tn

A + B, A\B, A ∩ B ∈ Tn ⊂
∞⋃

n=1

Tn

A ∩ B = ∅

P [A + B] = P (n) [(A × Wm+1 × . . . × Wn + B) × Wn+1 × . . .]
= P (n)[A × Wm+1 × . . . × Wn] + P (n)[B]

s.o.= P (m)[A] + P (n)[B]
= P [A] + P [B]



⋃∞
n=0 Tn⋃∞

n=1 Tn

S (
⋃∞

n=1 Tn)
S (
⋃∞

n=1 Tn)⋃∞
n=1 Tn

An ∈ ⋃∞
n=1 Tn An ↓ A

A = ∅ lim
n→∞P [An] = 0

lim
n→∞P [An] �= 0 A �= ∅

limn→∞ P [An] > 0 An ∈ ⋃∞
n=1 Tn

∀n ∈ N ∃kn ∈ N : An ∈ Tkn

∀n ∈ N : An = A(kn) × Wkn+1 . . .

kn+1 ≥ kn A(kn+1) ⊂ A(kn) × Wkn+1 × . . . × Wkn+1∫
. . .

∫
1

A(kn+1)(x0, . . . , xkn+1)Kkn+1((x0, . . . , xkn+1−1), dxkn+1)

· . . . · K1(x0, dx1)

≤
∫

. . .

∫
1A(kn)×Wkn+1×...×Wkn+1

(x0, . . . , xkn+1)

Kkn+1((x0, . . . , xkn+1−1), dxkn+1) · . . . · K1(x0, dx1)

=
∫

. . .

∫
1A(kn)(x0, . . . , xkn)

Kkn((x0, . . . , xkn−1), dxkn) · . . . · K1(x0, dx1)

(∫
. . .

∫
1A(kn)(x0, . . . , xkn

)Kkn
((x0, . . . , xkn−1), dxkn

) · . . . · K1(x0, dx1)
)

kn

x0 ∈ W0

∀x0 ∈ W0 : lim
kn→∞

∫
. . .

∫
1A(kn)(x0, . . . , xkn)

Kkn((x0, . . . , xkn−1), dxkn) · . . . · K1(x0, dx1) = 0



|1A(kn) | ≤ 1W ∈ L1

0 < lim
n→∞P [An]

= lim
kn→∞

P (kn)[A(kn)]

= lim
kn→∞

∫
W0

. . .

∫
Wkn

1A(kn)(x0, . . . , xkn
)

Kkn
((x0, . . . , xkn−1), dxkn

) · . . . · K1(x0, dx1)P0(dx0)
|1A(kn) |≤1W ∈L1

=
∫

W0

lim
kn→∞

∫
W1

. . .

∫
Wkn

1A(kn)(x0, . . . , xkn)

Kkn
((x0, . . . , xkn−1), dxkn

) · . . . · K1(x0, dx1)P0(dx0)

=
∫

W0

0dP0 = 0

∃x0 ∈ W0 : lim
kn→∞

∫
. . .

∫
1A(kn)(x0, . . . , xkn

)

Kkn
((x0, . . . , xkn−1), dxkn

) · . . . · K1(x0, dx1) > 0

x0

k → k + 1 A(kn+1) ⊂ A(kn) × Wkn+1 × . . . × Wkn+1∫
Wk+2

. . .

∫
Wkn+1

1
A(kn+1)(x0, . . . , xk, xk+1, . . . , xkn+1)

Kkn+1((x0, . . . , xk, xk+1, . . . , xkn+1−1), dxkn+1) · . . . ·
Kk+2((x0, . . . , xk, xk+1), dxk+2)

≤
∫

Wk+2

. . .

∫
Wkn+1

1A(kn)×Wkn+1×...×Wkn+1
(x0, . . . , xk, xk+1, . . . , xkn+1)

Kkn+1((x0, . . . , xk, xk+1, . . . , xkn+1−1), dxkn+1) · . . . ·
Kk+2((x0, . . . , xk, xk+1), dxk+2)

=
∫

Wk+2

. . .

∫
Wkn

1A(kn)(x0, . . . , xk, xk+1, . . . , xkn
)

Kkn((x0, . . . , xk, xk+1, . . . , xkn−1), dxkn)
· . . . · Kk+2((x0, . . . , xk, xk+1), dxk+2)



(∫
Wk+2

. . .

∫
Wkn

1A(kn)(x0, . . . , xk, xk+1, . . . , xkn
)

Kkn((x0, . . . , xk, xk+1, . . . , xkn−1), dxkn)
· . . . · Kk+2((x0, . . . , xk, xk+1), dxk+2))kn

kn [0, 1] xk+1 ∈ Wk+1

[0, 1]

∀xk+1 ∈ Wk+1 : lim
kn→∞

∫
Wk+2

. . .

∫
Wkn

1A(kn)(x0, . . . , xk, xk+1, . . . , xkn
)

Kkn((x0, . . . , xk, xk+1, . . . , xkn−1), dxkn) · . . . ·
Kk+2((x0, . . . , xk, xk+1), dxk+2) = 0

|1A(kn) | ≤ 1W ∈ L1

0 =
∫

Wk+1

0dKk+1

=
∫

Wk+1

lim
kn→∞

∫
Wk+2

. . .

∫
Wkn

1A(kn)(x0, . . . , xk, xk+1, . . . , xkn
)

Kkn
((x0, . . . , xk, xk+1, . . . , xkn−1), dxkn

) · . . . ·
Kk+1((x0, . . . , xk), dxk+1)

|1A(kn) |≤1W ∈L1

= lim
kn→∞

∫
Wk+1

. . .

∫
Wkn

1A(kn)(x0, . . . , xk, xk+1, . . . , xkn
)

Kkn
((x0, . . . , xk, xk+1, . . . , xkn−1), dxkn

) · . . . ·
Kk+1((x0, . . . , xk), dxk+1)

k
> 0

∀k ≥ 0 ∃xk ∈ Wk :

lim
kn→∞

∫
Wk+1

. . .

∫
Wkn

1A(kn)(x0, . . . , xk, xk+1, . . . , xkn
)

Kkn((x0, . . . , xk, xk+1, . . . , xkn−1), dxkn)
· . . . · Kk+1((x0, . . . , xk), dxk+1) > 0



∀kn ≥ 0 : (x0, x1, . . .) ∈ A(kn)

(x0, x1, . . .) ∈
∞⋂

kn=1

A(kn) =
∞⋂

n=1

An

∅ �=
∞⋂

n=1

An

Xi : (W1 × W2, S1 ⊗ S2) → Wi, (w1, w2) �→ wi

P1[·] = P1 × K[X−1
1 (·)]

P [X−1
2 (·)] =

∫
K(w1, ·)P1(dw1)

∀A1 ∈ S1

P [X−1
1 (A1)] = P [A1 × W2]

=
∫

A1

K(w1, W2)︸ ︷︷ ︸
=1

P1(dx)

= P1[A1]

∀A2 ∈ S2

P [X−1
2 (A2)] = P [W1 × A2] =

∫
K(w1, A2)P1(dw1)

T : (W1, S1) → (W2, S2) δy y

K(x1, ·) = δT (x1)

x1

x2 = T (x1)



δT (x1)(A) =
{

1 T (x1) ∈ A
0

=
{

1 x1 ∈ T−1(A)
0

= δx1(T
−1(A))

x1 ∈ W1

K(x1, ∅) = δx1(T
−1(∅)) = δx1(∅) = 0

K(x1, A2) = δx1(T
−1(A2)) ≥ 0

K(x1, W2) = δx1(T
−1(W2)) = δx1(W1) = 1

K

(
x1,

∞∑
i=1

Ai

)
= δx1

(
T−1

( ∞∑
i=1

Ai

))
=

∞∑
i=1

δx1(T
−1(Ai))

=
∞∑

i=1

K(x1, A2)

K(x1, ·) (W2, S2)
T−1(A2) ∈ S1

K(x, A2) = 1T−1(A2)(x)

S1



X : (W, S, P ) → (R, B)

Xi : (W, S, P ) → (Vi, Ti) ⇐⇒

∀ J ⊂ I ∀Ai ∈ Ti : P

[⋂
i∈J

Xi ∈ Ai

]
=
∏
i∈J

P [Xi ∈ Ai]

Xi : (W, S, P ) → (R, B) ⇐⇒

∀ J ⊂ I ∀ti ∈ R : P

[⋂
i∈J

Xi ≤ ti

]
=
∏
i∈J

P [Xi ≤ ti]

E = {(−∞, t1] × . . . × (−∞, tn] : ti ∈ R}
Bn = S(E)

Xi : (W, S, P ) → (Vi, Ti) fi : Vi → Ui

fi ◦ Xi : (W, S, P ) → Ui

J ⊂ I

P

⎡
⎣⋂

j∈J

{fj ◦ Xj ∈ Aj}
⎤
⎦

= P

⎡
⎣⋂

j∈J

{
Xj ∈ f−1

j (Aj)
}⎤⎦

=
∏
j∈J

P
[
Xj ∈ f−1

j (Aj)
]

=
∏
j∈J

P [fj ◦ Xj ∈ Aj ]

Xi : (W, S, P ) → Vi J =
⊕

k∈K Jk

|Jk| < ∞ (Xi1 , . . . , XiJk
)k∈K



K1 ⊂ K

P

[ ⋂
k∈K1

(Xi1 , . . . , XIk
) ∈ Ak

]

= P

⎡
⎣ ⋂

k∈K1

⋂
jk∈Ik

{Xjk
∈ Ajk

}
⎤
⎦

=
∏

k∈K1

∏
jk∈Ik

P [Xjk
∈ Ajk

]

=
∏

k∈K1

P [(Xi1 , . . . , XIk
) ∈ Ak]

∀n ∈ N0 : (Wn, Sn, Pn)

∀n ∈ N : Kn((x0, . . . , xn−1), ·) = Pn ∏∞
n=0 Pn

(
∏∞

n=0 Wn,⊗∞
n=0Sn)

Pn[·] = P [X−1
n (·)]

∀Ai ∈ Si ∀0 ≤ i ≤ n : P [A0 × . . . × An × Wn+1 × . . .] =
n∏

k=0

Pk[Ak]

Xn :
∞∏

n=0

Wn → Wn, (w1, . . .) �→ wn

∞∏
n=0

Pn

Xi : (W, S, P ) → (R, B) gi : (R, B) → (R, B) gi ≥ 0

∫
W

n∏
i=1

(gi ◦ Xi)dP =
n∏

i=1

∫
W

gi ◦ XidP

gi : (R, B) → (R, B)∫
W

∣∣∣∣∣
n∏

i=1

gi ◦ Xi

∣∣∣∣∣ dP < ∞ ⇒
∫

W

n∏
i=1

(gi ◦ Xi)dP =
n∏

i=1

∫
W

(gi ◦ Xi)dP

∀(x0, . . . , xn−1) : Kn((x0, . . . , xn−1), ·)
= Pn[·]

∀An ∈ Sn : Kn((x0, . . . , xn−1), An)
= Pn[An]
=

(⊗n−1
i=0 Si,⊗n

i=0Si

)



Kn ( ∞∏
n=0

Wn,⊗∞
n=0Sn

)

(W0 × . . . × Wn−1 × An)|xn = An

P
[
X−1

n (An)
]

= P [W0 × . . . × Wn−1 × An × Wn+1 × . . .]
= P (n) [W0 × . . . × Wn−1 × An]

=
∫

W0

. . .

∫
Wn−1

1W0×...×Wn−1

∫
Wn

1AnKn(dxn)︸ ︷︷ ︸
=Pn[An]

Kn−1(dxn−1) · · ·P0(dx0)
= Pn[An]

n = 0 A0 ∈ S0

P [A0 × W1 × . . .] = P (0)[A0]

n − 1 → n n ∈ N Ai ∈ Si

P [A0 × . . . × An × Wn+1 . . .]
= P (n) [A0 × . . . × An]

=
∫

W0

. . .

∫
Wn−1

1A0×...×An−1

∫
Wn

1An
Kn(x0, . . . xn−1, dxn)︸ ︷︷ ︸

=Pn[An]

Kn−1 . . . P0(dx0)

= Pn[An] ·
∫

W0

. . .

∫
Wn−1

1A0×...×An−1

Kn−1(x0, . . . xn−2, dxn−1) . . . P0(dx0)
= Pn[An] · P (n−1) [A0 × . . . × An−1]

n−1= Pn[An]
n−1∏
k=0

Pk[Ak] =
n∏

k=0

Pk[Ak]

i1, . . . , in ∈ N ij < ij+1 Aij ∈ Sij

Bi :=
{

Aik
i ∈ {i1, . . . , in}

Wi i �∈ {i1, . . . , in}



P
[
Xij

∈ Aij

]
= P

[
W1 × . . . × Wij−1 × Aij

× Wij+1 × . . .
]

c)
=

⎛
⎝ij−1∏

k=1

P [Wk]︸ ︷︷ ︸
=1

⎞
⎠Pij

[
Aij

]

P

⎡
⎣ n⋂

j=1

Xij ∈ Aij

⎤
⎦ = P [B1 × . . . × Bin × Win+1 . . .]

c)
=

in∏
j=1

Pj [Bj ]

∀i �∈{i1,...,in}: Pi[Wi]=1
=

n∏
j=1

Pij
[Aij

]

=
n∏

j=1

P
[
Xij

∈ Aij

]

∀n ∈ N : (Wn, Sn, Pn) = (W, S(Xn), P [X−1
n (·)])

∫
W

n∏
i=1

gi ◦ Xi(w)dP

=
∫

W1

. . .

∫
Wn

n∏
i=1

gi(xi)Kn(x1, . . . , xn−1, dxn) . . . dP1

=
∫

W1

. . .

∫
Wn−1

n−1∏
i=1

gi(xi)
(∫

Wn

gn(xn)dPn

)
Kn−1(x1, . . . , xn−2, dxn−1) . . . dP1

=
(∫

Wn

gn(xn)dPn

)∫
W1

. . .

∫
Wn−1

n−1∏
i=1

gi(xi)

Kn−1(x1, . . . , xn−2, dxn−1) . . . dP1

=
n∏

i=1

∫
Wi

g(xi)dPi

=
n∏

i=1

∫
W

g ◦ XidP



Xi : (W, S, P ) → (R, B) E[|Xi|] < ∞

E

[∣∣∣∣∣
n∏

i=1

Xi

∣∣∣∣∣
]

< ∞

E

[
n∏

i=1

Xi

]
=

n∏
i=1

E[Xi]

∀i �= j : Kov(Xi, Xj) = 0

V ar

[
n∑

i=1

Xi

]
=

n∑
i=1

V ar[Xi]

Xi : (W, S, P ) → (R, B) E[|Xi|] < ∞

∀i �= j : E[|XiXj |] < ∞
∀i �= j : E[XiXj ] = E[Xi]E[Xj ]

∀i �= j : Kov(Xi, Xj) = 0

V ar

[
n∑

i=1

Xi

]
=

n∑
i=1

V ar[Xi]

E

[∣∣∣∣∣
n∏

i=1

Xi

∣∣∣∣∣
]

=
∫

W

n∏
i=1

|Xi(w)|dP

=
n∏

i=1

∫
W

|Xi|dP

=
n∏

i=1

E[|Xi|] < ∞

E

[
n∏

i=1

Xi

]
=

∫
W

n∏
i=1

Xi(w)dP

=
n∏

i=1

∫
W

XidP

=
n∏

i=1

E[Xi]



Kov[Xi, Xj ] = E[XiXj ] − E[Xi]E[Xj ] = 0

V ar

[
n∑

i=1

Xi

]
=

n∑
i=1

V ar[Xi] +
∑
i �=j

Kov[Xi, Xj ]

=
n∑

i=1

V ar[Xi]

E [|XiXj |] =
∫

W

|Xi(w)Xj(w)|dP

=
(∫

W

|Xi(w)|dP

)
·
(∫

W

|Xj(w)|dP

)
= E[|Xi|]E[|Xj |] < ∞

E [XiXj ] =
∫

W

Xi(w)Xj(w)dP

=
(∫

W

Xi(w)dP

)
·
(∫

W

Xj(w)dP

)
= E[Xi]E[Xj ]

Kov[Xi, Xj ] = E[XiXj ] − E[Xi]E[Xj ] = 0

V ar

[
n∑

i=1

Xi

]
=

n∑
i=1

V ar[Xi] +
∑
i �=j

Kov[Xi, Xj ]

=
n∑

i=1

V ar[Xi]



f : (R, B) → (R, B) f ≥ 0∫
R

f(x)dx = 1

P (A) =
∫

A

f(x)dx

P [A] =
∫

1Af(x)dx ≥ 0

P [∅] =
∫

1∅f(x)dx =
∫

0dx = 0

P [W ] =
∫

1W f(x)dx = 1

P

[ ∞∑
i=1

Ai

]
=

∫
1P∞

i=1 Ai
f(x)dx

=
∫ ∞∑

i=1

1Aif(x)dx

↑
=

∞∑
i=1

∫
1Aif(x)dx

∫ ∞

−∞
exp

−x2

2
dx =

√
2π

t : (0,∞) × (0, 2π) → R2, (r, a) �→ (r cos a, r sin a)

∫
R2

fdl2 =
∫

(0,∞)×(0,2π)

f(t(r, a))rdrda



(∫ ∞

−∞
exp

−x2

2
dx

)2

=
∫

R

exp
−x2

2
dx

∫
R

exp
−y2

2
dy

=
∫

R2
exp

−x2

2
exp

−y2

2
dl2

=
∫

R2
exp

−(x2 + y2)
2

dl2

=
∫

(0,∞)×(0,2π)

exp
(−r2(cos2 a + sin2 a)

2

)
rdrda

=
∫

(0,2π)

da

∫
(0,∞)

exp
(−r2

2

)
rdr

= 2π ·
(

lim
r→∞− exp

−r2

2
+ exp

−02

2

)
= 2π

f(x) =
1

b − a
1[a,b](x)

N(a, s2)

f(x) =
1√
2πs

exp
(
− (x − a)2

2s2

)

a ∈ (0,∞)

f(x) = a · exp(−ax) · 1[0,∞)(x)

∫
R

1
b − a

1[a,b](x)dx =
1

b − a

∫ b

a

dx =
b − a

b − a
= 1

y =
x − a

s
x = sy + a

dx = sdy



∫ ∞

−∞

1√
2πs

exp
(
− (x − a)2

2s2

)
dx =

∫ ∞

−∞

1√
2π

exp
(
−y2

2

)
dy = 1

∫ ∞

−∞
a · e−ax · 1[0,∞)(x)dx = lim

x→∞−e−ax + e−0x = 1



X : (W, S, P ) → (R, B)

X : (W, S, P ) → (R, B)

⇐⇒ ∀x ∈ R : P [X−1(−∞, x]] =
∫ x

−∞
f(t)dt

⇐⇒ ∀A ∈ B : P [X−1(A)]] =
∫

A

f(t)dt

{(−∞, x] : x ∈ R}

X : (W, S, P ) → (R, B) g : (R, B) →
(R, B) ∫

|g ◦ X|dP =
∫ ∞

−∞
|g(t)|f(t)dt < ∞

E[g ◦ X] =
∫

g ◦ XdP =
∫ ∞

−∞
g(t)f(t)dt

A ∈ B

∫
1A ◦ XdP =

∫
1AdP [X−1(·)]

= P [X−1(A)]
f

=
∫

1A(t)f(t)dt

∑n
i=1 ai1Ai ∈ T

∫ n∑
i=1

ai1Ai
◦ XdP =

n∑
i=1

ai

∫
1Ai

◦ XdP

=
n∑

i=1

ai

∫
1Ai

(t)f(t)dt

=
∫ n∑

i=1

ai1Ai
(t)f(t)dt



g ≥ 0 gn ∈ T gn ↑ g∫
g ◦ XdP =

∫
lim

n→∞ gn ◦ XdP

= lim
n→∞

∫
gn ◦ XdP

= lim
n→∞

∫
gn(t)f(t)dt

=
∫

lim
n→∞ gn(t)f(t)dt

=
∫

g(t)f(t)dt

X : (W, S, P ) → (R, B)

E[|X|] =
∫ ∞

−∞
|t|f(t)dt < ∞

E[X] =
∫ ∞

−∞
tf(t)dt

V ar[X] =
∫

R

(t − E[X])2f(t)dt

E[X] V ar[X]
1

b − a
1[a,b](x)

a + b

2
(b − a)2

12

N(a, s2)
1√
2πs

exp
(
− (x − a)2

2s2

)
a s2

a · exp(−ax) · 1[0,∞)(x)
1
a

1
a2



E[X] =
∫

R

xf(x)dx =
∫ b

a

x
1

b − a
dx

=
1
2

b2 − a2

b − a
=

a + b

2

E[X2] =
∫ b

a

x2

b − a
dx =

b3 − a3

3(b − a)
=

b2 + ab + a2

3

V ar[X] =
1
12

(4b2 + 4ab + 4a2 − 3a2 − 6ab − 3b2)

=
b2 − 2ab + a2

12

=
(a − b)2

12

u = (x − a)/s

x = su + a

dx = sdu

E[X] =
∫ ∞

−∞
xf(x)dx =

∫ ∞

−∞
x

1√
2πs

exp
(
− (x − a)2

s2

)
dx

=
1√
2πs

∫ ∞

−∞
(su + a)e−u2/2sdu

=
1√
2π

(
lim

u→∞−e−u2/2s − lim
u→−∞−e−u2/2s + a

∫ ∞

−∞
e−u2/2du

)
= a

V ar[X] = E[(X − a)2]

=
1√
2πs

∫ ∞

−∞
(X − a)2 exp

(
− (X − a)2

2s2

)
dx

=
1√
2πs

∫ ∞

−∞
s2u2e−u2/2sdu

=
s2

√
2π

(
lim

u→∞−ue−u2/2 − lim
u→−∞−ue−u2/2 −

∫ ∞

−∞
(−e−u2/2)du

)
= s2



E[X] =
∫ ∞

−∞
x1[0,∞)(x)ae−axdx

= lim
x→∞−xe−ax − 0 −

∫ ∞

0

−e−axdx

= lim
x→∞

1
a
e−ax − 1

a
e−a0 =

1
a

E[X2] =
∫ ∞

0

x2ae−axdx

= −x2e−ax|∞0 −
∫ ∞

0

−2xe−ax

= 2
∫ ∞

0

xe−axdx =
2
a
E[X]

V ar[X] =
2
a2

− 1
a2

=
1
a2

P [X−1(·)] = N(a, s2) c �= 0

P [(X − b)−1(·)] = N(a − b, s2)
P [(cX)−1(·)] = N(ca, c2s2)

P [Y −1(·)] = N(a − b, s2)

P [X − b ≤ t] = P [X ≤ t + b]

=
∫ t+b

−∞

1√
2πs

exp
(
− (x − a)2

2s2

)
dx

u=x−b=
∫ t

−∞

1√
2πs

exp
(
− (u + b − a)2

2s2

)
du

= P [Y ≤ t]



P [Y −1(·)] = N(ca, c2s2) c > 0

P [cX ≤ t] = P

[
X ≤ t

c

]

=
∫ t

c

−∞

1√
2πs

exp
(
− (x − a)2

2s2

)
dx

u=cx=
∫ t

−∞

1√
2πs

exp

⎛
⎜⎝−

(u

c
− a

)2

2s2

⎞
⎟⎠ 1

c
du

=
∫ t

−∞

1√
2πcs

exp
(
− (u − ca)2

2c2s2

)
du

= P [Y ≤ t]

c < 0

P [cX ≤ t] = P

[
X ≥ t

c

]

=
∫ ∞

t
c

1√
2πs

exp
(
− (x − a)2

2s2

)
dx

u=cx=
∫ t

−∞

1√
2πs

exp

⎛
⎜⎝−

(u

c
− a

)2

2s2

⎞
⎟⎠ 1

c
du

=
∫ t

−∞

1√
2πcs

exp
(
− (u − ca)2

2c2s2

)
du

= P [Y ≤ t]

f : (Rn, Bn) → (R, B) f ≥ 0
⇐⇒∫

Rn

f(x)dx =
∫

R

. . .

∫
R

f(x1, . . . , xn)dx1 . . . dxn

= 1

X1, . . . , Xn ⇐⇒
∀t1, . . . , tn : P [X1 ≤ t1, . . . , Xn ≤ tn]

=
∫

(−∞,t1]×...×(−∞,tn]

f(x)dx

=
∫ tn

−∞
. . .

∫ t1

−∞
f(x1, . . . , xn)dx1 . . . dxn



X1, . . . , Xn : (W, S, P ) → (R, B)
⇐⇒

∀A ∈ Bn : P [(X1, . . . Xn) ∈ A] =
∫

A

f(x)dx

E = {(−∞, t1] × . . . × (−∞, tn] : ti ∈ R}
Bn = S(E)

X1, . . . , Xn : (W, S, P ) → (R, B) fi

X1, . . . Xn ⇐⇒

f(x1, . . . , xn) =
n∏

i=1

fi(xi)

⇒
P [X1 ≤ t1, . . . , Xn ≤ tn]

=
n∏

i=1

P [Xi ≤ ti]

=
n∏

i=1

∫ ti

−∞
fi(xi)dxi

=
∫

(−∞,t1]×...×(−∞,tn]

n∏
i=1

fi(xi)dx1 . . . dxn

∏n
i=1 fi(xi)

⇐
P [X1 ≤ t1, . . . , Xn ≤ tn]

=
∫

(−∞,t1]×...×(−∞,tn]

n∏
i=1

fi(xi)dx1 . . . dxn

=
n∏

i=1

∫ ti

−∞
fi(xi)dxi

=
n∏

i=1

P [Xi ≤ ti]



f, g ∈ L1 f ≥ 0 g ≥ 0

f ∗ g : R → [0,∞), z �→
∫

R

f(x)g(z − x)dx

X, Y : (W, S, P ) → (R, B)
X + Y f ∗ g

X, Y f(x)g(y)
f, g ≥ 0

y = z − x

dz = dy

P [X + Y ≤ t] = P [Y ≤ t − X]

=
∫

y≤t−x

f(x)g(y)dxdy

=
∫ ∞

−∞
f(x)

∫ t−x

−∞
g(y)dydx

z=y+x
=

∫ ∞

−∞
f(x)

∫ t

−∞
g(z − x)dzdx

=
∫ t

−∞

(∫
R

f(x)g(z − x)dx

)
dz

=
∫ t

−∞
(f ∗ g)(z)dz

X1, . . . , Xn P [X−1
i (·)] = N(ai, s

2
i )

P

⎡
⎣( n∑

i=1

Xi

)−1

(·)
⎤
⎦ = N

(
n∑

i=1

ai,

n∑
i=1

s2
i

)

Yi = Xi − ai P [Y −1
i (·)] = N(0, s2

i )
Y1, . . . , Yn



n = 2

z = y

√
s2
1 + s2

2

s1s2
− x

s2

s1

√
s2
1 + s2

2

dz = dy

√
s2
1 + s2

2

s1s2

dy =
s1s2√
s2
1 + s2

2

z2 +
x2

s2
1 + s2

2

=

(
y

√
s2
1 + s2

2

s1s2
− x

s2

s1

√
s2
1 + s2

2

)2

+
x2

s2
1 + s2

2

= y2 s2
1 + s2

2

s2
1s

2
2

− 2xy
1
s2
1

+ x2 s2
2

s2
1(s

2
1 + s2

2)
+

x2

s2
1 + s2

2

=
x2

s2
1

− 2xy

s2
1

+
y2

s2
1

+
y2

s2
2

=
(x − y)2

s2
1

+
y2

s2
2

f ∗ g(x) =
∫ ∞

−∞

1√
2πs1

exp
(
−1

2
(x − y)2

s2
1

)
)

1√
2πs2

exp
(
−1

2
y2

s2
2

)
dy

=
1

2πs1s2

∫ ∞

−∞
exp

(
−1

2

(
(x − y)2

s2
1

+
y2

s2
2

))
dy

=
1√

2π(s2
1 + s2

2)
exp

( −x2

2(s2
1 + s2

2)

)∫ ∞

−∞

1√
2π

e−z2/2dz︸ ︷︷ ︸
=1

=
1√

2π(s2
1 + s2

2)
exp

( −x2

2(s2
1 + s2

2)

)

P
[
(Y1 + Y2)−1(·)] = N(0, s2

1 + s2
2)

X1 + X2 = Y1 + Y2 + a1 + a2

P
[
(X1 + X2)−1(·)] = N(a1 + a2, s

2
1 + s2

2)



n → n + 1 :

P

⎡
⎣( n∑

i=1

Xi

)−1

(·)
⎤
⎦ = N

(
n∑

i=1

ai,

n∑
i=1

s2
i

)
∑n

i=1 Xi Xn+1

P

⎡
⎣(n+1∑

i=1

Xi

)−1

(·)
⎤
⎦ = N

(
n+1∑
i=1

ai,

n+1∑
i=1

s2
i

)



F : R → R ⇐⇒

limxn↓x F (xn) = F (x)
⇐⇒

lim
x→∞F (x) = 1

lim
x→−∞F (x) = 0

mF (R, B)
mF [(a, b]] = F (b) − F (a)

mF ((−n, n]) = F (n) − F (−n) < ∞
∞⋃

n=1

(−n, n] = R

mF

{(a, b] : a, b ∈ R} ∪ {∅}

mF : F 1 → [0,∞),
n∑

i=1

(ai, bi] �→
n∑

i=1

max(0, F (bi) − F (ai))

mF

n∑
i=1

(ai, bi] =
m∑

j=1

(cj , dj ]

∀1 ≤ i ≤ n − 1 : ai < ai+1

∀1 ≤ j ≤ m − 1 : cj < cj+1

Mi Ni

∀1 ≤ j ≤ Mi ∀Ni + 1 ≤ j ≤ m : (ai, bi] ∩ (cj , dj ] = ∅



(cj , dj ] ∩ (cj+1, dj+1] = ∅
i Mi ≤ j ≤ Ni⎛

⎝(ai, bi] =
Ni∑

j=Mi+1

(ai, bi] ∩ (cj , dj ]

⎞
⎠⇒ (dj = cj+1)

mF

⎡
⎣ n∑

i=1

m∑
j=1

(ai, bi] ∩ (cj , dj ]

⎤
⎦

= mF

⎡
⎣ n∑

i=1

m∑
j=1

(max(ai, cj), min(bi, dj)]

⎤
⎦

=
n∑

i=1

⎛
⎝Mi∑

j=1

0 (ai, bi] ∩ (cj , dj ] = ∅

+F (min(bi, dMi+1)︸ ︷︷ ︸
=dMi+1

) − F (max(ai, cMi+1)︸ ︷︷ ︸
=ai

)

+
Ni−1∑

j=Mi+2

(F (min(bi, dj)︸ ︷︷ ︸
=dj

) − F (max(ai, cj)︸ ︷︷ ︸
=cj

)

+F (min(bi, dNi
)︸ ︷︷ ︸

=bi

) − F (max(ai, cNi
)︸ ︷︷ ︸

=cNi

)

+
m∑

j=Ni+1

0 (ai, bi] ∩ (cj , dj ] = ∅
⎞
⎠

=
n∑

i=1

⎛
⎜⎝F (dMi+1︸ ︷︷ ︸

=cMi+2

) − F (ai) +
Ni−1∑

j=Mi+2

(F ( dj︸︷︷︸
=cj+1

) − F (cj))

+F (bi) − F (cNi))

=
n∑

i=1

(F (bi) − F (ai)) = mF

[
n∑

i=1

(ai, bi]

]



mF

⎡
⎣ n∑

i=1

m∑
j=1

(ai, bi] ∩ (cj , dj ]

⎤
⎦

= mF

⎡
⎣ m∑

j=1

(cj , dj ]

⎤
⎦

mF

mF

[
n∑

i=1

(ai, bi]

]
=

n∑
i=1

(F (bi) − F (ai)︸ ︷︷ ︸
≥0

) ≥ 0

mF [∅] = mF [(ai, ai]] = 0

mF

⎡
⎣ n∑

i=1

(ai, bi] +
m∑

j=1

(cj , dj ]

⎤
⎦

=
n∑

i=1

(F (bi) − F (ai)) +
m∑

j=1

(F (dj) − F (cj))

= mF

[
n∑

i=1

(ai, bi]

]
+ mF

⎡
⎣ m∑

j=1

(cj , dj ]

⎤
⎦

mF ⇐⇒
⇒ x ∈ R (xn)n limn→∞ xn = x

F (x1) − F (x)
Def
= mF [(x, x1]]

xn↓x
= mF

[ ∞⋃
n=1

(xn, x1]

]
(xn,x1]↑= lim

n→∞mF [(xn, x1]]

Def
= lim

n→∞(F (x1) − F (xn))

= F (x1) − lim
n→∞F (xn)

F (x) = lim
xn↓x

F (xn)

⇐ (a, b] =
∑∞

n=1(an, bn] ε > 0



≤

∀N ∈ N :
N∑

n=1

mF [(an, bn]] = mF

[
N∑

n=1

(an, bn]

]
≤ mF

[ ∞∑
n=1

(an, bn]

]
∞∑

n=1

mF [(an, bn]] ≤ mF

[ ∞∑
n=1

(an, bn]

]

≥

∃δ > 0 : 0 ≤ F (a + δ) − F (a) ≤ ε

2
∀n ∈ N ∃δn > 0 : 0 ≤ F (bn + δn) − F (bn) ≤ ε

2n+1

mF [(a, b]] = F (b) − F (a)
= F (b) − F (a + δ) + F (a + δ) − F (a)

≤ mF [(a + δ, b]] +
ε

2
mF [(an, bn + δn]] = F (bn + δn) − F (an)

= F (bn + δn) − F (bn) + F (bn) − F (an)

≤ mF [(an, bn]] +
ε

2n+1

[a + δ, b]

(a, b] =
∞∑

n=1

(an, bn]

[a + δ, b]︸ ︷︷ ︸ ⊂
∞⋃

n=1

(an, bn + δn)︸ ︷︷ ︸
∃N ∈ N : [a + δ, b] ⊂

N⋃
n=1

(an, bn + δn)

∃N ∈ N : (a + δ, b] ⊂
N⋃

n=1

(an, bn + δn]



mF [(a, b]] ≤ mF [(a + δ, b]] +
ε

2
(a+δ,b]⊂SN

n=1(an,bn+δn]

≤ mF

[
N⋃

n=1

(an, bn + δn]

]
+

ε

2

≤
N∑

n=1

mF [(an, bn + δn]] +
ε

2

≤
N∑

n=1

mF [(an, bn]] +
ε

2
+

N∑
n=1

ε

2n+1

≤
∞∑

n=1

mF [(an, bn]] + ε

ε > 0

mF [(a, b]] ≤
∞∑

n=1

mF [(an, bn]]

mF

[ ∞∑
n=1

(an, bn]

]
=

∞∑
n=1

mF [(an, bn]]

∞∑
n=1

kn∑
j=1

(ajn
, bjn

] =
m∑

i=1

(ai, bi]



mF

⎡
⎣ ∞∑

n=1

kn∑
jn=1

(ajn
, bjn

]

⎤
⎦ V or= mF

[
m∑

i=1

(ai, bi]

]

=
m∑

i=1

mF [(ai, bi]]

=
m∑

i=1

mF

⎡
⎣(ai, bi] ∩

∞∑
n=1

kn∑
jn=1

(ajn
, bjn

]

⎤
⎦

=
m∑

i=1

kn∑
j=1

mF

[ ∞∑
n=1

(max(ai, ajn
), min(bi, bjn

]

]

a)
=

m∑
i=1

kn∑
j=1

∞∑
n=1

mF [(max(ai, ajn
), min(bi, bjn

]]

=
∞∑

n=1

mF

⎡
⎣ m∑

i=1

kn∑
j=1

(max(ai, ajn), min(bi, bjn ]

⎤
⎦

=
∞∑

n=1

mF

⎡
⎣ kn∑

j=1

(ajnbjn ]

⎤
⎦

(R, B)

F : R → [0, 1], x �→ P [(−∞, x]]

mF = P

x1 < x2

F (x2) − F (x1) = P [(−∞, x2]] − P [(−∞, x1]]
= P [(x1, x2]] ≥ 0

(xn)n limn→∞ xn = x

lim
n→∞F (xn) − F (x) = lim

n→∞P [(x, xn]]

xn↓x
= P

[ ∞⋂
n=1

(x, xn]

]

= P [∅] = 0



lim
x→∞F (x) = P [R] = 1

lim
x→−∞F (x) = P [∅] = 1

mF [(a, b]] = F (b) − F (a) = P [(a, b]]

(a, b] B

mF = P

mF ({x}) = F (x) − lim
y↑x

F (y)

mF ({x}) = 0 ⇐⇒
X : (W, P ) → R

[xi, xi+1) P [X = xi]

(xn)n limn→∞ xn = x xn �= x

mF [{x}] xn↑x
= mF

[ ∞⋂
n=1

(xn, x]

]

= lim
n→∞mF [(xn, x]]

= F (x) − lim
xn↑x

F (xn)

F (x) − lim
y↑x

F (y) > 0

0 ≤ F (x) ≤ 1 h ≥ 1
n

∞⋃
n=1

{
x ∈ R : F (x) − lim

y↑x
F (y) >

1
n

}

⇐⇒
⇐⇒ lim

xn↑x
F (xn) = F (x)

a)⇐⇒ mF [{x}] = 0



P [X = xi] > 0 ⇐⇒ xi P [X = xi]



Y, Yn : (W, S, P ) → (R, B)

FY (x) = P [Y −1(−∞, x]]

lim
n→∞FYn(x) = FY (x)

f ∈ Cb(R) limx→±∞ f(x)

lim
n→∞E[f ◦ Yn] = E[f ◦ Y ]

FY

lim
n→∞ ‖ FYn

− FY ‖∞= 0

⇒ C∞ 1(−∞,c]

1(−∞,c−δ]

⇒ FY

lim
x→∞FY (x) = 1

lim
x→−∞FY (x) = 0

∃a ∈ R : FY (a) <
ε

2
∃b ∈ R : FY (b) > 1 − ε

2

a, b FY FY

FYn

lim
n→∞FYn

(x) = FY (x)

∃N ∈ N ∀n ≥ N :
{

FYn
(a) < ε

FYn(b) > 1 − ε

f ∈ Cb(R) [a, b]

a = c1 < . . . < ck = b



∀x ∈ [ci−1, ci] : f(ci) − ε ≤ f(x) ≤ f(ci) + ε

ci FY FY

f ∈ Cb(R) ‖ f ‖∞ E[|f ◦ Yn|] < ∞

E[f ◦ Yn] = E[f ◦ Yn︸ ︷︷ ︸
≤‖f‖∞

1{Yn≤c1}∪{Yn>ck}] +
k∑

i=2

E[ f ◦ Yn︸ ︷︷ ︸
≤f(ci)+ε

1{ci−1<Yn≤ci}]

≤ ‖ f ‖∞ E[1{Yn≤c1}+{Yn>ck}]

+
k∑

i=2

(f(ci) + ε) E[1{ci−1<Yn≤ci}]

≤ ‖ f ‖∞

⎛
⎜⎝P [Yn ≤ c1] + P [Yn > ck]︸ ︷︷ ︸

=1−P [Yn≤ck]

⎞
⎟⎠

+
k∑

i=2

(f(ci) + ε)P [ci−1 < Yn ≤ ci]

≤ ‖ f ‖∞

⎛
⎜⎝FYn

(c1)︸ ︷︷ ︸
<ε

+1 − FYn
(ck)︸ ︷︷ ︸

>1−ε

⎞
⎟⎠

+
k∑

i=2

f(ci) (FYn
(ci) − FYn

(ci−1))

+ε
k∑

i=2

(FYn
(ci) − FYn

(ci−1))

E[f ◦ Yn] < 2ε ‖ f ‖∞ +
k∑

i=2

f(ci) (FYn
(ci) − FYn

(ci−1))

+ε (FYn
(ck) − FYn

(c1))︸ ︷︷ ︸
≤1

≤
k∑

i=2

f(ci) (FYn(ci) − FYn(ci−1)) + ε(1 + 2 ‖ f ‖∞)



E[f ◦ Yn] ≥
k∑

i=2

f(ci) (FYn
(ci) − FYn

(ci−1)) − ε(1 + 2 ‖ f ‖∞)

∣∣∣∣∣E[f ◦ Yn] −
k∑

i=2

f(ci) (FYn(ci) − FYn(ci−1))

∣∣∣∣∣ ≤ ε(1 + 2 ‖ f ‖∞)

∣∣∣∣∣E[f ◦ Y ] −
k∑

i=2

f(ci) (FY (ci) − FY (ci−1))

∣∣∣∣∣ ≤ ε(1 + 2 ‖ f ‖∞)

FY c1, . . . ck

lim
n→∞ |E[f ◦ Yn] − E[f ◦ Y ]|

≤ lim
n→∞

∣∣∣∣∣∣
k∑

i=2

f(ci)

⎛
⎝FYn

(ci) − FY (ci)︸ ︷︷ ︸
→0

+ FY (ci−1) − FYn
(ci−1)︸ ︷︷ ︸

→0

⎞
⎠
∣∣∣∣∣∣

+2ε(1 + 2 ‖ f ‖∞)
≤ 2ε(1 + 2 ‖ f ‖∞)

ε > 0

lim
n→∞ |E[f ◦ Yn] − E[f ◦ Y ]| = 0

⇒ c ∈ R, δ > 0 g, h ∈ Cb(R)

1(−∞,c](x) ≤ g(x) ≤ 1(−∞,c+δ](x)
1(−∞,c−δ](x) ≤ h(x) ≤ 1(−∞,c](x)

g =

⎧⎨
⎩

1 t ∈ (−∞, c]
1 − t−c

δ t ∈ (c, c + δ]
0 t ∈ (c + δ,∞)

h =

⎧⎨
⎩

1 t ∈ (−∞, c − δ]
1 − t−c+δ

δ t ∈ (c − δ, c]
0 t ∈ (c,∞)



n ∈ N

lim sup
n→∞

FYn
(c) = lim sup

n→∞
P [Yn ≤ c]

= lim sup
n→∞

E[1(−∞,c] ◦ Yn]

≤ lim sup
n→∞

E [g ◦ Yn]

= E[g ◦ Y ]
≤ E[1(−∞,c+δ] ◦ Y ]
= P [Y ≤ c + δ]
= FY (c + δ)

lim inf
n→∞ FYn(c) = lim

n→∞P [Yn ≤ c]

= lim inf
n→∞ E

[
1(−∞,c] ◦ Yn

]
≥ lim inf

n→∞ E [h ◦ Yn]

V or= E[h ◦ Y ]
≥ E

[
1(−∞,c−δ] ◦ Y

]
= P [Y ≤ c − δ]
= FY (c − δ)

FY (c − δ) ≤ lim inf
n→∞ FYn(c)

≤ lim sup
n→∞

FYn(c)

≤ FY (c + δ)

FY δ > 0

lim
δ↓0

FY (c − δ) = FY (c) = lim
δ↓0

FY (c + δ)

lim
n→∞FYn

(c) = FY (c)

⇒ ε > 0

∃a ∈ R : FY (a) <
ε

4
∃b ∈ R : FY (b) > 1 − ε

4



a = c1 < . . . < ck = b

∀2 ≤ i ≤ k : 0 ≤ FY (ci) − FY (ci−1) <
ε

4

lim
n→∞FYn

(ci) = FY (ci)

∃N ∈ N ∀n ≥ N ∀1 ≤ i ≤ k : |FYn(ci) − FY (ci)| <
ε

4
FYn

FY ∀n ≥ N ∀x ∈ (−∞, c1]

0 ≤ FY (x) ≤ FY (c1) <
ε

4
0 ≤ FYn

(x) ≤ FYn
(c1) < FY (c1) +

ε

4
<

ε

2
|FY (x) − FYn

(x)| ≤ |FY (x) − FY (c1)| + |FY (c1) − FYn
(c1)|

+ |FYn
(c1) − FYn

(x)|
<

ε

4
+

ε

4
+

ε

2
= ε

FYn FY ∀n ≥ N ∀x ∈ [ck,∞)

1 ≥ FY (x) ≥ FY (ck) > 1 − ε

4
1 ≥ FYn

(x) ≥ FYn
(ck) > FY (ck) − ε

4
> 1 − ε

4
− ε

4
= 1 − ε

2
|FY (x) − FYn

(x)| ≤ |FY (x) − FY (ck)| + |FY (ck) − FYn
(ck)|

+ |FYn
(ck) − FYn

(x)|
<

ε

4
+

ε

4
+

ε

2
= ε



x ∈ [ci, ci+1]

FYn(ci) ≤ FYn(x) ≤ FYn(ci+1)
FY (ci) ≤ FY (x) ≤ FY (ci+1)

FYn(x) − FY (x) ≤ FYn(ci+1) − FY (ci)
= FYn(ci+1) − FY (ci+1) + FY (ci+1) − FY (ci)

<
ε

4
+

ε

4
< ε

FYn(x) − FY (x) ≥ FYn(ci) − FY (ci+1)
= FYn(ci) − FY (ci) + FY (ci) − FY (ci+1)

> −ε

4
− ε

4
> −ε

|FY (x) − FYn
(x)| < ε

∀ε > 0 ∃N ∈ N ∀n ≥ N : sup
x∈R

|FY (x) − FYn
(x)| ≤ ε

lim
n→∞ ‖FY − FYn‖∞,R = 0

⇒
lim

n→∞ ‖ FY − FYn ‖∞= 0

⇒ ∀x ∈ R : lim
n→∞FYn

(x) = FY (x)

b) ⇒ a) C∞

limx→±∞ f(x)

Zi : (W, S, P ) → (R, B)

∀i �= j : P [Z−1
i (·)] = P [Z−1

j (·)]
E[Zi] = m

V ar[Zi] = v > 0

Xi :=
Zi − m√

v

R∗
n =

1√
n

n∑
i=1

Xi

∀x ∈ R : lim
n→∞FR∗

n
(x) = N(0, 1)((−∞, x])



E[Xi] =
E[Zi] − m√

v
= 0

E[X2
i ] = V ar[Xi] =

V ar[Zi − m]√
v
2 =

V arZi

V arZi
= 1

(Yi)i (Xi)i P [Y −1
i (·)] = N(0, 1)

T ∗
n :=

1√
n

n∑
i=1

Yi

P

⎡
⎣( n∑

i=1

Yi

)−1

(·)
⎤
⎦ = N

(
n∑

i=1

0,

n∑
i=1

1

)
= N(0, n)

P

⎡
⎣( 1√

n

n∑
i=1

Yi

)−1

(·)
⎤
⎦ = N

(
1√
n
· 0,

1√
n

2 n

)
= N(0, 1)

P [(T ∗
n)−1(·)] = N(0, 1)

Wi,n :=
1√
n

i−1∑
j=1

Xj +
1√
n

n∑
j=i+1

Yj

Wi−1,n +
Xi−1√

n
− Yi√

n
= Wi,n

Wi−1,n +
Xi−1√

n
= Wi,n +

Yi√
n

f ∈ C∞
b (R) 1(−∞,c]

‖ f ‖∞ < ∞
‖ f ′ ‖∞ < ∞
‖ f ′′ ‖∞ < ∞



f ◦ R∗
n − f ◦ T ∗

n

= f

(
1√
n

n∑
i=1

Xi

)
− f

(
1√
n

n∑
i=1

Yi

)

= f

(
Wn,n +

Xn√
n

)
− f

(
W1,n +

Y1√
n

)

=
n∑

i=1

⎛
⎜⎜⎜⎜⎜⎝f

(
Wi,n +

Xi√
n

)
− f

(
Wi,n +

Yi√
n

)
︸ ︷︷ ︸
=Wi−1,n+

Xi−1√
n

⎞
⎟⎟⎟⎟⎟⎠

Xi√
n

,
Yi√
n

f

f

(
Wi,n +

Xi√
n

)

= f(Wi,n) + f ′(Wi,n)
Xi√

n
+

1
2
f ′′(Wi,n)

(
Xi√

n

)2

+ r

(
Xi√

n

)

s : (W, S, P ) → (
[0, 1], B|[0,1]

)
r

(
Xi√

n

)
=

X2
i

2n

(
f ′′
(

Wi,n + s
Xi√

n

)
− f ′′(Wi,n)

)
∣∣∣∣r
(

Xi√
n

)∣∣∣∣ ≤ X2
i

n
‖ f ′′ ‖∞,[0,1]

|r|
f ′′ [0, 1]

∀ε > 0 ∃δ > 0 : (|x − y| ≤ δ ⇒ |f(x) − f(y)| ≤ ε)

|Xi|√
n

≤ δ < 1

∣∣∣∣r
(

Xi√
n

)∣∣∣∣ ≤ X2
i

1
n

∣∣∣∣f ′′
(

Wi,n + s
Xi√

n

)
− f ′′(Wi,n)

∣∣∣∣︸ ︷︷ ︸
≤ε

≤ ε

n
X2

i



∣∣∣∣r
(

Xi√
n

)∣∣∣∣ ≤ X2
i

n

(
ε1{|Xi|≤√

nδ}+ ‖ f ′′ ‖∞ 1{|Xi|>√
nδ}
)

E[Yi] = 0 = E[Xi]
E[Y 2

i ] = 1 = E[X2
i ]

Xi, Yi

E[f ◦ R∗
n] − E[f ◦ T ∗

n ]

=
n∑

i=1

E

[
f(Wi,n) + f ′(Wi,n)

Xi√
n

+
1
2
f ′′(Wi,n)

(
Xi√

n

)2

+ r

(
Xi√

n

)

− f(Wi,n) − f ′(Wi,n)
Yi√
n
− 1

2
f ′′(Wi,n)

(
Yi√
n

)2

− r

(
Yi√
n

)]

=
n∑

i=1

E[f ′(Wi,n)]√
n

(E[Xi]︸ ︷︷ ︸
=0

−E[Yi]︸ ︷︷ ︸
=0

)

+
n∑

i=1

E[f ′′(Wi,n)]
2n

(E[X2
i ] − E[Y 2

i ])︸ ︷︷ ︸
=0

+
n∑

i=1

E

[
r

(
Xi√

n

)
− r

(
Yi√
n

)]

|E[f ◦ R∗
n − f ◦ T ∗

n ]|

≤
n∑

i=1

E

[∣∣∣∣r
(

Xi√
n

)∣∣∣∣
]

+
n∑

i=1

E

[∣∣∣∣r
(

Yi√
n

)∣∣∣∣
]

≤
n∑

i=1

ε

n
E[X2

i 1|Xi|≤√
nδ]︸ ︷︷ ︸

≤E[X2
i ]=1

+
n∑

i=1

ε

n
E[Y 2

i 1|Yi|≤√
nδ]︸ ︷︷ ︸

≤E[Y 2
i ]=1

+
n∑

i=1

‖ f ′′ ‖[0,1],∞
n

(
E[X2

i 1|Xi|>√
nδ] + E[Y 2

i 1|Yi|>√
nδ]
)

≤ 2ε+ ‖ f ′′ ‖[0,1],∞ (E[X2
11|X1|>√

nδ] + E[Y 2
1 1|Y1|>√

nδ])



lim
n→∞E

[
X2

11|X1|>√
nδ

]
= E[X2

1 ] − lim
n→∞E

[
X2

11|X1|≤√
nδ

]
= E

[
X2

1

]− E
[
X2

11|X1|<∞
]

= 0

ε > 0

∀ε > 0 : lim
n→∞ |E[f ◦ R∗

n] − E[f ◦ T ∗
n ]| ≤ 2ε

lim
n→∞ |E[f ◦ R∗

n] − E[f ◦ T ∗
n ]| = 0

lim
n→∞ |E[f ◦ R∗

n] − E[f ◦ Y1]| = 0

∀x ∈ R : lim
n→∞FR∗

n
(x) = N(0, 1)((−∞, x])

g : R → [0, 1], p �→
⎧⎨
⎩

1 p ∈ (−∞, c]
∈ (0, 1] p ∈ (c, c + δ)
0 p ∈ [c + δ,∞)

g1 : R → R, t �→
{

exp
(

−1
(t−c)(t−c−δ)

)
t ∈ (c, c + δ)

0 t ∈ (−∞, c] ∪ [c + δ,∞)

t �∈ {−1,−2}

0 : R → R, t �→ 0
exp : R → R, t �→ exp(t)

R\{c} → R, t �→ 1
t − c

R\{c + δ} → R, t �→ 1
t − c − δ

∀t ∈ R\{c, c + δ} : g1



t ∈ (c, c + δ)

∃N ∈ N ∃ai,j ∈ R :
dn

dtn
g1 = g1

N∑
i,j=1

ai,j
1

(t − c)i

1
(t − c − δ)j

n = 1

g1 = exp
( −1

(t − c)(t − c − δ)

)
d

dt
g1 = g1 ·

(
1

t − c

−1
(t − c − δ)2

+
1

t − c − δ

−1
(t − c)2

)
n → n + 1

dn+1g1

dtn+1

=
d

dt

⎛
⎝g1

N∑
i,j=1

ai,j
1

(t − c)i

1
(t − c − δ)j

⎞
⎠

= g1 ·
(

1
t − c

−1
(t − c − δ)2

+
1

t − c − δ

−1
(t − c)2

)
N∑

i,j=1

ai,j
1

(t − c)i

1
(t − c − δ)j

+g1 ·
N∑

i,j=1

aij

( −i

(t − c)i+1

1
(t − c − δ)j

+
1

(t − c)i

−j

(t − c − δ)j+1

)

= g1

N ′∑
i,j=1

a′
i,j

1
(t − c)i

1
(t − c − δ)j

∀n ∈ N

lim
t→∞ tn exp(−t) = 0

lim
t→c

1
(t − c)n

exp
( −1

(t − c)(t − c − δ)

)
= 0

lim
t→c+δ

1
(t − c − δ)n

exp
( −1

(t − c)(t − c − δ)

)
= 0

lim
t→c

dng1

dtn
(t) = 0 = g1(c)

lim
t→c+δ

dng1

dtn
(t) = 0 = g1(c + δ)



g1

g : R → [0, 1], t �→
∫ t

−∞ g1(s)ds∫∞
−∞ g1(s)ds

⎧⎨
⎩

= 0 t ∈ (−∞, c]
∈ (0, 1] t ∈ (c, c + δ)
= 1 t ∈ [c + δ,∞)



a ≥ 0

"a# = max{n ∈ N0 : n ≤ a}
$a% = min{n ∈ N0 : a ≤ n}

f : (W, S, m) → (R, B) f ≥ 0

∞∑
n=1

m [f ≥ n] ≤
∫

fdm

≤
∞∑

n=0

m[f > n]

∫
fdm =

∫ ∞

0

m[f ≥ t]dt

"f#, $f% : (W, S, m) → N0

m[f ≥ n] =
∞∑

k=n

m[k ≤ f < k + 1]

∞∑
n=1

m[f ≥ n] =
∞∑

n=1

∞∑
k=n

m[k ≤ f < k + 1]

=
∞∑

k=1

k · m[k ≤ f < k + 1]

=
∫
"f#dm

m[f > n − 1] =
∞∑

k=n

m[k − 1 < f ≤ k]

∞∑
n=1

m[f > n − 1] =
∞∑

n=1

∞∑
k=n

m[k − 1 < f ≤ k]

=
∞∑

k=1

k · m[k − 1 < f ≤ k]

=
∫
$f%dm



n ≤ f(x) ≤ n′

max{n ∈ N : n ≤ f(x)} ≤ f(x) ≤ min{n′ ∈ N : f(x) ≤ n′}
"f# ≤ f ≤ $f%∫

"f#dm ≤
∫

fdm ≤
∫
$f%dm

∞∑
n=1

m[f ≥ n] ≤
∫

fdm ≤
∞∑

n=1

m [f > n − 1]

ε > 0, k ∈ N

n

2k
1 n

2k
≤f<

n + 1
2k

≤ f1 n

2k
≤f<

n + 1
2k

≤ n + 1
2k

1 n

2k
≤f<

n + 1
2k

aε
k =

1
2k

∞∑
n=1

m
[
f1f≥ε ≥ n

2k

]

=
1
2k

∞∑
n=1

∞∑
j=n

m
[
j ≤ f1f≥ε2k < j + 1

]

=
1
2k

∞∑
n=1

n · m [
n ≤ f1f≥ε2k < n + 1

]

=
∞∑

n=1

∫
n

2k
1f≥ε1 n

2k
≤f<

n + 1
2k

dm

=
∞∑

n=0

∫
n

2k
1f≥ε1 n

2k
≤f<

n + 1
2k

dm

≤
∫

f1f≥εdm

≤
∞∑

n=0

n + 1
2k

1f≥ε1 n

2k
≤f<

n + 1
2k

dm

=
∞∑

n=1

∫
n + 1

2k
1f≥ε1 n

2k
≤f<

n + 1
2k

dm +
1
2k

∫
1f≥ε10≤f≤2−kdm



=
∞∑

n=1

∫
n

2k
1f≥ε1 n

2k
≤f<

n + 1
2k

dm +
∫

1
2k

1f≥ε

∞∑
n=1

1 n

2k
≤f<

n + 1
2k

dm

+
1
2k

m
[
ε ≤ f ≤ 2−k

]
= aε

k +
1
2k

∫
1f≥ε1[2−k≤f<∞)dm +

1
2k

m
[
ε ≤ f ≤ 2−k

]
≤ aε

k +
1
2k

m
[
f ≥ max

(
ε, 2−k

)]
+

1
2k

m
[
ε ≤ f ≤ 2−k

]

1
2k

m

[
f ≥ n + 1

2k

]
=

∫ n+1
2k

n

2k

m

[
f ≥ n + 1

2k

]
dt

≤
∫ n+1

2k

n

2k

m[f ≥ t]dt

≤
∫ n+1

2k

n

2k

m
[
f ≥ n

2k

]
dt

=
1
2k

m
[
f ≥ n

2k

]

aε
k − 1

2k
m
[
f ≥ max(ε, 2−k)

]
=

1
2k

∞∑
n=1

m
[
f1f≥ε ≥ n

2k

]
− 1

2k

∞∑
n=1

m

[
n + 1

2k
> f1f≥ε ≥ n

2k

]

=
∞∑

n=1

1
2k

m

[
f1f≥ε ≥ n + 1

2k

]

≤
∫ ∞

1/2k

m [f1f≥ε ≥ t] dt =
∞∑

n=1

∫ (n+1)2−k

n2−k

m [f1f≥ε ≥ t] dt

≤
∞∑

n=1

1
2k

m
[
f1f≥ε ≥ n

2k

]
= aε

k



0 ≤
∣∣∣∣
∫ ∞

0

m[f1f≥ε ≥ t]dt −
∫

f1f≥εdm

∣∣∣∣
≤ lim

k→∞

∣∣∣∣∣
∫ ∞

0

m[f1f≥ε ≥ t]dt −
∫ ∞

1
2k

m[f1f≥ε ≥ t]dt

∣∣∣∣∣
+ lim

k→∞

∣∣∣∣∣
∫ ∞

1
2k

m[f1f≥ε ≥ t]dt − aε
k

∣∣∣∣∣
+ lim

k→∞

∣∣∣∣aε
k −

∫
f1f≥εdm

∣∣∣∣
≤ lim

k→∞
1
2k

m[W ]︸ ︷︷ ︸
<∞

+ lim
k→∞

1
2k

m
[
f ≥ max

(
ε, 2−k

)]︸ ︷︷ ︸
<∞

+ lim
k→∞

1
2k

m
[
f ≥ max

(
ε, 2−k

)]︸ ︷︷ ︸
<∞

+ lim
k→∞

1
2k

m
[
ε ≤ f ≤ 2−k

]︸ ︷︷ ︸
<∞

= 0

∫ ∞

0

m[f1f≥ε ≥ t]dt =
∫

f1f≥εdm

f1f≥ε ≥ t ⇐⇒ f(w) ≥ ε f(w) ≥ t

⇒ f(w) ≥ t

{w ∈ W : f(w)1f≥ 1
k
(w) ≥ t} ⊂ {w ∈ W : f(w) ≥ t}{

f1f≥ 1
k
≥ t
}

↑ {f ≥ t}
f1f≥ 1

k
↑ f

lim
k→∞

∫ ∞

0

m
[
f1f≥ 1

k
≥ t
]
dt = lim

k→∞

∫
f1f≥ 1

k
dm∫ ∞

0

m[f ≥ t]dt =
∫

fdm

∀x ≥ 0 : x
∑
n>x

1
n2

≤ 2



Xn : (W, S, P ) → (R, B) ∀i, j : P [X−1
i (·)] = P [X−1

j (·)]
∞∑

n=1

E[(Xn1|Xn|≤n)2]
n2

≤ 4E[|X1|]

x ≥ 0

∀t ∈ [n, n + 1] :
1

(n + 1)2
≤ 1

t2

1
(n + 1)2

=
∫ n+1

n

1
(n + 1)2

dt ≤
∫ n+1

n

1
t2

dt

∞∑
n=m

1
n2

=
1

m2
+

∞∑
n=m+1

1
n2

≤ 1
m2

+
∞∑

n=m

∫ n+1

n

1
t2

dt

=
1

m2
+
∫ ∞

m

1
t2

dt

=
1

m2
+

1
m

≤ 2
m

m := min{n ∈ N : n > x}

x
∑
n>x

1
n2

x≤m

≤ m
∞∑

n=m

1
n2

≤ m
2
m

= 2

f =
(
Xn1|Xn|≤n

)2
m = P∫

fdm =
∫ ∞

0

m[f ≥ t]dt

E
[
(Xn1|Xn|≤n)2

]
=

∫ ∞

0

P
[
(Xn1|Xn|≤n)2 ≥ t

]
dt

t2 = x dx = 2tdt

∀x > n : {|Xn|1|Xn|≤n ≥ x} = ∅
∀x > n : P

[|Xn|1|Xn|≤n ≥ x
]

= 0



E
[
(Xn1|Xn|≤n)2

]
=

∫ ∞

0

2xP
[|Xn|1|Xn|≤n ≥ x

]
dx

=
∫ n

0

2xP [n ≥ |Xn| ≥ x] dx

P [X−1
n (·)]=P [X−1

1 (·)]
≤

∫ n

0

2xP [|X1| ≥ x] dx

fm(x) := 2xP [|X1| ≥ x]
m∑

n>x

1
n2

(fm)m

lim
m→∞ fm(x)dx = 2xP [|X1| ≥ x]

∑
n>x

1
n2

≤ 4P [|X1| ≥ x]

∞∑
n=1

E[(Xn1|Xn|≤n)2]
n2

≤
∞∑

n=1

1
n2

∫ ∞

0

1[0,n)(x)2xP [|X1| ≥ x]dx

=
∫ ∞

0

( ∞∑
n=1

1
n2

1[0,n)(x)2xP [|X1| ≥ x]

)
dx

= 2
∫ ∞

0

P [|X1| ≥ x] x
∑
n>x

1
n2︸ ︷︷ ︸

≤2

dx

≤ 4
∫ ∞

0

P [|X1| ≥ x]dx

= 4
∫

|X1|dP

= 4E[|X1|]

n ∈ N Xn ∈ L1 ∀i, j : P [X−1
i (·)] = P [X−1

j (·)]
a = E[X1]

Yn := Xn · 1|Xn|≤n

lim
n→∞

1
n

n∑
i=1

Yi = a



lim
n→∞

1
n

n∑
i=1

Xi = a

Yn = Xn1|Xn|≤n f = |Xn| m = P

∞∑
n=1

P [Xn �= Yn] =
∞∑

n=1

P [|Xn| > n]

≤
∞∑

n=1

P [|Xn| ≥ n]

P [X−1
n (·)]=P [X−1

1 (·)]
=

∞∑
n=1

P [|X1| ≥ n]

≤
∫

|X1|dP = E[|X1|] < ∞

P

⎡
⎣ ∞⋃

n=1

⋂
i≥n

{Xi = Yi}
⎤
⎦ = 1

P [{w ∈ W : ∃n ∈ N ∀i ≥ n : Xi(w) = Yi(w)}] = 1

∃A ∈ S

P [A] = 0
∀w ∈ AC ∃n0 ∀i ≥ n0 : Xi(w) = Yi(w)

∀w ∈ AC : lim
n→∞

1
n

n∑
i=1

Yi(w) = a

∀w ∈ AC ∀n ≥ n0 :∑n
i=1 Yi(w) −∑n

i=1 Xi(w)
n

=
∑n0

i=1 Yi(w) −∑n0
i=1 Xi(w)

n

∀w ∈ AC lim
n→∞

1
n

n∑
i=1

Xi(w)

= lim
n→∞

(
1
n

n∑
i=1

Xi(w) − 1
n

n∑
i=1

Yi(w)

)
+ lim

n→∞
1
n

n∑
i=1

Yi(w)

= lim
n→∞

(
1
n

n0∑
i=1

Xi(w) − 1
n

n0∑
i=1

Yi(w)

)
+ a

= a



Xn ∈ L1 ∀i, j : P [X−1
i (·)] = P [X−1

j (·)]

lim
n→∞

1
n

n∑
i=1

Xi = E[X1]

Yn = Xn1|Xn|≤n

(Xn)n (X+
n )n Xn ≥ 0

Xn ≥ 0, ε > 0, m ∈ N

∀n ∈ N : kn := "(1 + ε)n#
= max{m ∈ N0 : m ≤ (1 + ε)n}

1 ≤ "(1 + ε)n# ≤ (1 + ε)n < "(1 + ε)n# + 1
(1 + ε)n

2
<

"(1 + ε)n# + 1
2

≤ "(1 + ε)n#

n0 :=
⌈

lnm

ln(1 + ε)

⌉
= min

{
n ∈ N0 :

lnm

ln(1 + ε)
≤ n

}
ln exp

kn = "(1 + ε)n# ≥ m ⇐⇒ (1 + ε)n ≥ m

⇐⇒ n ln(1 + ε) ≥ lnm

⇐⇒ n ≥ lnm

ln(1 + ε)

⇐⇒ n ≥ n0 =
⌈

lnm

ln(1 + ε)

⌉



∑
kn≥m

1
k2

n

=
∑

�(1+ε)n�≥m

1
"(1 + ε)n#2

≤ 4
∑

n≥n0

1
(1 + ε)2n

=
4

(1 + ε)2n0

∞∑
n=0

1
(1 + ε)2n

= 4
1

(1 + ε)2n0

1
1 − 1

(1+ε)2

≤ 4
1

1 − 1
(1+ε)2

1
m2

E[Y 2
n ] = E

[
X2

n1|Xn|≤n

] ≤ E
[
n21W

]
= n2 < ∞

V arYn δ > 0

Tkn =
kn∑

m=1

Ym



∞∑
n=1

P [|Tkn
− E[Tkn

]| > δkn]

≤
∞∑

n=1

P [|Tkn
− E[Tkn

]| ≥ δkn]

≤
∞∑

n=1

V ar[Tkn
]

δ2k2
n

=
1
δ2

∞∑
n=1

V ar
[∑kn

m=1 Ym

]
k2

n

(Ym)m =
1
δ2

∞∑
n=1

1
k2

n

kn∑
m=1

V ar[Ym]

=
V ar[Y1]

δ2

∑
kn≥1

1
k2

n

+
V ar[Y2]

δ2

∑
kn≥2

1
k2

n

+ . . .

=
1
δ2

∞∑
m=1

V ar[Ym]︸ ︷︷ ︸
=E[Y 2

m]−E[Ym]2≤E[Y 2
m]

∑
kn≥m

1
k2

n

=
1
δ2

4
1 − 1

(1+ε)2

∞∑
m=1

1
m2

E
[|Xm|21|Xm|≤m

]
︸ ︷︷ ︸

≤4E[|X1|]
< ∞

∀δ > 0 : P

⎡
⎣ ∞⋃

m=1

⋂
n≥m

{ |Tkn
− E[Tkn

]|
kn

≤ δ

}⎤⎦ = 1

∀δ > 0 : P

[{
w ∈ W : ∃m ∈ N ∀n ≥ m :

|Tkn(w) − E[Tkn ]|
kn

≤ δ

}]
= 1

∀δ > 0 : 0 ≤ lim
kn→∞

|Tkn
− E[Tkn

]|
kn

≤ δ

lim
n→∞

∑kn

i=1 Yi − E
[∑kn

i=1 Yi

]
kn

= 0



(X11X1≤n)n X1 ≥ 0

E [X1] = E
[

lim
n→∞X11X1≤n

]
= lim

n→∞E [X11X1≤n]

∀ε > 0 ∃n0 ∀i ≥ n0 : E [X11X1>i] < ε

∀ε > 0 : 0 ≤ 1
kn

kn∑
i=1

E [X11X1>i]

=
1
kn

n0∑
i=1

E [X11X1>i] +
1
kn

kn∑
i=n0+1

E [X11X1>i]

≤ n0

kn
E[X1] +

kn − n0

kn
ε

0 = lim
n→∞

1
kn

kn∑
i=1

E [X11X1>i]

lim
n→∞

∑kn

i=1 (E[Yi] − E[X1])
kn

= lim
n→∞

∑kn

i=1 (E[Xi1Xi≤i] − E[X1])
kn

P [X−1
i (·)]=P [X−1

1 (·)]
= lim

n→∞
1
kn

kn∑
i=1

E[X11X1>i]

= 0

lim
n→∞

E
[∑kn

i=1 Yi

]
kn

= E[X1]

lim
n→∞

∑kn

i=1 Yi

kn
= lim

n→∞

∑kn

i=1 Yi − E
[∑kn

i=1 Yi

]
kn

+ lim
n→∞

1
kn

E

[
kn∑
i=1

Yi

]

= E[X1]

m ≤ "(1 + ε)n# = kn < m + 1
M ≤ "(1 + ε)n+1# = kn+1 < M + 1



m ≤ M
kn+1

kn
<

M + 1
m

≤ 1 +
1
m

< 1 +
1

(1 + ε)n0 − 1︸ ︷︷ ︸
n0→∞→ 0

∃N ∀n ≥ N :
kn+1

kn
< 1 + 2ε

n ≥ N

∀kn ≤ l ≤ kn+1 :
1

1 + 2ε

1
kn

kn∑
i=1

Yi

<
1

kn+1

kn∑
i=1

Yi

Yi≥0,kn≤l≤kn+1≤ 1
l

l∑
i=1

Yi

Yi≥0,kn≤l≤kn+1≤ 1
kn

kn+1∑
i=1

Yi

< (1 + 2ε)
1

kn+1

kn+1∑
i=1

Yi

∀ε > 0 :
1

1 + 2ε
lim

n→∞
1
kn

kn∑
i=1

Yi ≤ lim
l→∞

l∑
i=1

Yi

≤ (1 + 2ε) lim
n→∞

1
kn+1

kn+1∑
i=1

Yi

∀ε > 0 :
E[X1]
1 + 2ε

≤ lim
l→∞

l∑
i=1

Yi

≤ (1 + 2ε)E[X1]

E[X1] = lim
l→∞

l∑
i=1

Yi



lim
n→∞

1
n

n∑
i=1

Xi = E[X1]

lim
n→∞

1
n

n∑
i=1

(X+
i − X−

i ) = lim
n→∞

1
n

n∑
i=1

X+
i − lim

n→∞
1
n

n∑
i=1

X−
i

= E
[
X+

1

]− E
[
X−

1

]
= E[X1]

X1, X2, . . . : (W, S, P ) → (R, B)
∀i, j : P [X−1

i (·)] = P [X−1
j (·)]

lim sup
n→∞

sup
x∈R

∣∣∣∣∣ 1n
n∑

i=1

1Xi≤x − P [X1 ≤ x]

∣∣∣∣∣ = 0

1
n

∑n
i=1 1Xi≤x ‖ · ‖∞

x �→ P [X1 ≤ x]

x ∈ R (1Xn≤x)n (1Xn<x)n

lim
n→∞

1
n

n∑
i=1

1Xi≤x

1Xi≤x∈L1

= E[1X1≤x]

= P [X1 ≤ x]

lim
n→∞

1
n

n∑
i=1

1Xi<x

1Xi<x∈L1

= E[1X1<x]

= P [X1 < x]

N ∈ N [0, 1]

∀1 ≤ j ≤ N − 1 : cj = inf
{

x ∈ R : P [X1 ≤ x] ≥ j

N

}

Rn := max
1≤j≤N−1

(∣∣∣∣∣ 1n
n∑

i=1

1Xi≤cj − P [X1 ≤ cj ]

∣∣∣∣∣
+

∣∣∣∣∣ 1n
n∑

i=1

1Xi<cj
− P [X1 < cj ]

∣∣∣∣∣
)



j = 2, . . . , N − 1 cj−1 �= cj

lim
n→∞Rn = 0

∀x ∈ [cj−1, cj) : P [X1 ≤ x] ∈
[
j − 1
N

,
j

N

)

cj−1 �= cj ⇒ P [X1 < cj ] ∈
[
j − 1
N

,
j

N

]
cj−1 �= cj ∀x ∈ [cj−1, cj)

1
n

n∑
i=1

1Xi≤x − P [X1 ≤ x]

x∈[cj−1,cj)≤ 1
n

n∑
i=1

1Xi<cj
− P [X1 < cj ] + P [X1 < cj ]︸ ︷︷ ︸

∈[ j−1
N , j

N ]

−P [X1 ≤ x]︸ ︷︷ ︸
∈[ j−1

N , j
N )

≤ Rn +
1
N

P [X1 ≤ x] − 1
n

n∑
i=1

1Xi≤x

x∈[cj−1,cj)≤ P [X1 ≤ x]︸ ︷︷ ︸
∈[ j−1

n , j
N )

− 1
n

n∑
i=1

1Xi≤cj−1 + P [X1 ≤ cj−1] + P [X1 ≤ cj−1]︸ ︷︷ ︸
= j−1

N

≤ Rn +
1
N

∀x ∈ (−∞, c1) :
1
n

n∑
i=1

1Xi≤x − P [X1 ≤ x]︸ ︷︷ ︸
∈[0, 1

n )

≤ 1
n

n∑
i=1

1Xi<c1 − P [X1 < c1]︸ ︷︷ ︸
∈[0, 1

N ]

+
1
N

≤ Rn +
1
N

P [X1 ≤ x] − 1
n

n∑
i=1

1Xi≤x

≤ P [X1 ≤ c1] =
1
N



∀x ∈ [cN−1,∞) :
1
n

n∑
i=1

1Xi≤x − P [X1 ≤ x]

≤ 1 − P [X1 ≤ cN−1]︸ ︷︷ ︸
= N−1

N

=
1
N

P [X1 ≤ x] − 1
n

n∑
i=1

1Xi≤x

≤ − 1
n

n∑
i=1

1Xi≤cN−1 − P [X1 ≤ cN−1] + P [X1 ≤ cN−1]︸ ︷︷ ︸
= N−1

N

+ P [X1 ≤ x]︸ ︷︷ ︸
∈[N−1

N ,1]

≤ Rn +
1
N

∀N ∈ N : lim sup
n→∞

sup
x∈R

∣∣∣∣∣ 1n
n∑

i=1

1Xi≤x − P [X1 ≤ x]

∣∣∣∣∣
≤ 1

N
+ lim sup

n→∞
Rn

=
1
N

lim sup
n→∞

sup
x∈R

∣∣∣∣∣ 1n
n∑

i=1

1Xi≤x − P [X1 ≤ x]

∣∣∣∣∣
= 0



[0,∞)

N : {(a, b] : a, b ∈ R} → N0, (a, b] �→ (a, b]

N(s,t]+(t,u] = N(s,t] + N(t,u]

∀s, s′ ∈ [0,∞)∀u ∈ (0,∞) :

P
[(

N(s,s+u]

)−1 (·)
]

= P
[(

N(s′,s′+u]

)−1 (·)
]

n∑
i=1

(si, ti] N(s1,t1], . . . , N(sn,tn]

∀t ∈ [0,∞) ∀u ∈ (0,∞) : E[N(t,t+u]] < ∞

lim sup
ε↓0

P [N(0,ε] ≥ 2]
ε

= 0

C := lim
ε↓0

P
[
N(0,ε] ≥ 2

]
ε

P [∃ (0, 1]] = 1 − exp(−C)

(5) ⇒ P [∃ (0, 1]] = 0

limk→∞ ak = a
∃k0 ∀k ≥ k0 : ak �= 0

lim
k→∞

(
1 − ak

k

)k

= exp(−a)

∃1 ≤ j ≤ 2n+1 − 1 : N(j·2−(n+1),(j+1)2−(n+1)](w) ≥ 2

⇒ ∃1 ≤ k ≤ 2n − 1 : N(k2−n,(k+1)2−n] ≥ 2

(
2n−1⋃
k=0

{
N(k2−n,(k+1)2−n] ≥ 2

})
n



P [∃ (0, 1]]
= P

[∀n ∈ N ∃0 ≤ k ≤ 2n − 1 : N(k2−n,(k+1)2−n] ≥ 2
]

= P

[ ∞⋂
n=1

2n−1⋃
k=0

{
N(k2−n,(k+1)2−n] ≥ 2

}]

= lim
n→∞P

[
2n−1⋃
k=0

{
N(k2−n,(k+1)2−n] ≥ 2

}]

P [A]=1−P [AC ]
= 1 − lim

n→∞P

⎡
⎣(2n−1⋃

k=0

{
N(k2−n,(k+1)2−n] ≥ 2

})C
⎤
⎦

= 1 − lim
n→∞P

[
2n−1⋂
k=0

{
N(k2−n,(k+1)2−n] ≤ 1

}]

= 1 − lim
n→∞

2n−1∏
k=0

P
[
N(k2−n,(k+1)2−n] ≤ 1

]
(2)
= 1 − lim

n→∞P
[
N(0,2−n] ≤ 1

]2n

= 1 − lim
n→∞

(
1 − P

[
N(0,2−n] ≥ 2

]
2n · 2−n

)2n

2nP
h
N(0,2−n]≥2

i
>0

= 1 − exp

(
− lim

n→∞
P
[
N(0,2−n] ≥ 2

]
2−n

)
(5)
= 1 − exp(−C)

E[N(0,t]] = tE[N(0,1]]

f : R → R, t �→ E[N(0,t]]



f(0) = E[N(0,0]] = E[N∅] = E[0] = 0

f(s + t) = E
[
N(0,s+t]

]
(1)
= E

[
N(0,s] + N(s,s+t]

]
= E

[
N(0,s]

]
+ E

[
N(s,s+t]

]
(2)
= E

[
N(0,s]

]
+ E

[
N(0,t]

]
= f(s) + f(t)

f(t + ε) = E[N(0,t+ε]]
= E[N(0,t]] + E[N(t,t+ε]]︸ ︷︷ ︸

≥0

≥ E[Nt] = f(t)

· c = E[N(0,1]]

t = 0 : f(0) = 0 = c · 0
t = 1 : f(1) = E

[
N(0,1]

]
= c · 1

n → n + 1 : f(n + 1) = f(n) + f(1) = c · n + c · 1 = (n + 1) · c
t ∈ Q+

m · c = f(m) = f
(m

n
n
)

= f
(m

n

)
+ . . . + f

(m

n

)
︸ ︷︷ ︸

n−mal

= n · f
(m

n

)

f
(m

n

)
=

m

n
c

t ∈ R+ (qk)k (Qk)k Q+ qk ↑ t Qk ↓ t

∀k ∈ N : qk < t < Qk

cqk = f(qk) ≤ f(t) ≤ f(Qk) = cQk

ct = c lim
k→∞

qk ≤ f(t) ≤ c lim
k→∞

Qk = ct

ct = f(t)



(Nt)t≥0 Nt : (W, S, P ) → N0

c ≥ 0 ⇐⇒

N0 = 0
∀n ∈ N ∀0 = t0 < . . . < tn : (Nti − Nti−1)

n
i=1

∀t > s ≥ 0 : P [(Nt − Ns)−1(·)] = Poi(c(t − s))

(Nt)t≥0 :=
(
N(0,t]

)
t≥0

⇐⇒ (
N(s,t]

)
s,t∈[0,∞),t≥s

:= (Nt − Ns)s,t∈[0,∞),t≥s (1) − (5)

c := E[N[0,1]] ≥ 0

⇒
(s, u] = (s, t] + (t, u]

N(s,u]
Def
= Nu − Ns

= Nu − Nt + Nt − Ns

Def
= N(s,t] + N(t,u]

∀t > 0 ∀s, s′ ≥ 0

P
[
(Ns+t − Ns)−1(·)] iii)

= Poict(·) iii)
= P [(Ns′+t − Ns′)−1(·)]

P
[
N(s,s+t]−1(·)] = P [N(s′,s′+t]−1(·)]

n∑
i=1

(ai, bi]

ii)⇒ Nb1 − Na1 , Na2 − Nb1 , Nb2 − Na2 , . . . , Nbn
− Nan

⇒ Nb1 − Na1 , Nb2 − Na2 , . . . , Nbn
− Nan

⇒ N(a1,b1], . . . , N(an,bn]



t > 0

E[Nt+s − Ns]
P [(Ns+t−Ns)−1(·)]=Poict(·)

=
1

exp(ct)

∞∑
k=0

k
(ct)k

k!

= ct
1

exp(ct)

∞∑
k=1

(ct)k−1

(k − 1)!︸ ︷︷ ︸
=1

= ct < ∞

P [N(0,ε] ≥ 2] = P [Nε − N0 ≥ 2]
= 1 − P [Nε − N0 = 0] − P [Nε − N0 = 1]
iii)
= 1 − exp(−cε)(1 + cε)

lim
ε↓0

P [N(0,ε] ≥ 2]
ε

= lim
ε↓0

exp(−cε)
exp(cε) − 1 − cε

ε

cε≤ 3
2≤
(

lim
ε↓0

exp(−cε)
)
· lim

ε↓0
(cε)2

ε

= 1 · 0 = 0

⇐
E[ N0︸︷︷︸

≥0

] = 0 · E[N(0,1]] = 0

N0 = 0

n∑
i=1

(ti, ti+1]

(3)⇒ N(t1,t2], . . . , N(tn−1,tn]

⇒ (Nti
− Nti−1)1≤i≤n



(0, t] =
2n∑

k=1

(
(k − 1)t

2n
,
kt

2n

]
(3)⇒

(
N( (k−1)t

2n , kt
2n ]

)
1≤k≤2n

(2)⇒ ∀1 ≤ k ≤ 2n : P

[(
1N( (k−1)t

2n , kt
2n ]≥1

)−1

(·)
]

(2)
= P

[(
1N(0, t

2n ]≥1

)−1

(·)
]

= B
(
1, P

[
N(0, t

2n ] ≥ 1
])

[·]

⇒ P

⎡
⎣( 2n∑

k=1

1N( (k−1)t
2n , kt

2n ]≥1

)−1

(·)
⎤
⎦ = B

(
2n, P

[
N(0,2−nt] ≥ 1

])
[·]

Nn
t :=

2n∑
k=1

1N( (k−1)t
2n , kt

2n ]≥1

(
N( (k−1)t

2n , kt
2n ] ≥ 1

)
⇒
(
N( (2k−2)t

2n+1 ,
(2k−1)t

2n+1 ] ≥ 1 N( (2k−1)t

2n+1 , 2kt

2n+1 ] ≥ 1
)

Nn+1
t − Nn

t

=
2n+1∑
k=1

1N( (k−1)t

2n+1 , kt
2n+1 ]≥1 −

2n∑
k=1

1N( (k−1)t
2n , kt

2n ]≥1

=
2n∑

k=1

1N( (2k−2)t

2n+1 ,
(2k−1)t

2n+1 ]≥1 + 1N( (2k−1)t

2n+1 , 2kt
2n+1 ]≥1 − 1N( (2k−2)t

2n+1 , 2kt
2n+1 ]≥1︸ ︷︷ ︸

≥0

≥ 0

(Nn
t )n

lim
n→∞Nn

t [0,∞]



lim
n→∞Nn

t (w) �= Nn
t (w)

⇐⇒ lim
n→∞

2n∑
k=1

1N( (k−1)t
2n , kt

2n ]≥1(w) �=
2n∑

k=1

1N( (k−1)t
2n , kt

2n ]≥1(w)

⇐⇒ ∃1 ≤ k ≤ 2n : N( (k−1)t
2n , kt

2n ](w) ≥ 2

(
(k−1)t

2n , kt
2n

]

lim
n→∞P

[
lim

n→∞Nn
t �= Nn

t

]
= lim

n→∞P

[
2n⋃

k=1

{
N( (k−1)t

2n , kt
2n ] ≥ 2

}]

≤ lim
n→∞

2n∑
k=1

P
[
N( (k−1)t

2n , kt
2n ] ≥ 2

]
(2)
= lim

n→∞

2n∑
k=1

P
[
N(0, t

2n ] ≥ 2
]

= t lim
n→∞

P
[
N(0,2−nt] ≥ 2

]
2−nt︸ ︷︷ ︸

=0

(5)
= 0

(Nn
t (w))n R lim

n→∞Nn
t (w)

⇐⇒ ∃n0 ∈ N ∀n ∈ N ∃k ≥ n : |Nk
t (w) − lim

n→∞Nn
t (w)| ≥ 1

n0

⇐⇒ ∃n0 ∈ N ∀n ∈ N : sup
k≥n

|Nk
t (w) − lim

n→∞Nn
t (w)| ≥ 1

n0

{
lim

n→∞Nn
t = ∞

}
=

∞⋃
n0=1

∞⋂
n=1

{
sup
k≥n

|Nk
t − lim

n→∞Nn
t | ≥

1
n0

}
{

lim
n→∞Nn

t = ∞
}

⊃
∞⋂

n=1

{
sup
k≥n

|Nk
t − lim

n→∞Nn
t | ≥

1
n0

}



(
supk≥n |Nk

t − limn→∞ Nn
t | ≥ 1

n0

)
n

P
[

lim
n→∞Nn

t = ∞
]

≤
∞∑

n0=1

P

[ ∞⋂
n=1

{
sup
k≥n

|Nk
t − lim

n→∞Nn
t | ≥

1
n0

}]

=
∞∑

n0=1

lim
n→∞P

[
sup
k≥n

|Nk
t − lim

n→∞Nn
t | ≥

1
n0

]

≤
∞∑

n0=1

lim
n→∞P

[
Nn

t �= lim
n→∞Nn

t

]
s.o.= 0

1 = P
[

lim
n→∞Nn

t ∈ R
]

w ∃n0(w) ∀n ≥ n0(w) : Nn
t (w) = Nn0

t (w)
w ∃n0(w) ∀n ≥ n0(w) ∀1 ≤ k ≤ 2n :

N( (k−1)t
2n , kt

2n ](w) ≤ 1

N(0,t] = lim
n→∞

2n∑
k=1

1N( (k−1)t
2n , kt

2n ]≥1

(Nn
t )n ↑ limn→∞ Nn

t

ct = E
[
N(0,t]

]
= E

[
lim

n→∞

2n∑
k=1

1N( (k−1)t
2n , kt

2n ]≥1

]
(Nn

t )n↑limn→∞ Nn
t= lim

n→∞E[Nn
t ]

= lim
n→∞ 2nP

[
N(0, t

2n ] ≥ 1
]



∀k ∈ N0 : P
[

lim
n→∞Nn

t = k
]

= lim
n→∞P [Nn

t = k]

= lim
n→∞P

[
2n∑

k=1

1N( (k−1)t
2n , kt

2n ]≥1 = k

]

= lim
n→∞B (2n, P [N2−nt ≥ 1]) [k]

limn→∞ 2nP

"
N(0, t

2n ]≥1

#
=ct

= Poict[k]

P

[(
lim

n→∞Nn
t

)−1

(·)
]

= Poict[·]

∀m, n ≥ 0 : P [X > m + n|X > m] = P [X > n]

∀s, t > 0 : P [X > t + s | X > s] = P [X > t]

P [X > m] =
∞∑

k=m+1

P [X = k] =
∞∑

k=m+1

(1 − q)k−1q

= q(1 − q)m
∞∑

k=0

(1 − q)k

= q(1 − q)m 1
1 − (1 − q)

= (1 − q)m

P [X > m + n|X > m] =
P [X > m + n, X > m]

P [X > m]
X>m+n>m=

P [X > m + n]
P [X > m]

=
(1 − q)m+n

(1 − q)m
= (1 − q)n

= P [X > n]



P [X > t] =
∫ ∞

t

e−axdx = lim
x→∞− exp(−ax) + exp(−at) = exp(−at)

P [X > t + s|X > s]
Def
=

P [X > t + s, X > s]
P [X > s]

X>t+s>t=
P [X > t + s]

P [X > s]

=
exp(−a(t + s))

exp(−as)
= exp(−at)

= P [X > t]

(Nt)t≥0

Exp(c)

P
[
N(s,s+t] = 0

]
= P

[
N(0,t] = 0

]
= exp(−ct)

Exp(c)
(Nt)t

Y1, Y2, . . . : (W, S, P ) → N0 P [Y −1
i (·)] =

Exp(c)

Yn := n − 1 n

Tn :=
n∑

k=1

Yn

:=
Nt := max{n ∈ N : Tn ≤ t}

= t

{Nt = k} = {Tk ≤ t < Tk+1}



Nt = k ⇐⇒ max{n ∈ N : Tn ≤ t} = k

⇐⇒
{ ∀n > k : Tn > t

∀n ≤ k : Tn ≤ t

⇐⇒ Tk ≤ t < Tk+1

ai

i!
=
∫ ∞

0

. . .

∫ ∞

0

1Pi
m=1 ym≤ady1 . . . dyi

i = 1∫ ∞

0

dy11y1≤a =
∫ ∞

0

1(−∞,a](y1)dy1 =
∫ a

0

dy1 = a

i → i + 1 x = c − y1 dx = −dy1∫ ∞

0

. . .

∫ ∞

0

dy1 . . . dyi+11Pi+1
m=1 ym≤a

=
∫ ∞

0

. . .

∫ ∞

0

dy1 . . . dyi+11y1≤a1y2≤a−y1 . . . 1yi+1≤a−y1−...−yi

=
∫ a

0

(∫ a−y1

0

. . .

∫ a−y1−...−yi

0

dyi+1 . . . dy2

)
dy1

=
∫ a

0

(∫ ∞

0

. . .

∫ ∞

0

1Pi+1
m=2 ym≤a−y1

dyi+1 . . . dy2

)
dy1

i=
∫ a

0

(a − y1)i

i!
dy1 = −

∫ 0

a

xi

i!
dx

=
ai+1

(i + 1)!

(Nt)t≥0

Y1, . . . , Yk+l+1

k+l+1∏
j=1

c exp(−cxj) = ck+l+1 exp

⎛
⎝−c

k+l+1∑
j=1

xj

⎞
⎠



x1, . . . , xk+l

z =
k+l+1∑

j=1

xj

dz = dxk+l+1∫ ∞

0

dxk+l+1c exp

⎛
⎝−c

k+l+1∑
j=1

xj

⎞
⎠ 1Pk+l+1

j=1 xj>t =
∫ ∞

t

c exp(−cz)dz

= exp(−ct)

Ns − N0 = k ⇐⇒ Ns = k

⇐⇒ Tk ≤ s < Tk+1

Nt − Ns︸︷︷︸
=k

= l ⇐⇒ Nt = l + k

⇐⇒ Tk+l ≤ t < Tk+l+1

l ≥ 1 2 ≤ i ≤ l

y1 =
k+1∑
j=1

xj − s

yi = xk+i



P [Ns − N0 = k, Nt − Ns = l]
= P [Tk ≤ s < Tk+1, Tk+l ≤ t < Tk+l+1]

=
∫ ∞

0

· · ·
∫ ∞

0

dx1 . . . dxk+l+1c
k+l+1 exp

⎛
⎝−c

k+l+1∑
j=1

xj

⎞
⎠

1Pk
j=1 xj≤s<

Pk+1
j=1 xj

1Pk+l
j=1 xj≤t<

Pk+l+1
j=1 xj

= ck+l exp(−ct)
∫ ∞

0

· · ·
∫ ∞

0

dx1 . . . dxk+l1Pk+l
j=1 xj≤t1Pk

j=1 xj≤s<
Pk+1

j=1 xj

= ck+l exp(−ct)
∫ ∞

0

. . .

∫ ∞

0

dy1 . . . dyl1Pl
m=1 ym≤t−s1y1>0︸ ︷︷ ︸

=
(t−s)l

l!∫ ∞

0

. . .

∫ ∞

0

1Pk
j=1 xj≤sdx1 . . . dxk︸ ︷︷ ︸
= sk

k!

= ck+l exp(−ct)
(t − s)l

l!
sk

k!

∀0 < s < t ∀l ∈ N ∀k ∈ N0 :
P [Ns − N0 = k, Nt − Ns = l]

= exp(−cs)
(cs)k

k!
exp(−c(t − s))

(c(t − s))l

l!

Ns − N0, Nt − Ns

k ∈ N0

P [Nt − Ns = l] =
∞∑

n=0

P [Ns − N0 = k, Nt − Ns = l]

= exp(−c(t − s))
(c(t − s))l

l!
= Poic(t−s)[l]

P [Nt − Ns = 0] = 1 −
∞∑

l=1

P [Nt − Ns = l]

= 1 −
∞∑

l=1

Poic(t−s)[l] = Poic(t−s)[0]



∀n ∈ N ∀0 = t0 < . . . < tn : (Nti
− Nti−1)

n
i=1



G ⇐⇒

∀x, y ∈ G ∀c ∈ [0, 1] : cx + (1 − c)y ∈ G

G ⊂ R ⇐⇒

⇒ (xn)n (yn)n

xn < yn

xn ↓ inf G

yn ↑ sup G

∀c ∈ [0, 1] : cxn + (1 − c)yn ∈ G

f : [0, 1] → R, c �→ cxn + (1 − c)yn

f(0) = yn

f(1) = xn

∀p ∈ [xn, yn] ∃s ∈ [0, 1] : f(s) = p

f([0, 1]) = [xn, yn]
∀n ∈ N : [xn, yn] ⊂ G⋃

n

[xn, yn] ⊂ G



(inf xn, sup yn) ⊂ G ⊂ [inf xn, sup yn]

⇐ G = (a, b) x, y ∈ G

a < x < y < b

a < f(c) < b

a < cx + (1 − c)y < b

cx + (1 − c)y ∈ G

cm1[∅] + (1 − c)m2[∅] = 0
cm1[A] + (1 − c)m2[A] ≥ 0

cm1[W ] + (1 − c)m2[W ] = c + 1 − c = 1

cm1

[ ∞∑
i=1

Ai

]
+ (1 − c)m2

[ ∞∑
i=1

Ai

]
= c

∞∑
i=1

m1[Ai] + (1 − c)
∞∑

i=1

m2[Ai]

f : G → R ⇐⇒

∀x, y ∈ G ∀c ∈ (0, 1) : f(cx + (1 − c)y︸ ︷︷ ︸
∈G

) ≤ cf(x) + (1 − c)f(y)

f : G → R ⇐⇒

∀x, y ∈ G ∀c ∈ (0, 1) : f(cx + (1 − c)y︸ ︷︷ ︸
∈G

) < cf(x) + (1 − c)f(y)

f : G → R ⇐⇒

∀x, y ∈ G ∀c ∈ (0, 1) : f(cx + (1 − c)y︸ ︷︷ ︸
∈G

) ≥ cf(x) + (1 − c)f(y)

f : G → R ⇐⇒

∀x, y ∈ G ∀c ∈ (0, 1) : f(cx + (1 − c)y︸ ︷︷ ︸
∈G

) > cf(x) + (1 − c)f(y)

f ⇐⇒ −f



f(cx + (1 − c)y) ≤ cf(x) + (1 − c)f(y)
⇐⇒ −f(cx + (1 − c)y) ≥ c(−f(x)) + (1 − c)(−f)(y)

I ⊂ R f : I → R

gx : I\{x} → R, y �→ f(y) − f(x)
y − x

gx

D−f(x) = lim
y↑x

f(y) − f(x)
y − x

= sup
y<x

gx(y)

D+f(x) = lim
y↓x

f(y) − f(x)
y − x

= inf
y>x

gx(y)

x ∈◦
I

D−f(x) ≤ D+f(x)

D−f(x) D+f(x)

∀y ∈ I\{x} : f(x) + (y − x)t ≤ f(y)
⇐⇒ t ∈ [D−f(x), D+f(x)]

∀y ∈ I\{x} : f(x) + (y − x)t < f(y)
⇐⇒ t ∈ [D−f(x), D+f(x)]

◦
I

x �→ D−f(x)
x �→ D+f(x)

u, v ∈ I\{x} u ≤ v
x < u ≤ v

c :=
u − x

v − x
∈ [0, 1]



(
1 − u − x

v − x

)
x +

u − x

v − x
v

=
(v − u)x + (u − x)v

v − x
= u

f(u) = f

⎛
⎜⎜⎝
⎛
⎜⎜⎝1 − u − x

v − x︸ ︷︷ ︸
=1−c

⎞
⎟⎟⎠x +

⎛
⎜⎜⎝u − x

v − x︸ ︷︷ ︸
=c

⎞
⎟⎟⎠ v

⎞
⎟⎟⎠

≤
(

1 − u − x

v − x

)
f(x) +

u − x

v − x
f(v)

= f(x) +
u − x

v − x
(f(v) − f(x))

u − x > 0

f(u) − f(x)
u − x

≤ f(v) − f(x)
v − x

< ≤
u < x < v

c :=
x − u

v − u
∈ [0, 1]

(
1 − x − u

v − u

)
u +

x − u

v − u
v

=
(v − x)u + (x − u)v

v − u
= x

f(x) = f

⎛
⎜⎜⎝
⎛
⎜⎜⎝1 − x − u

v − u︸ ︷︷ ︸
=1−c

⎞
⎟⎟⎠u +

x − u

v − u︸ ︷︷ ︸
=c

v

⎞
⎟⎟⎠

≤
(

1 − x − u

v − u

)
f(u) +

x − u

v − u
f(v)



u − x < 0

(v − u)f(x) ≤ (v − x)f(u) + (x − u)f(v)
⇐⇒ f(u)(v − x) ≥ f(v)(u − x) + f(x)(v − u)

⇐⇒ f(u)
u − x

≤ f(v)
v − x

+
f(x)(v − x − (u − x))

(u − x)(v − x)

⇐⇒ f(u) − f(x)
u − x

≤ f(v) − f(x)
v − x

< ≤
u ≤ v < x

c :=
x − v

x − u
∈ [0, 1]

(
1 − x − v

x − u

)
x +

x − v

x − u
u

=
(v − u)x + (x − v)u

x − u
= v

f(v) = f

⎛
⎜⎜⎝
⎛
⎜⎜⎝1 − x − v

x − u︸ ︷︷ ︸
=1−c

⎞
⎟⎟⎠x +

x − v

x − u︸ ︷︷ ︸
=c

u

⎞
⎟⎟⎠

≤
(

1 − x − v

x − u

)
f(x) +

x − v

x − u
f(u)

u − x < 0 v − x < 0

(x − u)f(v) ≤ (v − u)f(x) + (x − v)f(u)
⇐⇒ f(u)(v − x) ≤ f(v)(u − x) + f(x)(v − u)

(u−x)(v−x)>0⇐⇒ f(u)
u − x

≤ f(v)
v − x

+
f(x)(v − x − (u − x))

(u − x)(v − x)

⇐⇒ f(u) − f(x)
u − x

≤ f(v) − f(x)
v − x

< ≤
gx(y) z > x

∀y < x : gx(y) ≤ gx(z) < ∞



D−f(x) = lim
y↑x

f(y) − f(x)
y − x

= lim
y↑x

gx(y)

= sup
y<x

gx(y)

y ↓ x gx(y) u < x

∀y > x : gx(y) ≥ gx(u) > −∞

D+f(x) = lim
y↓x

f(y) − f(x)
y − x

= lim
y↓x

gx(y)

= inf
y>x

gx(y)

gx(y)

∀y1 < x < y2 :
f(y1) − f(x)

y1 − x
≤ f(y2) − f(x)

y2 − x

∀x < y2 : sup
y<x

f(y) − f(x)
y − x

≤ f(y2) − f(x)
y2 − x

sup
y<x

f(y) − f(x)
y − x

≤ inf
y>x

f(y) − f(x)
y − x

D−f(x) ≤ D+f(x)

∀y ∈ I\{x} : f(x) + (y − x)t ≤ f(y)

⇐⇒ ∀y ∈ I\{x} :

⎧⎪⎨
⎪⎩

t ≤ f(y) − f(x)
y − x

y > x

t ≥ f(y) − f(x)
y − x

y < x

⇐⇒

⎧⎪⎨
⎪⎩

t ≤ infy>x
f(y) − f(x)

y − x
= D+f(x)

t ≥ supy<x

f(y) − f(x)
y − x

= D−f(x)

⇐⇒ D−f(x) ≤ t ≤ D+f(x)



∀y ∈ I\{x} : f(x) + (y − x)t < f(y)

⇐⇒ ∀y ∈ I\{x} :

⎧⎪⎨
⎪⎩

t <
f(y) − f(x)

y − x
y > x

t >
f(y) − f(x)

y − x
y < x

gx ⇐⇒

⎧⎪⎨
⎪⎩

t ≤ infy>x
f(y) − f(x)

y − x
= D+f(x)

t ≥ supy<x

f(y) − f(x)
y − x

= D−f(x)

⇐⇒ D−f(x) ≤ t ≤ D+f(x)

f(x) − f(y) ≤ (x − y)t t ∈ [D−f(x), D+f(x)]
f(y) − f(x) ≤ (y − x)s s ∈ [D−f(y), D+f(y)]

|f(x) − f(y)|
≤ |y − x| · max

{|D−f(x)|, |D+f(x)|, |D−f(y)|, |D+f(y)|}
x1 < x2

gy(x1) ≤ gy(x2)
f(y) − f(x1)

y − x1
≤ f(y) − f(x2)

y − x2

D−f(x1) = sup
y<x1

f(y) − f(x1)
y − x1

≤ sup
y<x1

f(y) − f(x2)
y − x2

x1<x2≤ sup
y<x2

f(y) − f(x2)
y − x2

= D−f(x2)

D−f(x)
x2

D−f(xi) = sup
y<xi

gxi(y) = sup
y<xi

gy(xi)



gyi

∃z1 ∀z1 < y1 < x1 :
∣∣gy1(x1) − D−f(x1)

∣∣ <
ε

4
∃z2 ∀z2 < y2 < x2 :

∣∣gy2(x2) − D−f(x2)
∣∣ <

ε

4

max(z1, z2) < y1, y2 < x1 < x2

D−f(x) = sup
y<x

gx(y) = lim
y↑x

gx(y)

gx : (−∞, x] → R, y �→
⎧⎨
⎩

f(x) − f(y)
x − y

D−f(x)

[max(z1, z2), x2]

|y1 − y2| < δ ⇒ |gx2(y1) − gx2(y2)| <
ε

4

y1, y2

max(z1, z2, x2 − δ) < y1, y2 < x2

gy1 x2

|x1 − x2| < δ1 ⇒ |gy1(x1) − gy1(x2)| <
ε

4

x1

max(y1, y2, x2 − δ1) < x1 < x2

∣∣D−f(x1) − D−f(x2)
∣∣

≤ ∣∣D−f(x1) − gy1(x1)
∣∣+ |gy1(x1) − gy1(x2)|

+ |gy1(x2) − gy2(x2)|︸ ︷︷ ︸
=|gx2 (y1)−gx2 (y2)|

+
∣∣D−f(x2) − gy2(x2)

∣∣
< ε

D+f(x)



g : I ⊂ R → R ⇐⇒
∃a, b ∈ R : g(x) = ax + b

f : I → R

L(f) := {g : I → R, x �→ ax + b, a, b ∈ R, g ≤ f}

sup L(f) : I → R, x �→ sup
g∈L(f)

g(x)

g(cx + (1 − c)y) = a(cx + (1 − c)y) + b

= cax + (1 − c)ay + (c + 1 − c)b
= cg(x) + (1 − c)g(y)

(fi)i∈I

∀i ∈ I : fi(cx + (1 − c)y) ≤ cfi(x) + (1 − c)fi(y)

cfi(x) + (1 − c)fi(y) ≤ sup
i∈I

cfi(x) + sup
i∈I

(1 − c)fi(y)

sup
i∈I

(cfi(x) + (1 − c)fi(y)) ≤ sup
i∈I

cfi(x) + sup
i∈I

(1 − c)fi(y)

sup
i∈I

fi(cx + (1 − c)y) ≤ sup
i∈I

(cfi(x) + (1 − c)fi(y))

≤ c sup
i∈I

fi(x) + (1 − c) sup
i∈I

fi(y)

bi ≥ 0
n∑

i=1

bifi(cx + (1 − c)y) ≤
n∑

i=1

bi(cfi(x) + (1 − c)fi(y))

= c

n∑
i=1

bifi(x) + (1 − c) ·
n∑

i=1

bifi((1 − c)y)



I ⊂ R f : I → R

∀x0 ∈ I ∃gx0 ∈ L(f) : gx0(x0) = f(x0)
L(f) �= ∅ f = supL(f)
∃ (gn)n

f = lim
n→∞max{g1, . . . , gn}

∀x0 ∈ I ∃gx0 ∈ L(f) :
{

gx0(x0) = f(x0)
∀y �= x0 : gx0(y) < f(y)

⇒
gx0 : I → R, y �→ f(x0) + (y − x0)D+f(x0)

gx0(x0) = f(x0)
∀y ∈ I : gx0(y) = f(x0) + (y − x0)D+f(x0)

≤ f(y)

gx0 ∈ L(f)

⇒ x0 ∈ I gx0 ∈ L(f)
f(x0) = gx0(x0)

L(f) �= ∅
sup L(f)(x0) ≥ f(x0)

∀g ∈ L(f) : g ≤ f

sup L(f)(x0) ≤ f(x0)

x0 ∈ I

f = supL(f)

⇒ g ∈ L(f)
L(f) �= ∅

f = sup
g∈L(f)

g



⇒ (xi)i Q ∩ I

∀xi ∈ Q ∩ I ∃gi ∈ L(f) : f(xi) = gi(xi)

gi ≤ f

∀1 ≤ j ≤ n : f(xj) = max
1≤i≤n

gi(xj)

∀j ∈ Q ∩ I : f(xj) = lim
n→∞ max

1≤i≤n
gi(xj)

Q ∩ I

f = lim
n→∞max{g1, . . . , gn}

⇒

lim
n→∞max{g1, . . . , gn} = sup

g∈L(f)

g

gx0 : I → R, y �→ f(x0) + (y − x0)D+f(x0)

gx0(x0) = f(x0)
gx0(y) = f(x0) + (y − x0)D+f(x0)

< f(y)

f : R → R

f ′′ ≥ 0

⇒
⇒

sx ∈ (x, cx + (1 − c)y)
sy ∈ (cx + (1 − c)y, y)



f(cx + (1 − c)y) − f(x)
cx + (1 − c)y − x

= f ′(sx)

f(y) − f(cx + (1 − c)y)
y − (cx + (1 − c)y)

= f ′(sy)

sx < sy

f ′
⇒ f ′(sx) ≤ f ′(sy)

⇒ f(cx + (1 − c)y) − f(x)
cx + (1 − c)y − x

≤ f(y) − f(cx + (1 − c)y)
y − (cx + (1 − c)y)

⇐⇒ f(cx + (1 − c)y) − f(x)
(1 − c)(y − x)

≤ f(y) − f(cx + (1 − c)y)
c(y − x)

⇐⇒ f(cx + (1 − c)y) ≤ cf(x) + (1 − c)f(y)

⇒

f ′′(x) = lim
y↘x

≥0︷ ︸︸ ︷
f ′(y) − f ′(x)

y − x︸ ︷︷ ︸
>0

≥ 0

⇒ y > x

∃p ∈ [x, y] : f ′′(p) =
f ′(y) − f ′(x)

y − x

f ′(y) − f ′(x)
y − x︸ ︷︷ ︸

>0

= f ′′(p) ≥ 0

f ′(y) − f ′(x) ≥ 0

f ′(x) ≤ f ′(y)

I ⊂ R X : (W, S, P ) → I E[|X|] < ∞

E[X] ∈ ∂I

X = E[X]



E[f(X)−] < ∞
E[f(X)] ≥ f(E[X])

E[f(X)] = ∞

E[f(X)] > f(E[X])

E[X] = inf I

X − inf I ≥ 0
E[X − inf I] = E[X] − inf I = 0

X − inf I = 0
X = E[X]

E[X] = sup I

∃a, b ∈ R : ax + b ≤ f(x)

−f(x) ≤ −ax − b

f−(x) = max(0,−f(x))
≤ max(0,−ax − b)
≤ |b| + |a||x|

E[f(X)−] ≤ |b| + |a|E[|X|] < ∞
ax + b ∈ L(f)

aE[X] + b = f(E[X])

E[f(X)]
f≥ax+b

≥ E[aX + b]
= aE[X] + b m[W ]︸ ︷︷ ︸

=1

= f(E[X])



ax + b ∈ L(f)

f(E[X]) = aE[X] + b

∀y �= E[X] : f(y) > ay + b

E[f(X)] ≥ f(E[X])

E[f(X)] = f(E[X])

E[f(X) − aX − b︸ ︷︷ ︸
≥0

] = E[f(X)] − aE[X] − b

= f(E[X]) − f(E[X]) = 0
⇒ f(X) − aX − b = 0
⇒ f(X) = aX + b

∀y �=E[X]: f(y)>ay+b⇒ X = E[X]

E[f(X)] > f(E[X])

X : (W, S, P ) → (R, B)
p < q

E [|X|p] 1
p ≤ E [|X|q] 1

q

f : [0,∞) → [0,∞), x �→ xq/p

q > p

f ′(x) =
q

p
x

q
p−1

f ′′(x) =
q

p

(
q

p
− 1
)

x
q
p−2 > 0

f(E[X]) ≤ E[f(|X|)](∫
|X|pdm

)q/p

≤
∫

|X|p·q/pdm

(∫
|X|pdm

)1/p

≤
(∫

|X|qdm

)1/q



Lp

m (W, S)

1 ≤ p < ∞

L̃p :=
{

f : (W, S) → (R, B) :
∫

|f |pdm < ∞
}

∫
|0|pdm = 0 < ∞

∫
|cf |pdm = |c|p

∫
|f |pdm < ∞

|f + g|p ≤ (|f | + |g|)p

≤ (2 max(|f |, |g|))p

≤ 2p(|f |p + |g|p)

∫
|f + g|pdm ≤ 2p

∫
|f |pdm + 2p

∫
|g|pdm < ∞

‖ · ‖p: L̃p → [0,∞), f �→
(∫

|f |pdm

) 1
p

0 ≤ ∫ |f |pdm < ∞(∫
|f |pdm

) 1
p

< ∞

1 < p, q < ∞ 1
p + 1

q = 1 x, y ∈ [0,∞]

xy ≤ xp

p
+

yq

q



x = ∞ y = ∞ ∞

x, y < ∞
− ln′′(x) =

1
x2

> 0

− ln

− ln
(

xp

p
+

yq

q

)
≤ 1

p
(− lnxp) +

1
q
(− ln yq)

= − lnxy

xy ≤ xp

p
+

yq

q

1 < p, q < ∞ 1
p + 1

q = 1 f, g : (W, S) → (R, B)

‖ fg ‖1≤‖ f ‖p‖ g ‖q

‖ fg ‖1≤‖ f ‖2‖ g ‖2

‖ f ‖p= ∞ ‖ g ‖q= ∞ ∞

‖ f ‖p, ‖ g ‖q< ∞
|f(x)|
‖ f ‖p

|g(x)|
‖ g ‖q

≤ 1
p

|f(x)|p
‖ f ‖p

p
+

1
q

|g(x)|q
‖ g ‖q

q

∫ |f ||g|
‖ f ‖p‖ g ‖q

dm

≤ 1
p

∫ |f |pdm∫ |f |pdm
+

1
q

∫ |g|qdm∫ |g|qdm

=
1
p

+
1
q

= 1

f, g : (W, S) → (R, B) 1 ≤ p < ∞
‖ f + g ‖p ≤ ‖ f ‖p + ‖ g ‖p

‖ cf ‖p = |c| ‖ f ‖p



‖ f + g ‖p
p

=
∫

|f + g|pdm

=
∫

|f + g||f + g|p−1dm

Δ≤
∫

|f ||f + g|p−1dm +
∫

|g||f + g|p−1dm

≤ ‖ f ‖p ‖ (f + g)p−1 ‖q + ‖ g ‖p ‖ (f + g)p−1 ‖q

= (‖ f ‖p + ‖ g ‖p)
(∫

|f + g|q(p−1)dm

) 1
q

q(p−1)=p
= (‖ f ‖p + ‖ g ‖p)

(∫
|f + g|pdm

) p
qp

= (‖ f ‖p + ‖ g ‖p) ‖ f + g ‖
p
q
p

‖ f + g ‖p

1=p− p
q=

‖ f + g ‖p
p

‖ f + g ‖
p
q
p

≤ ‖ f ‖p + ‖ g ‖p

‖ cf ‖p =
(∫

|cf |pdm

) 1
p

= |c|
(∫

|f |pdm

) 1
p

= |c| ‖ f ‖p

N := {f ∈ L̃p : f = 0 }
= {f ∈ L̃p :‖ f ‖p= 0}

L̃p



‖ f ‖p= 0

⇐⇒
∫

|f |pdm = 0

⇐⇒ |f |p = 0
⇐⇒ |f | = 0

‖ · ‖p

Lp := {f + n : f ∈ L̃p, n ∈ N}
‖ · ‖p Lp

f ∈ Lp, n ∈ N ⊂ Lp

‖ f ‖p = ‖ f + n − n ‖p

≤ ‖ f + n ‖p + ‖ n ‖p︸ ︷︷ ︸
=0

≤ ‖ f ‖p + ‖ n ‖p︸ ︷︷ ︸
=0

=‖ f ‖p

∀n ∈ N :‖ f + n ‖p=‖ f ‖p

‖ f ‖p ≥ 0
‖ cf ‖p = |c| ‖ f ‖p

‖ f + g ‖p ≤ ‖ f ‖p + ‖ g ‖p

‖ f ‖p= 0 ⇐⇒ f = 0
⇐⇒ f = 0 + n n ∈ N

1 ≤ p < ∞ f, fn ∈ Lp n ∈ N
(fn)n Lp ⇐⇒

lim
n→∞ ‖ f − fn ‖p= 0

(fn)n Lp ⇐⇒
∀ε > 0 ∃n0 ∀n, m ≥ n0 :‖ f − fn ‖p≤ ε



(fn)n Lp (fnk
)k

f ∈ Lp

lim
k→∞

fnk
= f

lim
k→∞

‖ fnk
− f ‖p= 0

fn1 fnk
− fn1

(fn)n

∀k ≥ 1 ∃nk ∈ N ∀m, n ≥ nk : ‖ fn − fm ‖p≤ 1
2k

nk

nk+1 ≥ nk

gk := fnk+1 − fnk

g :=
∞∑

k=1

|gk|

d

dx
xp = pxp−1 > 0

h : (0,∞) → (0,∞), x �→ xp



nk+1 ≥ nk x �→ xp

‖ g ‖p =

(∫ (
lim

N→∞

N∑
k=1

|gk|
)p

dm

) 1
p

=

(∫
lim

N→∞

(
N∑

k=1

|gk|
)p

dm

) 1
p

= lim
N→∞

(∫ (
N∑

k=1

|gk|
)p

dm

) 1
p

= lim
N→∞

∥∥∥∥∥
N∑

k=1

|gk|
∥∥∥∥∥

p

≤ lim
N→∞

N∑
k=1

‖ gk ‖p

=
∞∑

k=1

‖ fnk+1 − fnk
‖p︸ ︷︷ ︸

≤2−k

nk+1≥nk≤
∞∑

k=1

1
2k

= 1 < ∞

|g|p < ∞
∞∑

k=1

|gk| < ∞

∑∞
k=1 gk

N∑
k=1

gk =
N∑

k=1

(fnk+1 − fnk
) = fnN+1 − fn1

fnN+1 =
N∑

k=1

gk + fn1

|fnN+1 | ≤ |fn1 | +
N∑

k=1

|gk|



(fnk
)k

∃A ⊂ S : m(A) = 0

lim
k→∞

fnk
w ∈ AC

g + |fn1 | < ∞ w ∈ AC

∀k ∈ N : |fnk+1 | = |g1 + . . . + gn − fn1 |

≤
∞∑

n=1

|gn| + |fn1 |

≤ g + |fn1 |

f := lim
k→∞

fnk
1AC ∈ Lp

|fnk
− f | ≤ |fnk

| + |f |
≤ 2|fn1 | + 2|g|

|fnk
− f |p ≤ 2p (|fn1 | + |g|)p

lim
k→∞

∫
|fnk

− f |pdm =
∫

lim
k→∞

|fnk
− f |p︸ ︷︷ ︸

=0

dm

= 0
lim

k→∞
‖ fnk

− f ‖p = 0

Lp

Lp

f ∈ Lp

fn : (W, S, m) → (R, B) limn→∞ fn = f
g ≥ 0 Lp |fn| ≤ g

f ∈ Lp

lim
n→∞ ‖ fn − f ‖p = 0



|fn|p ≤ |g|p

|f |p =
∣∣∣ lim
n→∞ fn

∣∣∣p = lim
n→∞ |fn|p

≤ |g|p

f ∈ Lp

|g|p

|fn − f | ≤ 2|g|
|fn − f |p ≤ 2p|g|p

lim
n→∞

∫
|fn − f |pdm =

∫
lim

n→∞ |fn − f |pdm = 0



L∞

m (W, S)

L̃∞ := {f : (W, S) → (R, B) | f }
= {f : (W, S) → (R, B) | ∃K ∈ N : |f | ≤ K }

f, g ∈ L∞

m[|f | > K] = 0 = m[|g| > K]

m[|cf | > |c|K] = m[|f | > K] = 0

|f |, |g| ≤ K

|f + g| ≤ |f | + |g| ≤ 2K

|f + g| > 2K

|f | > K |g| > K

{|f + g| > 2K} ⊂ {|f | > K} ∪ {|g| > K}

m[|f + g| ≥ 2K] ≤ m[{|f | ≥ K} ∪ {|g| ≥ K}]
≤ m[|f | ≥ K] + m[|g| ≥ K]
= 0

cf, f + g ∈ L̃∞

‖ · ‖∞: L̃∞ → [0,∞), f �→ inf{K > 0 : m[|f | > K] = 0}

a) ∀K <‖ f ‖∞: m[|f | > K] > 0
b) ∀K ≥‖ f ‖∞: m[|f | > K] = 0



f ∈ L̃∞ K > 0 m[|f | > K] = 0
≥ 0

∀n ∈ N : m

[
|f | >‖ f ‖∞ +

1
n

]
= 0

m [|f | >‖ f ‖∞] = m

[ ∞⋂
n=1

{
|f | >‖ f ‖∞ +

1
n

}]

= lim
n→∞m

[
|f | >‖ f ‖∞ +

1
n

]
︸ ︷︷ ︸

=0

= 0

∃K <‖ f ‖∞: m[|f | > K] = 0

‖ f ‖∞ = inf{K > 0 : m[|f | > K] = 0}
K<‖f‖∞

< ‖ f ‖∞

f, g : (W, S) → (R,B) L∞

‖ cf ‖∞ = |c| ‖ f ‖∞
‖ f + g ‖∞ ≤ ‖ f ‖∞ + ‖ g ‖∞

c = 0

‖ cf ‖∞=‖ 0 ‖∞= 0 = 0· ‖ f ‖∞
c �= 0

|f | > K ⇐⇒ |c||f | > |c|K

‖ cf ‖∞ = inf{K > 0 : m[|cf | > K] = 0}
= inf{|c|K > 0 : m[|cf | > |c|K] = 0}

|c|>0
= |c| inf{K > 0 : m[|f | > K] = 0}
= |c| ‖ f ‖∞



|f(w)| ≤ ‖ f ‖∞
|g(w)| ≤ ‖ g ‖∞

|f(w) + g(w)| ≤ |f(w)| + |g(w)|
≤ ‖ f ‖∞ + ‖ g ‖∞

|f(w)| + |g(w)| >‖ f ‖∞ + ‖ g ‖∞

|f(w)| >‖ f ‖∞ |g(w)| >‖ g ‖∞

m [|f + g| >‖ f ‖∞ + ‖ g ‖∞]
≤ m [|f | >‖ f ‖∞ ∪|g| >‖ g ‖∞]
≤ m [|f | >‖ f ‖∞] + m[|g| >‖ g ‖∞]
= 0

‖ f + g ‖∞ = inf {K > 0 : m[|f + g| > K] = 0}
≤ ‖ f ‖∞ + ‖ g ‖∞

N := {f ∈ L̃∞ : f = 0 }
= inf {K > 0 : m[|f | > K] = 0}

L̃∞

‖ · ‖∞
L∞ := {f + n : f ∈ L̃∞, n ∈ N}



‖ · ‖∞ L∞

f ∈ L∞, n ∈ N ⊂ L∞

‖ f ‖∞ = ‖ f + n − n ‖∞
≤ ‖ f + n ‖∞ + ‖ n ‖∞︸ ︷︷ ︸

=0

≤ ‖ f ‖∞ + ‖ n ‖∞︸ ︷︷ ︸
=0

=‖ f ‖∞

∀n ∈ N : ‖ f + n ‖∞=‖ f ‖∞

‖ f ‖∞ ≥ 0
‖ cf ‖∞ = |c| ‖ f ‖∞

‖ f + g ‖∞ = ‖ f ‖∞ + ‖ g ‖∞
‖ f ‖∞= 0 ⇐⇒ f = 0

⇐⇒ f ∈ 0 + n n ∈ N

f, fn ∈ L∞ n ∈ N
(fn)n L∞ ⇐⇒

lim
n→∞ ‖ f − fn ‖∞= 0

(fn)n L∞ ⇐⇒

∀ε > 0 ∃n0 ∈ N ∀n, m ≥ n0 : ‖ f − fn ‖∞< ε

L∞

L∞

(fn)n L∞

∀k ≥ 1 ∃nk ∀n, m ≥ nk : ‖ fn − fm ‖∞≤ 1
k

nk

nk ≤ nk+1



M1 :=
∞⋃

n=1

{|fn| >‖ fn ‖∞}

M2 :=
∞⋃

m,n=1

{|fn − fm| >‖ fn − fm ‖∞}

M := M1 ∪ M2

m[M ] ≤
∞∑

n=1

m [|fn| >‖ fn ‖∞] +
∞∑

m,n=1

m [|fn − fm| >‖ fn − fm ‖∞]

= 0

∀x ∈ MC ∀k ≥ 1 ∃nk ∀n, m ≥ nk : |fn(x) − fm(x)| ≤ 1
k

(fn(w))n MC R f(w)

f := lim
n→∞ fn1MC

∀x ∈ MC : |f(x)| ≤ |f(x) − fn(x)| + |fn(x)|
= lim

m→∞ |fm(x) − fn(x)| + |fn(x)|

≤ 1
k

+ ‖ fn ‖∞

MC ∩
{

x ∈ W : |f(x)| >
1
k

+ ‖ fn ‖∞
}

= ∅

m

[
|f | >‖ fn ‖∞ +

1
k

]

= m

[
M ∩

{
|f | >‖ fn ‖∞ +

1
k

}
+ MC ∩

{
|f | >‖ fn ‖∞ +

1
k

}]
≤ m [M ] + m [∅] = 0

f ∈ L∞



f ∈ L1 g ∈ L∞

‖ fg ‖1≤‖ g ‖∞‖ f ‖1

M = {|g| >‖ g ‖∞}

m[M ] = m[|g| >‖ g ‖∞] = 0
∀x ∈ MC : |f(x)g(x)| ≤ |f(x)| ‖ g ‖∞

∫
|fg|dm =

∫
|fg|1MC dm

≤
∫

|f | ‖ g ‖∞ 1MC dm

= ‖ g ‖∞
∫

|f |dm

= ‖ g ‖∞‖ f ‖1



X, X1, X2, . . . : (W, S, P ) → (R, B)
(Xn)n ⇐⇒

∀ε > 0 : lim
n→∞P [|Xn − X| ≥ ε] = 0

(Xn)n ⇐⇒

P
[{

w ∈ W : lim
n→∞(Xn(w) − X(w)) = 0

}]
= 1

(Xn(w) − X(w))n 0
(Xn)n Lp 1 ≤ p < ∞ ⇐⇒

lim
n→∞E[|Xn − X|p] 1

p = lim
n→∞

(∫
|Xn − X|pdP

) 1
p

= 0

lim
n→∞Xn = X

⇐⇒ ∀ε > 0 : lim
n→∞P

[
sup
k≥n

|Xk − X| ≥ ε

]
= 0

⇐⇒ ∀ε > 0 : lim
n→∞P

[
sup
k≥n

|Xk − X| > ε

]
= 0

{
sup
k≥n

|Xk − X| ≥ ε

2

}
⊂

{
sup
k≥n

|Xk − X| > ε

}

⊂
{

sup
k≥n

|Xk − X| ≥ ε

}

P

[
sup
k≥n

|Xk − X| ≥ ε

2

]
≤ P

[
sup
k≥n

|Xk − X| > ε

]

≤ P

[
sup
k≥n

|Xk − X| ≥ ε

]



lim
n→∞P

[
sup
k≥n

|Xk − X| ≥ ε

2

]
≤ lim

n→∞P

[
sup
k≥n

|Xk − X| > ε

]

≤ lim
n→∞P

[
sup
k≥n

|Xk − X| ≥ ε

]

An :=
{

sup
k≥n

|Xk − X| ≥ ε

}
= {w ∈ W | ∃k ≥ n : |Xk(w) − X(w)| ≥ ε}

C :=
{

lim
n→∞Xn(w) = X(w)

}

An = {∃k ≥ n : |Xk − X| ≥ ε}
⊃ {∃k ≥ n + 1 : |Xk − X| ≥ ε}
= An+1

⇒ ε > 0

w ∈ An ⇐⇒ ∃k ≥ n : |Xk(w) − X(w)| ≥ ε

w ∈ C ⇐⇒ lim
n→∞Xn(w) = X(w)

⇐⇒ ∃n0 ∀k ≥ n0 : |Xk(w) − X(w)| < ε

⇒ ∃n0 : w �∈ An0

⇒ C ∩
∞⋂

n=1

An = ∅

An ∩ C ↓
∞⋂

n=1

(An ∩ C) = C ∩
∞⋂

n=1

An = ∅

limn→∞ Xn = X

P [C] = 1
P [An ∩ C] = P [An ∩ C] + P

[
An ∩ CC

]︸ ︷︷ ︸
≤P [CC ]=0

= P [An]



lim
n→∞P

[
sup
k≥n

|Xk − X| ≥ ε

]
An= lim

n→∞P [An]

= lim
n→∞P [An ∩ C]

= P

[
C ∩

∞⋂
n=1

An

]
= 0

⇐

w ∈ CC

⇐⇒ (Xn(w))n X(w)

⇐⇒ ∃N ∈ N ∀n ∈ N ∃k ≥ n : |Xk(w) − X(w)| ≥ 1
N

⇐⇒ ∃N ∈ N ∀n ∈ N : sup
k≥n

|Xk(w) − X(w)| ≥ 1
N

CC =
∞⋃

N=1

∞⋂
n=1

{
sup
k≥n

|Xk − X| ≥ 1
N

}

P
[
CC
] ≤

∞∑
N=1

P

[ ∞⋂
n=1

{
sup
k≥n

|Xk − X| ≥ 1
N

}]

=
∞∑

N=1

lim
n→∞P

[
sup
k≥n

|Xk − X| ≥ 1
N

]
︸ ︷︷ ︸

=0

= 0
P [C] = 1 − P

[
CC
]

= 1

limn→∞ E[|Xn −X|p] 1
p = 0 1 ≤ p < ∞ Xn

X
limn→∞ Xn = X Xn X



ε > 0

lim
n→∞P [|Xn − X| ≥ ε]

= lim
n→∞P [|Xn − X|p ≥ εp]

≤ 1
εp

lim
n→∞E [|Xn − X|p]

= 0

limn→∞ Xn = X

∀ε > 0 : lim
k→∞

P

[
sup
k≥n

|Xk − X| ≥ ε

]
= 0

{|Xn − X| ≥ ε} ⊂
⋃
k≥n

{|Xk − X| ≥ ε}

= {∃k ≥ n : |Xk − X| ≥ ε}
= sup

k≥n
{|Xk − X| ≥ ε}

lim
n→∞P [|Xn − X| ≥ ε] ≤ lim

n→∞P

[
sup
k≥n

|Xk − X| ≥ ε

]
= 0

Xn X
(Xnk

)k (Xn)n

(
Xnk̃

)
⇒ (Xnk

)k (Xn)n

Xn

⇐⇒ ∀ε > 0 : lim
n→∞P [|Xn − X| ≥ ε] = 0

⇐⇒ ∀ε, δ > 0 ∃n0 ∀n ≥ n0 : P [|Xn − X| ≥ ε] < δ

⇒ ∀ε > 0 ∀k ≥ 1 ∃Nk ∀n ≥ Nk : P [|Xn − X| ≥ ε] ≤ 1
k2(

Xnk̃

)
k

(Xnk
)k

nk̃+1 > Nk+1 ≥ nk̃



P

[
sup

nk̃≥n
|Xnk̃

− X| ≥ ε

]
= P

⎡
⎣ ⋃

nk̃≥n

{|Xnk̃
− X| ≥ ε

}⎤⎦
≤

∑
nk̃≥n

P
[|Xnk̃

− X| ≥ ε
]

≤
∞∑

j=n

1
j2

lim
n→∞P

[
sup

nk̃≥n
|Xnk̃

− X| ≥ ε

]
≤ lim

n→∞

∞∑
j=n

1
j2

= 0

lim
k̃→∞

Xnk̃
= X

⇒ ¬a) ⇒ ¬b)

Xn

⇐⇒ ∀ε, δ > 0∃N ∀n ≥ N : P [|Xn − X| ≥ ε] < δ

Xn

⇐⇒ ∃ε, δ > 0∀N ∃n ≥ N : P [|Xn − X| ≥ ε] ≥ δ

(Xnk
)k

∀k ∈ N : P [|Xnk
− X| ≥ ε] ≥ δ

(Xnk
)k

Xn

limn→∞ Xn = X
limn→∞ Xn = X limn→∞ ‖ Xn −X ‖p= 0
Xn X limn→∞ ‖

Xn − X ‖p= 0



([0, 1), B, l) Ak,m =
[k−1

m , k
m )

A1 = [0, 1)

A21 =
[
0,

1
2

)

A22 =
[
1
2
, 1
)

A31 =
[
0,

1
3

)

A32 =
[
1
3
,
2
3

)
, . . .

(An)n (Ak,m)1≤k≤m,m∈N

lim
k,m→∞

E[1Ak,m
− 0] = lim

n→∞

∫
1Ak,m

dP

= lim
m→∞

1
m

= 0

Xn X

lim sup
n→∞

Xn = 1

lim inf
n→∞ Xn = 0{

w ∈ W : lim
n→∞Xn(w) = X(w)

}
= ∅

P
[

lim
n→∞Xn = X

]
= 0

([0, 1], B|[0,1], l)

X ≡ 0
Xn(w) = (n + 1)wn

w ∈ [0, 1)

lim
n→∞(n + 1)wn = lim

n→∞nwn + lim
n→∞wn︸ ︷︷ ︸

=0 w<1

= lim
n→∞n exp(−n(− lnw)) = 0

w = 1
lim

n→∞(n + 1)wn = lim
n→∞(n + 1) = ∞



limn→∞ Xn = X
Xn X

p > 1

lim
n→∞E[|Xn − X|p] = lim

n→∞

∫ 1

0

(n + 1)pwnpdw

= lim
n→∞

(n + 1)p

np + 1
= ∞ �= 0



(W, S, m) m[W ] < ∞
(Xi)i∈I Xi ∈ L1

a) lim
a→∞ sup

i∈I

∫
1|Xi|>a|Xi|dm = 0

b) K := sup
i∈I

∫
|Xi|dm < ∞

∀ε > 0 ∃δ > 0 :
(

m[A] < δ ⇒ sup
i∈I

∫
A

|Xi|dm ≤ ε

)

ε
(Xi)i

⇒ ε > 0

∃a ∈ R : sup
i∈I

∫
|Xi|>a

|Xi|dm <
ε

2

sup
i∈I

∫
|Xi|dm

≤ sup
i∈I

∫
|Xi|1|Xi|>adm + sup

i∈I

∫
|Xi|︸︷︷︸
≤a

1|Xi|≤adm

<
ε

2
+ a m[W ]︸ ︷︷ ︸

<∞

< ∞

m[A] <
ε

2a

sup
i∈I

∫
A

|Xi|dm

≤ sup
i∈I

∫
A∩{|Xi|>a}

|Xi|dm + sup
i∈I

∫
A∩{|Xi|≤a}

|Xi|︸︷︷︸
≤a

dm

≤ sup
i∈I

∫
{|Xi|>a}

|Xi|dm + a sup
i∈I

∫
A

dm︸ ︷︷ ︸
=m[A]

<
ε

2
+ a

ε

2a
= ε



⇒

∀i ∈ I : K ≥
∫

W

|Xi|dm

≥
∫
{|Xi|≥a}

|Xi|︸︷︷︸
≥a

dm

≥ a · m [|Xi| ≥ a]

a

∀i ∈ I : m [|Xi| ≥ a] ≤ K

a
< δ

sup
i∈I

∫
{|Xi|≥a}

|Xi|dm < ε

ε > 0

lim
a→∞ sup

i∈I

∫
{|Xi|≥a}

|Xi|dm = 0

f ∈ L1

f1, . . . , fk ∈ L1(m) (fi)1≤i≤k

(fi)i∈I (|fi|)i∈I

(fi)i∈I

∀gj ∃fi : |gj | ≤ |fi|

(gj)j∈J

(an)n [0,∞) limn→∞ an =
∞

x ∈ {|f | > an+1} ⇐⇒ |f(x)| > an+1

⇒ |f(x)| > an

⇐⇒ x ∈ {|f | > an}



({|f | > an})n

lim
n→∞m [{|f | > an}]

= m

[ ∞⋂
n=1

{|f | > an}
]

limn→∞ an=∞= m[|f | = ∞]
f∈L1

= 0

lim
n→∞

∫
|f |1|f |>an

dm

|f |1|f|>an≤|f |∈L1

=
∫

lim
n→∞ |f |1|f |>an

dm

=
∫

1|f |=∞︸ ︷︷ ︸
=0

|f |dm

= 0

∀1 ≤ i ≤ k ∃ani
:
∫
{|fi|>ani

}
|fi|dm < ε

a = maxn
i=1 ani

sup
i∈{1,...,k}

∫
{|fi|>a}

|fi|dm < ε

ε > 0

lim
a→∞ sup

i∈I

∫
{|fi|≥a}

|fi|dm = 0

|fi|

|gj | > a ⇒ |fi| ≥ |gj | > a

{w ∈ W : |gj(w)| > a} ⊂ {w ∈ W : |fi(w)| > a}
1|gj |>a ≤ 1|fi|>a



∫
|gj |1|gj |>adm ≤

∫
|fi|1|fi|>adm

lim
a→∞ sup

j∈J

∫
|gj |1|gj |>adm ≤ lim

a→∞ sup
i∈I

∫
|fi|1|fi|>adm

= 0

(fi)i∈I , (gj)j∈J

(fi + gj)i,j , (fi − gj)i,j

f ∈ L1 (fi)i

(fi − f)i

sup
i,j

∫
|fi ± gj |dm ≤ sup

i,j

∫
|fi|dm + sup

i,j

∫
|gj |dm

< ∞
ε > 0 δ1, δ2 > 0

P [A] < δ1 ⇒ sup
i∈I

∫
A

|fi|dm <
ε

2

P [A] < δ2 ⇒ sup
j∈J

∫
A

|gj |dm <
ε

2

P [A] < δ := min(δ1, δ2)

sup
i,j

∫
A

|fi ± gj |dm ≤ sup
i,j

∫
A

|fi|dm + sup
i,j

∫
A

|gj |dm

<
ε

2
+

ε

2
= ε

(f − fi)i

b > 0

g : [0,∞) → [0,∞), x �→ (x − b)1{x≥b}



x, y ∈ (−∞, b] x, y ∈ [b,∞)

g′′|(−∞,b] = 0
g′′|[b,∞) = 0

(−∞, b] [b,∞)
x < b < y z ∈ [b, y)

c :=
y − z

y − x
∈ [0, 1]

cx + (1 − c)y

=
y − z

y − x
x +

z − x

y − x
y

=
z(y − x)
y − x

= z

x < b ≤ z < y

z − b ≤ z − x

y − x
(y − b)

⇐⇒ (z − b)(y − x) ≤ (z − x)(y − b)
⇐⇒ zy − zx − by + bx ≤ zy − zb − xy + bx

⇐⇒ zx + by − zb − xy ≥ 0
⇐⇒ (z − y)(x − b) ≥ 0

g(cx + (1 − c)y) = g(z) = z − b

≤ z − x

y − x
(y − b)

= c g(x)︸︷︷︸
=0

+(1 − c) g(y)︸︷︷︸
=y−b

x < b < y z ∈ (x, b] c

g(cx + (1 − c)y) = g(z) = 0
≤ c g(x)︸︷︷︸

=0

+ (1 − c)︸ ︷︷ ︸
≥0

g(y)︸︷︷︸
=y−b>0



(fi)i ⇐⇒
∃H : [0,∞) → [0,∞)

lim
x→∞

H(x)
x

= ∞

c := sup
i∈I

∫
H(|fi|)dm < ∞

′′ ⇒′′

⇐
Ka := inf

x>a

H(x)
x

< ∞

lim
x→∞

H(x)
x

= ∞

lim
a↑∞

Ka = lim
a↑∞

inf
x>a

H(x)
x

= ∞

∀x > a :
H(x)

x
≥ inf

x>a

H(x)
x

= Ka

∀|fi(x)| > a :
H(|fi(x)|)
|fi(x)| ≥ Ka

1|fi|>a|fi| ≤ H(|fi|)
Ka

1|fi|>a

0 ≤ lim
a→∞ sup

i∈I

∫
1|fi|>a|fi|dm

≤ lim
a→∞

1
Ka

sup
i∈I

∫
|fi|>a

H(|fi|)︸ ︷︷ ︸
≥0

dm

≤
(

lim
a→∞

1
Ka

)
︸ ︷︷ ︸

=0

sup
i∈I

∫
H(|fi|)dm︸ ︷︷ ︸

=c<∞
= 0



⇒
lim

a→∞ sup
i∈I

∫
|fi|1|fi|>an

dm = 0

0 ≤ an ↑ ∞

sup
i∈I

∫
(|fi| − an)1|fi|>an

dm

0≤an<|fi(x)|
≤ sup

i∈I

∫
|fi|1|fi|>an

dm

< 2−n

H : [0,∞) → [0,∞), x �→
∞∑

n=1

(x − an)1x≥an

limn→∞ an = ∞
∀x ∃n0 ∈ N ∀n ≥ n0 : an > x

(x − an)1x≥an

N∑
n=1

(x − an)1x≥an

∞∑
n=1

(x − an)1x≥an

∀x ≥ 2an ∀n ∈ N

H(x)
x

=
∞∑

k=1

(
1 − ak

x

)
1x≥ak

≥
n∑

k=1

(
1 − ak

x

)
1x≥ak

x≥2an≥2ak≥
n∑

k=1

(
1 − ak

an

)
︸ ︷︷ ︸

≥1/2

1x≥ak

≥ n

2



lim
x→∞

H(x)
x

= ∞(∑N
k=1(|fi| − ak)1|fi|>ak

)
N

≥ 0

∫
H(|fi|)dm

=
∫ ∞∑

n=1

(|fi| − an)1|fi|>an
dm

=
∞∑

n=1

∫
(|fi| − an)1|fi|>an

dm

≤
∞∑

n=1

2−n = 1

sup
i∈I

∫
H(|fi|)dm ≤ 1 < ∞

(fi)i

a) sup
i∈I

‖ fi ‖p< ∞ p > 1

b) sup
i∈I

∫
|fi| log |fi|dm < ∞

(fi)i∈I

H : [0,∞) → [0,∞), x �→ xp

lim
x→∞

H(x)
x

= lim
x→∞

xp

x
= lim

x→∞xp−1 = ∞

c := sup
i∈I

∫
H(|fi|)dm = sup

i∈I

∫
|fi|pdm < ∞

H : [0,∞) → [0,∞), x �→ |x log x|



lim
x→∞

H(x)
x

= lim
x→∞

x log x

x
= ∞

c := sup
i∈I

∫
H(|fi|)dm =

∫
|fi| log |fi|dm < ∞

|fi|

Xi : (W, S, P ) → (R, B)

sup
i∈I

|E[Xi]| < ∞
sup
i∈I

V ar[Xi] < ∞

(Xi)i

E[X2
i ] = E[Xi]2 + V ar(Xi)

sup
i∈I

E[X2
i ] ≤

(
sup
i∈I

E[Xi]
)2

+ sup
i∈I

V ar(Xi) < ∞

sup
i∈I

‖ Xi ‖2 =
√

sup
i∈I

E[X2
i ] < ∞

(Xi)i

X, Xn ∈ Lp(W, S, P ) n ∈ N
limn→∞ E [|Xn − X|p] 1

p = 0
Xn X (|Xn − X|p)n

⇒ |Xn−X|p a

sup
n∈N

∫
|Xn−X|p≥a

|Xn − X|pdP <
ε

3

Xn X

∃n0 ∀n ≥ n0 : P
[
|Xn − X|p ≥ ε

3

]
<

ε

3a



∫
W

|Xn − X|pdP

=
∫
{|Xn−X|p≥a}

|Xn − X|pdP︸ ︷︷ ︸
<ε/3

+
∫
{ε/3≤|Xn−X|p<a}

|Xn − X|p︸ ︷︷ ︸
<a

dP

+
∫
{|Xn−X|p<ε/3}

|Xn − X|p︸ ︷︷ ︸
<ε/3

dP

<
ε

3
+ aP

[
|Xn − X|p ≥ ε

3

]
+

ε

3
< ε

⇒ Xn X
ε > 0 limn→∞ E[|Xn − X|p] = 0

∃N ∈ N ∀n ≥ N : 0 ≤
∫

W

|Xn − X|pdP < εpδ

∀n ≥ N

δεp >

∫
|Xn−X|≥ε

|Xn − X|p︸ ︷︷ ︸
≥εp

dP

≥ εp

∫
|Xn−X|≥ε

dP

= εpP [|Xn − X| ≥ ε]

∀n ∈ N : P [|Xn − X| ≥ ε] < δ

δ > 0

lim
n→∞P [|Xn − X| ≥ ε] = 0

|Xn − X|p ε > 0

lim
n→∞ ‖ Xn − X ‖p= 0

⇒ ∃N ∀n ≥ N :
∫

|Xn − X|pdP < ε

⇒ ∀n ≥ N :
∫

|Xn − X|p1|Xn−X|p≥adP < ε



|Xn − X|p < ∞ a → ∞

|Xn − X|p1|Xn−X|p<a ↑ |Xn − X|p

lim
a→∞

∫
W

|Xn − X|p1|Xn−X|p<adP =
∫

W

|Xn − X|pdP = K < ∞

∀1 ≤ n ≤ N ∃a0(n) ∀a ≥ a0(n) :
∫

|Xn − X|p1|Xn−X|p≥adP < ε

A0 =
N

max
n=1

a0(n)

∀a ≥ A0 ∀n ∈ N :
∫

|Xn − X|p1|Xn−X|p≥adP < ε

lim
a→∞ sup

n∈N

∫
|Xn − X|p1|Xn−X|p≥adP = 0

(Xn)n X ∈ L1

Xn X

lim
n→∞E[|Xn − X|] = 0

limn→∞ Xn = X

lim
n→∞E[|Xn − X|] = 0

lim
n→∞E [Xn] = E

[
lim

n→∞Xn

]

(Xn)n (|Xn −X|)n

Xn X p = 1

lim
n→∞E[|Xn − X|] = 0



limn→∞ Xn = X Xn X

lim
n→∞E[|Xn − X|] = 0

X = limn→∞ Xn

0 ≤ lim
n→∞

∣∣∣E[Xn] − E
[

lim
n→∞Xn

]∣∣∣
X=limn→∞ Xn= lim

n→∞ |E[Xn] − E[X]|
= lim

n→∞ |E [Xn − X]|
≤ lim

n→∞E[|Xn − X|]
= 0

lim
n→∞E [Xn] = E

[
lim

n→∞Xn

]



m, p (W, S)

(W, S) ⇐⇒
∃ (En)n S En ↑ W ∀n ∈ N : m(En) < ∞

(W, S) ⇐⇒

∃ f : W → [0,∞] ∀A ∈ S : p[A] =
∫

A

fdm

S → [0,∞), A �→
∫

A

fdm

f, g ∈ T ∗

f = g ⇒ ∀A ∈ S :
∫

A
fdm =

∫
A

gdm
⇐

f = g ⇐⇒ ∀A ∈ S :
∫

A

fdm =
∫

A

gdm

f = g f1A = g1A

∫
A

fdm =
∫

A

gdm

W = R

S =
{
A ⊂ R : A AC

}
m : S → [0,∞], A �→

{
0
∞

f ≡ 1
g ≡ 2

∀A ∈ S :
∫

A

fdm =
∫

A

gdm

R ∈ S RC = ∅



A ∈ S AC ∈ S AC

Ai ∈ S
⋃∞

i=1 Ai ∈ S
∀i Ai

⋃∞
i=1 Ai

∞⋃
i=1

Ai ∈ S

∃j ∈ N AC
j ( ∞⋃

i=1

Ai

)C

=
∞⋂

i=1

AC
i ⊂ Aj

∞⋃
i=1

Ai ∈ S

m[A] ∈ {0,∞} ≥ 0
m[∅] = 0 ∅

m

[ ∞∑
i=1

Ai

]
=

{
0

∑∞
i=1 Ai

∞

=
{

0 ∀i ∈ N : Ai

∞

=
∞∑

i=1

m [Ai]

m[A] ∈ {0,∞}

∀A ∈ S :
∫

A

fdm = m[A] = 2m[A] =
∫

A

gdm

m[f �= g] = m[W ] = ∞

f �= g

∫
W

gdm
V or=

∫
W

fdm < ∞



N := {f > g} ∈ S

f1N − g1N = (f − g)︸ ︷︷ ︸
>0 N

1N ≥ 0

∫
f1Ndm =

∫
g1Ndm

∫
(f − g)︸ ︷︷ ︸
>0

1Ndm =
∫

f1Ndm −
∫

g1Ndm = 0

m[N ] = m[f > g] = 0

m[f < g] = 0

m[f �= g] = m[f < g] + m[f > g] = 0

f = g

(W, S) s[W ] < t[W ] < ∞
W ∗ ∈ S

s[W ∗] < t[W ∗]
∀A ∈ S, A ⊂ W ∗ : s[A] ≤ t[A]

u := t − s t, s ≥ 0 ∀A ∈ S

−s[A] ≤ t[A] − s[A] ≤ t[A]
−s[A] ≤ u[A] ≤ t[A]

u
A1 = ∅, W1 = W Wn+1 = Wn\Bn+1 Bn+1

Wn

cn := inf {u[A] : A ∈ S, A ⊂ Wn}
∀n ∈ N

cn

inf≤ u[∅] = t[∅] − s[∅] = 0



cn = 0 ∀A ∈ S, A ⊂ Wn

t[A] − s[A] = u[A] ≥ 0

W ∗ = Wn

s[W ∗] = s[Wn] < t[Wn] = t[W ∗]

∀A ∈ S, A ⊂ W ∗ : s[A] ≤ t[A]

cn < 0 cn

∃Bn+1 ∈ S, Bn+1 ⊂ Wn : u(Bn+1) <
cn

2

Wn+1 = Wn\Bn+1

Bn

∞∑
n=1

|u[Bn]| ≤
∞∑

n=1

t[Bn] +
∞∑

n=1

s[Bn]

= t

[ ∞∑
n=1

Bn

]
+ s

[ ∞∑
n=1

Bn

]

= t[W ] + s[W ]
< ∞

lim
n→∞u[Bn] = 0

0 ≥ cn

2
> u[Bn]

limn→∞ cn = 0
W ∗ =

⋂∞
n=1 Wn Wn+1 ⊂ Wn

Wn ↓
∞⋂

n=1

Wn = W ∗



u[W ∗] = t

[ ∞⋂
n=1

Wn

]
− s

[ ∞⋂
n=1

Wn

]

= lim
n→∞ t[Wn] − lim

n→∞ s[Wn]

= lim
n→∞u[Wn]

u[Wn+1] = u[Wn]

t[W ∗] − s[W ∗] = u[W ∗] = lim
n→∞u[Wn]

≥ u[W1] > 0

s[W ∗] < t[W ∗]

A ∈ S, A ⊂ W ∗

∀n ∈ N : A ⊂ Wn

cn

∀n ∈ N : u[A] ≥ cn

u[A] ≥ lim
n→∞ cn = 0

t[A] ≤ s[A]

⇐⇒
∀A ∈ S : m[A] = 0 ⇒ p[A] = 0

p << m

(W, S)

p m ⇐⇒ p << m

⇒ m[A] = 0

p[A]
Def
=

∫
A

fdm =
∫

f1A︸︷︷︸
=0

dm

=
∫

0dm = 0



⇐

G :=
{

g ∈ T ∗
∣∣∣∣ ∀A ∈ S :

∫
A

gdm ≤ p[A]
}

∫
A

gdm = p[A]

g ≡ 0 ∈ G
G �= ∅

g, h ∈ G max(g, h) ∈ G∫
A

max(g, h)dm =
∫

A∩{g≥h}
gdm +

∫
A∩{g<h}

hdm

≤ p[A ∩ {g ≥ h}] + p[A ∩ {g < h}]
= p[A]

c := sup
g∈G

∫
gdm ≤ p[W ] < ∞

(g∗n)n

lim
n→∞

∫
g∗ndm = c

∀n ∈ N : gn := max(g∗1 , . . . , g∗n) ∈ G

(gn)n∫
g∗ndm

g∗
n≤gn≤

∫
gndm

sup

≤ c

c = lim
n→∞

∫
g∗ndm ≤ lim

n→∞

∫
gndm ≤ c

f := lim
n→∞ gn

∫
A

fdm =
∫

A

lim
n→∞ gndm

0≤gn↑f
= lim

n→∞

∫
A

gndm ≤ p[A]



f ∈ G

∀A ∈ S

t[A] := p[A] −
∫

A

fdm ≥ 0

t[W ] ≤ p[W ]
m(A) = 0

p(A) = 0

t[A] = p[A] −
∫

A

fdm

V or= 0 −
∫

W

1Af︸︷︷︸
=0m−

dm = 0

t[W ] > 0 m[W ] > 0

q :=
t[W ]

2m[W ]
> 0

q · m

q · m[W ] =
t[W ]

2m[W ]
m[W ]

=
1
2
t[W ] < t[W ]

W ∗ ∈ S

t[W ∗] > q · m[W ∗]
∀A ∈ S, A ⊂ W ∗ : t[A] ≥ q · m[A]

f∗

f∗ := f + q1W∗

A ∈ S∫
A

f∗dm =
∫

A

fdm + q · m[A ∩ W ∗]

≤
∫

A

fdm + t[A]

= p[A]



f∗ ∈ G 0 < q · m[W ∗]

c
sup

≥
∫

f∗dm =
∫

fdm︸ ︷︷ ︸
=c

+ q · m[W ∗]︸ ︷︷ ︸
>0

> c

∀A ∈ S

t[A] = p[A] −
∫

fdm = 0

(Ai)i, (Bi)i

Ai ↑ W, Bi ↑ W m[Ai], p[Bi] < ∞
Ci := Ai ∩ Bi

∀w ∈ W ∃i1 ∀i ≥ i1 : w ∈ Ai

∀w ∈ W ∃i2 ∀i ≥ i2 : w ∈ Bi

i0 := max(i1, i2)

∀w ∈ W ∃i0 ∀i ≥ i0 : w ∈ Ci = Ai ∩ Bi

Ci ↑ W

m[Ci] = m[Ai ∩ Bi] ≤ m[Ai] < ∞
p[Ci] = p[Ai ∩ Bi] ≤ p[Bi] < ∞

En := Cn\Cn−1

Ci :=
i∑

k=1

Ek ↑ W

m[Ei] ≤ m[Ci] < ∞
p[Ei] ≤ p[Ci] < ∞

pi : (W, S) → [0,∞), A �→ p[A ∩ Ei]
mi : (W, S) → [0,∞), A �→ m[A ∩ Ei]

mi[Ai] = m[A ∩ Ei] = 0 p << m

pi[A] = p[A ∩ Ei] = 0



pi << mi

fi ≥ 0

pi[A] =
∫

fidmi

g = 1B ∫
gdmi = mi[B] = m[B ∩ Ei] =

∫
1Ei1Bdm

∫
gdmi =

∫
1Ei

gdm

p[A] = p

[
A ∩

∞∑
i=1

Ei

]
=

∞∑
i=1

p[A ∩ Ei] =
∞∑

i=1

pi[A]

=
∞∑

i=1

∫
A

fidmi =
∞∑

i=1

∫
A

1Eifidm

1Ei
fi≥0
=

∫
A

∞∑
i=1

fi1Eidm

f :=
∞∑

i=1

fi1Ei

(W, S)
p1, p2 (W, S)

p = p1 + p2

p1 << m
∃B ∈ S : p2[BC ] = 0 m[B] = 0

Nm := {B ∈ S : m[B] = 0}
c := sup{p[B] | m[B] = 0, B ∈ S}

≤ p[W ] < ∞



(Bi)i Nm

lim
i→∞

p[Bi] = c

B :=
⋃∞

i=1 Bi A ∈ S

p1 : (W, S) → [0,∞), A �→ p
[
A ∩ BC

]
p2 : (W, S) → [0,∞), A �→ p[A ∩ B]

p[A] = p
[
A ∩ B + A ∩ BC

]
= p

[
A ∩ B] + p[A ∩ BC

]
= p1[A] + p2[A]

m[B] = m

[ ∞⋃
i=1

Bi

]
≤

∞∑
i=1

m[Bi] = 0

p2[BC ] = p[BC ∩ B] = p[∅] = 0

m[A] = 0

p
[
B + A ∩ BC

]
= p[B] + p

[
A ∩ BC

]
Def
= c + p1[A]

sup

≤ c

p1[A] = 0

A ∈ S

p = p1 + p2 = p∗1 + p∗2

B, B∗ ∈ S

m[B] = 0 p2

[
BC
]

= 0

m[B∗] = 0 p∗2
[
B∗C

]
= 0

p1, p
∗
1 << m

m[B ∪ B∗] = 0



p∗2[A]
= p∗2[A ∩ (B ∪ B∗)] + p∗2

[
A ∩ (B ∪ B∗)C

]
= (p − p∗1) [A ∩ (B ∪ B∗)] + p∗2

[
A ∩ BC ∩ B∗C

]︸ ︷︷ ︸
=0 p∗

2 [B∗C ]=0

= p[A ∩ (B ∪ B∗)] − p∗1 [A ∩ (B ∪ B∗)]︸ ︷︷ ︸
=0 m[B∪B∗]=0

= p[A ∩ (B ∪ B∗)] − p1 [A ∩ (B ∪ B∗)]︸ ︷︷ ︸
=0 m[B∪B∗]=0

= (p − p1) [A ∩ (B ∪ B∗)] + p2

[
A ∩ BC ∩ B∗C

]︸ ︷︷ ︸
=0 p2[BC ]=0

= p2[A ∩ (B ∪ B∗)] + p2

[
A ∩ (B ∪ B∗)C

]
= p2[A]

p2 = p∗2

p1 = p − p2 = p − p∗2 = p∗1

(W, S)
p1, p2

(W, S)
p = p1 + p2

p1 << m
∃B ∈ S : p2

[
BC
]

= 0 m[B] = 0

Ci ↑ W p[Ci] <
∞

E1 = C1

Ci =
n∑

i=1

Ei En = Cn\Cn−1

p [A ∩ Ei] ≤ p[Ei] < ∞

pi : (W, S) → [0,∞), A �→ p[A ∩ Ei]



p1,i, p2,i

i) p1,i << m

ii) ∃B′
i ∈ S : p2,i[B′

i
C ] = 0 m[B′

i] = 0
iii) pi = pi,1 + pi,2

Bi := B′
i ∩ Ei

p2,i

[
BC

i

]
= p2,i

[
B′C

i ∪ EC
i

]
≤ p2,i

[
B′C

i

]︸ ︷︷ ︸
=0

+p2,i

[
EC

i

]
≤ pi

[
EC

i

]
= p

[
Ei ∩ EC

i

]
= p[∅] = 0

m[Bi] = m [B′
i ∩ Ei] ≤ m [B′

i] = 0

i) p1,i << m

ii) ∃Bi ∈ S : Bi ⊂ Ei p2,i[Bi
C ] = 0 m[Bi] = 0

iii) pi = pi,1 + pi,2

Bi ⊂ Ei

B :=
∞∑

i=1

Bi.

p1 : (W, S) → [0,∞), A �→
∞∑

i=1

p1,i[A]

p2 : (W, S) → [0,∞), A �→
∞∑

i=1

p2,i[A]

m[A] = 0

p1[A] =
∞∑

i=1

p1,i[A]︸ ︷︷ ︸
=0

= 0



p2[BC ] =
∞∑

i=1

p2,i

⎡
⎣( ∞∑

i=1

Bi

)C
⎤
⎦

=
∞∑

i=1

p2,i

[ ∞⋂
i=1

BC
i

]

≤
∞∑

i=1

p2,i

[
BC

i

]︸ ︷︷ ︸
=0

= 0

p[A] = p

[
A ∩

∞∑
i=1

Ei

]
=

∞∑
i=1

p [A ∩ Ei]

=
∞∑

i=1

pi [A] =
∞∑

i=1

p1,i [A] +
∞∑

i=1

p2,i [A]

= p1[A] + p2[A]

p(A) =
∫

A
fdm

∀h ∈ T ∗ :
∫

hdp =
∫

hfdm

h : W → R

⇐⇒ h · f

∫
hdp =

∫
hfdm

h = 1A∫
1Adp =

∫
A

dp = p[A] =
∫

A

fdm =
∫

1Afdm



h =
∑n

i=1 ci1Ai ∫
hdp =

n∑
i=1

ci

∫
1Aidp

=
n∑

i=1

ci

∫
1Ai

fdm

=
∫

hfdm

h ∈ T ∗ hn ∈ T hn ↑ h
hn · f ↑ h · f∫

hdp
hn↑h
= lim

n→∞

∫
hndp

i)
= lim

n→∞

∫
hnfdm

hnf↑hf
=

∫
hfdm

∫
h+dp =

∫
h+fdm∫

h−dp =
∫

h−fdm

∫
h±dp < ∞ ⇐⇒

∫
h±fdm < ∞∫

hdp =
∫

h+dp −
∫

h−dp

=
∫

h+fdm −
∫

h−fdm

=
∫

hfdm

l (R, B)

p[(−∞, x]] = F (x) =
{

0 x < 0
1 − 1

2e−x x ≥ 0

f ≥ 0

p[(−∞, x]] =
∫

(−∞,x]

fdm



l[0] = 0

p[0] =
1
2

> 0

l δ 0 p

m := l +
1
2
δ{0}

f(t) =

⎧⎨
⎩

0 t < 0
1
2 t = 0
1
2e−t t > 0

(−∞, x] x ∈ R∫ x

−∞
f(t)m(dt)

=
∫ x

0

1
2
e−tdt +

1
2
· δ0[(−∞, x]]

=

⎧⎨
⎩

0 x < 0
1
2 x = 0
1 − 1

2e−x x > 0
= p[(−∞, x]]

p, m



(Si)i∈I

S∞ :=
⋂

J⊂I,0<|J|<∞
S

⎛
⎝ ⋃

j∈I\J

Sj

⎞
⎠

J ⊂
I

Ai ∈ S Si := {∅, Ai, A
C
i , W} S∞

Xi : (W, S, P ) → (R, B) Si := S(Xi) S∞

∅ ∈ {∅, Ai, A
C
i , W}

B ∈ {∅, Ai, A
C
i , W} ⇒ BC ∈ {∅, Ai, A

C
i , W}

Bi ∈ {∅, Ai, A
C
i , W} ⇒

⋃
i∈I

Bi ∈ {∅, Ai, A
C
i , W}

S(Ai) = {∅, Ai, A
C
i , W}

(Jn)n∈N Jn ⊂ Jn+1 I =⋃∞
n=1 Jn

S∞ =
∞⋂

n=1

S

⎛
⎝ ⋃

m∈I\Jn

Sm

⎞
⎠

N

S∞ =
∞⋂

n=1

S

( ∞⋃
m=n

Sm

)



⊂

∀n ∈ N : S

⎛
⎝ ⋃

m∈I\Jn

Sm

⎞
⎠ ⊂ S

⎛
⎝ ⋃

m∈I\Jn

Sm

⎞
⎠

∀n ∈ N :
⋂

J⊂I,|J|<∞
S

⎛
⎝ ⋃

m∈I\J

Sm

⎞
⎠ |Jn|<∞⊂ S

⎛
⎝ ⋃

m∈I\Jn

Sm

⎞
⎠

⋂
J⊂I,|J|<∞

S

⎛
⎝ ⋃

m∈I\J

Sm

⎞
⎠ ⊂

∞⋂
n=1

S

⎛
⎝ ⋃

m∈I\Jn

Sm

⎞
⎠

⊃ J ⊂ I
⋃∞

n=1 Jn = I Jn ⊂ Jn+1

∀j ∈ J ∃nj : j ∈ Jnj

J ⊂ JN :=maxj∈J nj

∀|J | < ∞ :
∞⋂

n=1

S

⎛
⎝ ⋃

m∈I\Jn

Sm

⎞
⎠ ⊂ S

⎛
⎝ ⋃

m∈I\JN

Sm

⎞
⎠

J⊂JN⊂ S

⎛
⎝ ⋃

m∈I\J

Sm

⎞
⎠

∞⋂
n=1

S

⎛
⎝ ⋃

m∈I\Jn

Sm

⎞
⎠ ⊂

⋂
J⊂I,|J|<∞

S

⎛
⎝ ⋃

m∈I\J

Sm

⎞
⎠

Jn = {1, . . . , n − 1}
∞⋂

n=1

S

⎛
⎝ ⋃

m∈N\Jn

Sm

⎞
⎠ =

∞⋂
n=1

S

( ∞⋃
m=n

Sm

)

R ⊂ Pot(W ) m S(R)

∀A ∈ S(R) m[A] < ∞ ∀ε > 0 ∃n ∈ N ∃A1, . . . , An ∈ R :

m

[(
A\

n∑
i=1

Ai

)
+

(
n∑

i=1

Ai\A
)]

< ε



A ∈ S(R) m[A] < ∞

m[A] = m∗[A]

= inf

{ ∞∑
i=1

m[Bi] : Bi ∈ R, A ⊂
∞⋃

i=1

Bi

}

∃Bi ∈ R :

⎧⎨
⎩

A ⊂ ⋃∞
i=1 Bi∑∞

i=1 m[Bi] ≤ m[A] + ε
2∃n ∈ N :

∑∞
i=n+1 m[Bi] < ε

2

A ⊂ ⋃∞
i=1 Bi

m

[ ∞⋃
i=1

Bi

]
= m

[ ∞⋃
i=1

Bi ∩ AC

]
+ m

[( ∞⋃
i=1

Bi

)
∩ A

]

= m

[( ∞⋃
i=1

Bi

)
\A
]

+ m [A]

m

[(
A\

n⋃
i=1

Bi

)
+

(
n⋃

i=1

Bi\A
)]

= m

[
A\

n⋃
i=1

Bi

]
+ m

[
n⋃

i=1

Bi\A
]

A⊂S∞
i=1 Bi

≤ m

[ ∞⋃
i=1

Bi\
n⋃

i=1

Bi

]
+ m

[ ∞⋃
i=1

Bi\A
]

≤ m

[ ∞⋃
i=n+1

Bi

]
+ m

[ ∞⋃
i=1

Bi

]
− m[A]

≤
∞∑

i=n+1

m [Bi] +
∞∑

i=1

m [Bi] − m[A]

<
ε

2
+

ε

2
= ε



n⋃
i=1

Bi = B1 +
n∑

i=2

Bi ∩ BC
i−1 ∩ . . . ∩ BC

1

= B1 +
n∑

i=2

(
Bi ∩ BC

i−1

) ∩ . . . ∩ (Bi ∩ BC
1

)

= B1 +
n∑

i=2

i−1⋂
j=1

(Bi\Bj)︸ ︷︷ ︸
∈R

A1 := B1 ∈ R

Ai :=
i−1⋂
j=1

(Bi\Bj) ∈ R

∃k ∈ N ∃A1, . . . , Ak ∈ R : m

[(
A\

n∑
i=1

Ai

)
+

(
n∑

i=1

Ai\A
)]

< ε

(Sn)n

Gn =

{
n⋂

k=1

Ak : Ak ∈ Sk

}

Rn =

⎧⎨
⎩

i∑
j=1

n⋂
k=1

Ak,j : Ak ∈ Sk

⎫⎬
⎭



1.) A, B ∈ Gn ⇒ A ∩ B ∈ Gn

2.) A, B ∈ Gn ⇒ A\B =
m∑

j=1

Cj Cj ∈ Gn

3.) A, B1, . . . , Bl ∈ Gn ⇒ A\
l⋃

i=1

Bi =
m∑

j=1

Cj Cj ∈ Gn

4.) Rn

5.) Rn ⊂ Rn+1

6.) R =
⋃
n∈N

Rn

7.) S(R) = S

( ∞⋃
n=1

Sn

)

A ∩ B =
n⋂

k=1

Ak ∩
n⋂

k=1

Bk

=
n⋂

k=1

Ak ∩ Bk︸ ︷︷ ︸
∈Sk

∈ Gn

n = 2

(B1 ∩ B2)C = BC
1 ∪ BC

2

= BC
1 + BC

2 ∩ B1

A\B = A1 ∩ A2 ∩ (B1 ∩ B2)C

= A1 ∩ A2 ∩
(
BC

1 + BC
2 ∩ B1

)
= A1 ∩ BC

1︸ ︷︷ ︸
∈S1

∩ A2︸︷︷︸
∈S2

+ A1 ∩ B1︸ ︷︷ ︸
∈S1

∩A2 ∩ BC
2︸ ︷︷ ︸

∈S2



n → n + 1 (
n+1⋂
k=1

Bk

)C

=

(
Bn+1 ∩

n⋂
k=1

Bk

)C

= BC
n+1 ∪

(
n⋂

k=1

Bk

)C

=

(
n⋂

k=1

Bk

)C

+ BC
n+1 ∩

n⋂
k=1

Bk

A\B =
n+1⋂
k=1

Ak ∩
(

n+1⋂
k=1

Bk

)C

=
n+1⋂
k=1

Ak ∩
⎛
⎝( n⋂

k=1

Bk

)C

+ BC
n+1 ∩

n⋂
k=1

Bk

⎞
⎠

=
n⋂

k=1

Ak ∩
(

n⋂
k=1

Bk

)C

∩ An+1 +
n⋂

k=1

(Ak ∩ Bk) ∩ An+1 ∩ BC
n+1︸ ︷︷ ︸

∈Sn+1

=

⎛
⎜⎝ l∑

j=1

Dj︸︷︷︸
∈Gn

⎞
⎟⎠ ∩ An+1 +

n⋂
k=1

(Ak ∩ Bk) ∩ An+1 ∩ BC
n+1︸ ︷︷ ︸

∈Sn+1



l = 1
l → l + 1

A\
l+1⋃
i=1

Bi =

(
A ∩

l⋂
i=1

BC
i

)
∩ BC

l+1

=

(
A\

l⋃
i=1

Bi

)
∩ BC

l+1

l=

⎛
⎜⎝ m∑

j=1

Cj︸︷︷︸
∈Gn

⎞
⎟⎠ ∩ BC

l+1

2.)
=

m∑
j=1

Cj\Bl+1

l=1=
m∑

j=1

lj∑
k=1

Dkj Dkj ∈ Gn

∅ =
n⋂

k=1

∅︸︷︷︸
∈Sk

∈ Rn

A\B =
i∑

j=1

n⋂
k=1

Ak,j︸ ︷︷ ︸
=Aj

\
t∑

s=1

n⋂
k=1

Bk,s︸ ︷︷ ︸
=Bs

=
i∑

j=1

Aj︸︷︷︸
∈Gn

\
t⋃

s=1

Bs︸︷︷︸
∈Gn

3.)
=

i∑
j=1

v∑
u=1

Cu,j︸︷︷︸
∈Gn

∈ Rn

A ∪ B = A\B + B

=
m∑

j=1

Cj︸︷︷︸
∈Gn

+
t∑

s=1

Bs︸︷︷︸
∈Gn

∈ Rn



i∑
j=1

n⋂
k=1

Ak,j ∈ Rn

Wn+1∈Sn+1⇒
i∑

j=1

(
Wn+1 ∩

n⋂
k=1

Ak,j

)
∈ Rn+1

⇒ Rn ⊂ Rn+1

∅ ∈ Rn ⇒ ∅ ∈
∞⋃

n=1

Rn

A, B ∈
∞⋃

n=1

Rn ⇒ ∃m, n : A ∈ Rm, B ∈ Rn

Rmax(m,n)⇒ A\B, A ∪ B ∈ Rmax(m,n)

⇒ A\B, A ∪ B ∈
∞⋃

n=1

Rn

∀n ∈ N : An ∈ Sn ⇒ An ∈ R

∀n ∈ N : Sn ⊂ S(R)

S

( ∞⋃
n=1

Sn

)
⊂ S(R)

∀n ∈ N : Rn ⊂ S

( ∞⋃
n=1

Sn

)

S

( ∞⋃
n=1

Rn

)
⊂ S

( ∞⋃
n=1

Sn

)

(Sn)n∈N

∀A ∈ S∞ : P [A] ∈ {0, 1}



ε > 0

A ∈ S∞ ⇒ A ∈ S

( ∞⋃
n=1

Sn

)
= S(R)

P : S(R) → [0, 1], A �→ P [A]

∃N ∈ N ∃B1, . . . , BN ∈ R : P

[(
A\

N∑
i=1

Bi

)
+

(
N∑

i=1

Bi\A
)]

< ε

R =
⋃∞

n=1 Rn

∃n ∈ N : B1, . . . , BN ∈ Rn

N∑
i=1

Bi ∈ Rn

A ∈
∞⋂

n=1

S

( ∞⋃
i=n

Si

)
⇒ A ∈ S

( ∞⋃
i=n+1

Si

)

H1 :=

{
A ∩ B : A, B ∈

n⋃
i=1

Si

}

H2 :=

{
A ∩ B : A, B ∈

∞⋃
i=n+1

Si

}

B = W

Hi

S(H1) = S

(
n⋃

i=1

Si

)

S(H2) = S

( ∞⋃
i=n+1

Si

)



(Si)i

⇒ H1 H2

Hi ⇒ S(H1), S(H2)

⇒ S

( ∞⋃
i=n+1

Si

)
S

(
n⋃

i=1

Si

)

⇒ A, B

P [B] = P [B ∩ AC ] + P [B ∩ A]
≤ P [B\A] + P [A]
≤ P [(B\A) + (A\B)] + P [A]
≤ P [A] + ε

ε > P

[(
A\

N∑
i=1

Bi

)
+

(
N∑

i=1

Bi\A
)]

≥ P [A\B] = P [A ∩ BC ]
= P [A] − P [A ∩ B]

A,B
= P [A] − P [A]P [B]
= P [A](1 − P [B])

≥ P [A](1 − P [A] − ε)

ε ↓ 0

0 = P [A](1 − P [A])
P [A] = 0 P [A] = 1
P [A] ∈ {0, 1}

(An)n∈N

∞⋃
n=1

∞⋂
m=n

Am,

∞⋂
n=1

∞⋃
m=n

Am ∈ S∞



Xn : (W, S, P ) → (R, B)

lim inf
n→∞ Xn, lim sup

n→∞
Xn S∞ −

Xn : (W, S, P ) → (R, B)

lim inf
n→∞

1
n

n∑
i=1

Xi, lim sup
n→∞

1
n

n∑
i=1

Xi S∞ −

∞⋃
m=n

Am ∈ S

( ∞⋃
m=n

Sm

)
∞⋂

n=1

∞⋃
m=n

Am ∈
∞⋂

n=1

S

( ∞⋃
m=n

Sm

)
( ∞⋃

n=1

∞⋂
m=n

Am

)C

=
∞⋂

n=1

∞⋃
m=n

AC
m ∈

∞⋂
n=1

S

( ∞⋃
m=n

Sm

)
∞⋃

n=1

∞⋂
m=n

Am ∈
∞⋂

n=1

S

( ∞⋃
m=n

Sm

)

(
sup
m≥n

Xm

)
n

⇒ ∀N ∈ N : inf
n≥1

sup
m≥n

Xm = inf
n≥N

sup
m≥n

Xm

⇒ ∀N ∈ N : inf
n≥1

sup
m≥n

Xm S ((Xn)n≥N )

⇒ inf
n≥1

sup
m≥n

Xm S∞



lim infn→∞ Xn

∀n ∈ N : Xn(w) ∈ R

⇒ ∀N ∈ N : lim inf
n→∞

1
n

N∑
i=1

Xi = 0

⇒ ∀N ∈ N : lim inf
n→∞

1
n

n∑
i=1

Xi = lim inf
n→∞

1
n

n∑
i=N

Xi

⇒ ∀N ∈ N : lim inf
n→∞

1
n

n∑
i=1

Xi S ((Xn)n≥N )

⇒ lim inf
n→∞

1
n

n∑
i=1

Xi S∞

Xn : (W, S, P ) → (R, B)

lim inf
n→∞ Xn =

lim sup
n→∞

Xn =

Xn : (W, S, P ) → (R, B)

lim inf
n→∞

1
n

n∑
i=1

Xi =

lim sup
n→∞

1
n

n∑
i=1

Xi =

Xn (S(Xn))n

∀A ∈ S∞ : P [A] ∈ {0, 1}

lim infn→∞ S∞

∀x ∈ R :
{

lim inf
n→∞ Xn ≤ x

}
∈ S∞

∀x ∈ R : P
[
lim inf
n→∞ Xn ≤ x

]
∈ {0, 1}



X : (W, S, P ) → (R, B) S0 ⊂ S

S0

∀c ∈ R : {X = c} ∈ S0

X
S0 S0 E[X|S0]

L1

X ≥ 0 W =
∑∞

n=1 An

E[X|S0] : W → R, w �→
∞∑

i=1

E[X|Ai]1Ai(w) =
∑

i:P [Ai]>0

E[X1Ai
]

P [Ai]
1Ai(w)

S0 =
{∑

i∈I Ai : I ⊂ N
}

E[X|S0] S0

S0 Y0 ≥ 0

E[XY0] = E[E[X|S0] · Y0 ]

E[X] = E[ E[X|S0] ]



P [Ai] > 0 P [·|Ai]
B ∈ S

E[1B |Ai]
Def
=

∫
1BdP [·|Ai]

Def
= P [B|Ai]

Def
=

P [B ∩ Ai]
P [Ai]

=
1

P [Ai]

∫
1B1Ai

dP

Def
=

E[1B1Ai
]

P [Ai]∑n
k=1 bk1Bk

∈ T (S)

E

[
n∑

k=1

bk1Bk
|Ai

]
=

∫ n∑
k=1

bk1Bk
dP [·|Ai]

=
n∑

k=1

bk

∫
1Bk

dP [·|Ai]

=
n∑

k=1

bk
E [1Ai

1Bk
]

P [Ai]

=
E [
∑n

k=1 bk1Bk
1Ai ]

P [Ai]

Xn ∈ T Xn ↑ X ≥ 0

E
[

lim
n→∞Xn|Ai

]
=

∫
lim

n→∞XndP [·|Ai]

= lim
n→∞

∫
XndP [·|Ai]

= lim
n→∞

E [Xn1Ai
]

P [Ai]

=
E [limn→∞ Xn1Ai

]
P [Ai]

W =
∑∞

n=1 An ∈ S0

B =
∑

i∈I Ai ∈ S0

BC =
∑

i∈N\I

Ai ∈ S0



Bj =
∑

i∈Ij
Ai ∈ S0

∞⋃
j=1

Bj =
∑

i∈S∞
j=1 Ij

Ai ∈ S0

Ai ∈ S0 1Ai
S0

E[X|S0] =
∑

i:P [Ai]>0

E[X1Ai ]
P [Ai]︸ ︷︷ ︸
≥0

1Ai(w)

S0

Y0 = 1Aj
P [Aj ] > 0

1Ai
1Aj

=
{

1Ai
i = j

0 i �= j

E[ E[X|S0] 1Aj
] =

∫ ∑
i:P [Ai]>0

E[X1Ai
]

P [Ai]
1Ai

1Aj
dP

=
∫

E[X1Aj
]

P [Aj ]
1Aj dP =

E[X1Aj
]

P [Aj ]

∫
1Aj dP︸ ︷︷ ︸
P [Aj ]

= E[X1Aj ]

P [Aj ] = 0

E[ E[X|S0]︸ ︷︷ ︸
=0

1Aj
] =

∫
0dP = 0

P [Aj ]=0
= E[X1Aj

]



Yn =
∑Nn

k=1 ck1Ak
∈ T (S0) Yn ↑ Y0

E[E[X|S0]Y0] =
∫ ∑

i:P [Ai]>0

E[X1Ai
]

P [Ai]
1Ai

lim
n→∞

Nn∑
k=1

ck1Ak
dP

= lim
n→∞

∫ ∑
i:P [Ai]>0

E[X1Ai
]

P [Ai]
1Ai

Nn∑
k=1

ck1Ak
dP

= lim
n→∞

Nn∑
k=1

ck

∫ ∑
i:P [Ai]>0

E[X1Ai
]

P [Ai]
1Ai

1Ak
dP

= lim
n→∞

Nn∑
k=1

ckE[X1Ak
]

= lim
n→∞

Nn∑
k=1

ck

∫
1Ak

XdP

= lim
n→∞

∫ Nn∑
k=1

ck1Ak
XdP

=
∫

lim
n→∞YnXdP

= E[XY0]

W ∈ S0 Y0 ≡ 1W S0

E[X · 1W ] = E[E[X|S0] · 1W ]
E[X] = E[E[X|S0]]

X : (W, S, P ) → (R, B) X ≥ 0 P [X < ∞] = 1
E[X|S0] ≥ 0

E[X|S0] S0

∀A ∈ S0 : E[X1A] = E[E[X|S0]1A]
E[X|S0] S0

E[X|Y ] := E[X|S(Y )]

E[X|S0] E[X|S0]



E[X|S0] − E[X|S0] S0

A0 := {E[X|S0] > E[X|S0]} ∈ S0

E[E[X|S0]1A0 ]
V or= E[X1A0 ]
V or= E[E[X|S0]1A0 ]

E[(E[X|S0] − E[X|S0])︸ ︷︷ ︸
>0 A0

1A0 ] = 0

P [A0] = 0

P [E[X|S0] < E[X|S0]] = 0
P [E[X|S0] �= E[X|S0]] = 0

E[X|S0] = E[X|S0]

Ai ∈ S0

Q : (W, S0) → [0,∞], A �→ E [X1A]

(W, S0)

Q[∅] = E[X1∅] = E[0] = 0
Q[A0] = E[X1A0 ] ≥ 0

Q

[ ∞∑
i=1

Ai

]
= E

[
X1P∞

i=1 Ai

]
= E

[
X

∞∑
i=1

1Ai

]

=
∞∑

i=1

E[X1Ai
] =

∞∑
i=1

Q[Ai]

P [A0] = 0

Q[A0] =
∫

X1A0dP = 0

1 = P [X < ∞]

= P

[ ∞⋃
n=1

{X ≤ n}
]

= lim
n→∞P [X ≤ n]



{X ≤ n} ↑ W

Q[X ≤ n]
Def
= E[1{X≤n}X]

=
∫

1X≤nXdP

≤ nP [X ≤ n] ≤ n

S0 Y ≥ 0

∀A0 ∈ S0 : Q[A0] =
∫

A0

Y dP

E[X1A0 ] = Q[A0] = E[Y 1A0 ]

E[X|S0] = Y ≥ 0

∀S0 Y0 ≥ 0 : E[XY0] = E[E[X|S0]Y0]
′′ ⇒′′ 1A S0 A ∈ S0

′′ ⇐′′ ∑n
i=1 c11Ai

∈ T (S0) Ai ∈ S0

E

[
X

n∑
i=1

ci1Ai

]
=

n∑
i=1

ciE [X1Ai
]

=
n∑

i=1

ciE [E[X|S0]1Ai
]

= E

[
E[X|S0]

n∑
i=1

ci1Ai

]

Zn ∈ T (S0) Zn ↑ Y0

E [XY0] = E
[
X lim

n→∞Zn

]
= lim

n→∞E[XZn]

= lim
n→∞E [E[X|S0]Zn]

Zn↑Y0= E
[
E[X|S0] lim

n→∞Zn

]
= E [E[X|S0]Y ]



X = X+ − X− E[X+] < ∞ E[X−] < ∞

E[X|S0] = E[X+|S0] − E[X−|S0]

E[X+] < ∞ E[X−] < ∞
E[X] = E[E[X|S0]]

X1, X2 ∈ L1

E[cX1|S0] = cE[X1|S0]
E[X1 + X2|S0] = E[X1|S0] + E[X2|S0]

X1 ≤ X2

E[X1|S0] ≤ E[X2|S0]

|E[X|S0]| ≤ E[|X| |S0]

Xn ≥ 0

E
[

lim
n→∞Xn|S0

]
= lim

n→∞E[Xn|S0]

limn→∞ Xn

lim
n→∞E[Xn|S0]

Y0 ≥ 0 S0

Y0 ≡ 1 S0

E[E[X|S0]±] = E[E[X±|S0]Y0]

= E[X±Y0]
= E[X±]

E[X+] − E[X−] = E[E[X+|S0]] − E[E[X−|S0]]

E[X1|S0] S0 cE[X1|S0] S0

c ≥ 0

E[cX±
1 Y0] = E[X±

1 (cY0)]
= E[E[X±

1 |S0](cY0)]
= E[cE[X±

1 |S0]Y0]



E[cX±
1 |S0] = cE[X±

1 |S0]

c < 0

E[cX±
1 Y0] = −E[X±

1 (−cY0)]
= −E[E[X±

1 |S0](−cY0)]
= E[cE[X±

1 |S0]Y0]

E[cX±
1 |S0] = cE[X±

1 |S0]

E[X1|S0] + E[X2|S0] S0

W = {X1 ≥ 0, X2 ≥ 0} + {X1 < 0, X2 < 0}
+{X1 ≥ 0, X2 < 0, X+

1 ≥ X−
2 } + {X1 ≥ 0, X2 < 0, X+

1 < X−
2 }

+{X1 < 0, X2 ≥ 0, X+
2 ≥ X−

1 } + {X1 < 0, X2 ≥ 0, X+
2 < X−

1 }

X1 + X2 ≥ 0 A1 := {X1 ≥ 0, X2 ≥ 0}
X1 + X2 < 0 A2 := {X1 < 0, X2 < 0}
X1 + X2 ≥ 0 A3 := {X1 ≥ 0, X2 < 0, X+

1 ≥ X−
2 }

X1 + X2 < 0 A4 := {X1 ≥ 0, X2 < 0, X+
1 < X−

2 }
X1 + X2 ≥ 0 A5 := {X1 < 0, X2 ≥ 0, X+

2 ≥ X−
1 }

X1 + X2 < 0 A6 := {X1 < 0, X2 ≥ 0, X+
2 < X−

1 }

E
[
X+

1 Y0

]
= E

[
X+

1 (1A1 + 1A3 + 1A4)Y0

]
E
[
X−

1 Y0

]
= E

[
X−

1 (1A2 + 1A5 + 1A6)Y0

]
E
[
X+

2 Y0

]
= E

[
X+

2 (1A1 + 1A5 + 1A6)Y0

]
E
[
X−

2 Y0

]
= E

[
X−

2 (1A2 + 1A3 + 1A4)Y0

]

E [(X1 + X2)Y0]

= E
[
(X1 + X2)+Y0

]− E
[
(X1 + X2)−Y0

]
= E [(X1 + X2)(1A1 + 1A3 + 1A5)Y0]

−E [(X1 + X2)(1A2 + 1A4 + 1A6)Y0]
= E

[
(X+

1 1A1 + X+
1 1A3 − X−

1 1A5 + X+
2 1A1 − X−

2 1A3 + X+
2 1A5)Y0

]
−E

[
(X−

1 1A2 − X+
1 1A4 + X−

1 1A6 + X−
2 1A2 + X−

2 1A4 − X+
2 1A6)Y0

]
= E

[
X+

1 Y0

]
+ E

[
X+

2 Y0

]− E
[
X−

1 Y0

]− E
[
X−

2 Y0

]
= E [X1Y0] − E [X2Y0]



E[X1|S0] − E[X2|S0] S0

B0 = {E[X1|S0] > E[X2|S0]} ∈ S0

0 ≤
∫

B0

(E[X1|S0] − E[X2|S0])︸ ︷︷ ︸
>0 B0

dP

= E[1B0(E[X1|S0] − E[X2|S0])]
b)
= E[1B0(X1 − X2)]

=
∫

B0

(X1 − X2)︸ ︷︷ ︸
≤0

dP

≤ 0

P [B0] = 0
E[X1|S0] ≤ E[X2|S0]

E[|X| |S0] = E[X+ + X−|S0]
= E[X+|S0] + E[X−|S0]
≥ |E[X+|S0] − E[X−|S0]|
= |E[X|S0]|

Y0 ≥ 0 S0

N1 :=
∞⋃

n=1

{Xn < Xn−1} ∪ {Xn < 0}

N2 :=
∞⋃

n=1

{E[Xn|S0] < E[Xn−1|S0]} ∪ {E[Xn|S0] < 0}

N := N1 ∪ N2

P [N ] = 0

(E[Xn|S0])n (Xn)n NC

(Y0E[Xn|S0]︸ ︷︷ ︸
≥0

)n, (Y0Xn︸ ︷︷ ︸
≥0

)n NC



E
[
Y0 lim

n→∞E[Xn|S0]
]

= lim
n→∞E[Y0E[Xn|S0]]

= lim
n→∞E[Y0Xn]

= E
[
Y0 lim

n→∞Xn

]

lim
n→∞E[Xn|S0] = E

[
lim

n→∞Xn

∣∣∣S0

]

lim
n→∞Xn

⇒ (Xn)n

⇒ ∀ε > 0∃N ∀n, m ≥ N :
|E[Xn|S0] − E[Xm|S0]| ≤ E[|Xn − Xm||S0] < ε

⇒ (E[Xn|S0])n R

⇒ lim
n→∞E[Xn|S0]

X Z0 ≥ 0 S0

E[Z0X|S0] = Z0E[X|S0]
E[Z0|S0] = Z0

S(X), S0

E[X|S0] = E[X]

∀A ∈ S0 : P [A] ∈ {0, 1}

E[X|S0] = E[X]

Y0, Z0 ≥ 0 S0

Z0E[X|S0] Z0Y0 S0

E[ Y0Z0︸ ︷︷ ︸
S0− ,≥0

E[X|S0]±] = E[Y0Z0X
±]

= E[Y0(Z0X)±]



E[Z0X|S0] = Z0E[X|S0]

Y0 = 1W

E[Z01W ] = Z0E[1W ] = Z0

E[X] S0

E[Y0X
±] = E[Y0]E[X±]

= E[Y0E[X±]]

E[X|S0] = E[X]

A ∈ S0, B ∈ S(X)

P [A] = 0 ⇒ P [A ∩ B] = 0 = P [A]P [B]
P [A] = 1 ⇒ P [A ∩ B] = P [B] = P [A]P [B]

S0 S(X)

∀n ∈ N : |Xn| ≤ Y ∈ L1

E
[
lim inf
n→∞ Xn

∣∣∣S0

]
≤ lim inf

n→∞ E[Xn|S0]

E

[
lim sup

n→∞
Xn

∣∣∣∣S0

]
≥ lim sup

n→∞
E[Xn|S0]

limn→∞ Xn R

E
[

lim
n→∞Xn|S0

]
= lim

n→∞E[Xn|S0]

lim
n→∞E

[∣∣∣E [ lim
n→∞Xn|S0

]
− E[Xn|S0]

∣∣∣] = 0



Xn ≥ 0 (infk≥n Xk)n

∀j ≥ n : 0 ≤ inf
k≥n

Xk ≤ Xj

∀j ≥ n : E

[
inf
k≥n

Xk

∣∣∣∣S0

]
≤ E[Xj |S0]

E

[
inf
k≥n

Xk

∣∣∣∣S0

]
≤ inf

j≥n
E[Xj |S0]

lim
n→∞E

⎡
⎢⎢⎢⎣ inf

k≥n
Xk︸ ︷︷ ︸

≥0

∣∣∣∣∣∣∣∣∣
S0

⎤
⎥⎥⎥⎦ ≤ lim

n→∞ inf
k≥n

E[Xk|S0]

E

[
lim

n→∞ inf
k≥n

Xk

∣∣∣∣S0

]
(infk≥n Xk)n↑

≤ lim inf
n→∞ E[Xn|S0]

∀n ∈ N : |Xn| ≤ Y

Y ≥ 0 Xn ≥ −Y

⇒ Xn + Y ≥ 0∣∣∣lim inf
n→∞ Xn

∣∣∣ , ∣∣∣∣lim sup
n→∞

Xn

∣∣∣∣ ≤ Y

⇒ lim inf
n→∞ Xn, lim sup

n→∞
Xn ∈ L1

E

[
lim

n→∞ inf
k≥n

Xk

∣∣∣∣S0

]

= E

[
lim

n→∞ inf
k≥n

(Xk + Y − Y )
∣∣∣∣S0

]

= E

[
lim

n→∞ inf
k≥n

(Xk + Y )
∣∣∣∣S0

]
− E[Y |S0]

≤ lim inf
n→∞ E[Xn + Y |S0] − E[Y |S0]

= lim inf
n→∞ E[Xn|S0]

E

[
lim sup

n→∞
Xn

∣∣∣∣S0

]
= −E

[
lim inf
n→∞ (−Xn)

∣∣∣S0

]
≥ − lim inf

n→∞ E [(−Xn)|S0]

= lim sup
n→∞

E[Xn|S0]



E
[

lim
n→∞Xn|S0

]
≤ lim inf

n→∞ E[Xn|S0]

≤ lim sup
n→∞

E[Xn|S0]

≤ E
[

lim
n→∞Xn|S0

]

E
[

lim
n→∞Xn|S0

]
= lim

n→∞E[Xn|S0]

0 ≤ lim
n→∞E

[∣∣∣E[Xn|S0] − E
[

lim
n→∞Xn|S0

]∣∣∣]
= lim

n→∞E
[∣∣∣E [Xn − lim

n→∞Xn|S0

]∣∣∣]
≤ lim

n→∞E
[
E
[∣∣∣Xn − lim

n→∞Xn

∣∣∣ |S0

]]
= lim

n→∞E
[∣∣∣Xn − lim

n→∞Xn

∣∣∣]
= lim

n→∞

∫ ∣∣∣Xn − lim
n→∞Xn

∣∣∣ dP

|Xn−limn→∞ Xn|≤2|Y |∈L1

=
∫

lim
n→∞ |Xn − lim

n→∞Xn|dP

=
∫

0dP = 0

lim
n→∞E

[∣∣∣E[Xn|S0] − E
[

lim
n→∞Xn|S0

]∣∣∣] = 0

S0 ⊂ S1 ⊂ S X ≥ 0

E[E[X|S1]|S0] = E[X|S0]
E[E[X|S0]|S1] = E[X|S0]

Y0 ≥ 0 S0 Y0 S1

E [Y0E[X|S1]]
Y0 S1−= E[Y0X]
Y0 S0−= E[Y0E[X|S0]]



E [E[X|S1]|S0] = E [X|S0]

E[X|S0] S0 S1

E[E[X|S0]|S1] = E[X|S0] E[1|S1]︸ ︷︷ ︸
=1

= E[X|S0]

X ∈ L1

E[f(X)|S0] ≥ f(E[X|S0])

un = anx + bn ∈ L(f)

f(x) = sup
n∈N

un

n ∈ N

E[f(X)|S0] ≥ E[anX + bn|S0]
= anE[X|S0] + bn E[1|S0]︸ ︷︷ ︸

=1 P [W ]=1

= un(E[X|S0])

E[f(X)|S0] ≥ sup
n∈N

un(E[X|S0])

= f(E[X|S0])

p ∈ [1,∞] S0 ⊂ S

Lp(W, S, P ) → Lp(W, S, P ), X �→ E[X|S0]

‖ E[X|S0] ‖p≤‖ X ‖p

p ∈ [1,∞)

f : [0,∞) → [0,∞), x �→ xp



f ′(x) = pxp−1 ≥ 0
f ′′(x) = p(p − 1)xp−2 ≥ 0

|E[X|S0]|p ≤ E[|X||S0]p ≤ E[|X|p|S0]

E[|E[X|S0]|p] ≤ E[|X|p] < ∞

E[|E[X|S0]|p] 1
p ≤ E[|X|p] 1

p

‖ E[X|S0] ‖p ≤ ‖ X ‖p

p = ∞

|E[X|S0]| ≤ E[|X| |S0]
≤ E[‖ X ‖∞ |S0]
= ‖ X ‖∞

‖ E[X|S0] ‖∞ ≤ ‖ X ‖∞
limn→∞ ‖ Xn − X ‖p= 0

lim
n→∞ ‖ E[Xn|S0] − E[X|S0] ‖p = lim

n→∞ ‖ E[Xn − X|S0] ‖p

a),b)

≤ lim
n→∞ ‖ Xn − X ‖p= 0

X ∈ L2 S0 Y0 ∈ L2

E
[
(X − E[X|S0])

2
]
≤ E

[
(X − Y0)2

]

E
[
(X − E[X|S0])2

]
= E

[
(X − Y0)2

]
⇐⇒ Y0 = E[X|S0]



E
[
(X − E[X|S0])2

]
+ E[(E[X|S0] − Y0)2︸ ︷︷ ︸

≥0

]

= E
[
X2
]− 2 E [XE[X|S0]]︸ ︷︷ ︸

=E[E[X|S0]2]

+E
[
E[X|S0]2

]
+E

[
E[X|S0]2

]− 2 E [Y0E[X|S0]]︸ ︷︷ ︸
=E[XY0]

+E
[
Y 2

0

]
= E

[
(X − Y0)2

]

E
[
(X − E[X|S0])2

]
= E

[
(X − Y0)2

]
⇐⇒ Y0 = E[X|S0]

(Xi)i (Sj)j

Xi,j := E[Xi|Sj ]

(Xij)(i,j)∈I×J

X ∈ L1 (E[X|Sj ])j

E[|E[Xi|Sj ]|] ≤ E[E[|Xi||Sj ]]
≤ E[|Xi|] < ∞

Xi,j ∈ L1

Xi

f : [0,∞) → [0,∞)

lim
x→∞

f(x)
x

= ∞

c := sup
i∈I

∫
f(|Xi|)dP < ∞

sup
i∈I

E[f(|Xi|)] < ∞



∀i, j ∈ I : E [f(|Xi,j |)] Def
= E [f(|E[Xi|Sj ]|)]

f

≤ E [f(E[|Xi||Sj ])]
f

≤ E [E[f(|Xi|)|Sj ]]
= E [f(|Xi|)]

sup
i,j

∫
f(|Xi,j |)dP = sup

i,j
E[f(|Xi,j |)]

≤ sup
i∈I

E[f(|Xi|)]
s.o.
< ∞

(Xi,j)i,j



I ⊂ R (W, S, P ) (Sn)n∈I

∀m < n : Sm ⊂ Sn

Sn

∀n ∈ N : Xn : (W, S, P ) → (R, B)
Xn Sn

∀n ∈ N : Xn ∈ L1

(Xn)n

⇐⇒ E[Xn+1|Sn] = Xn

⇐⇒ E[Xn+1 − Xn|Sn] = 0

(Xn)n

⇐⇒ E[Xn+1|Sn] ≥ Xn

⇐⇒ E[Xn+1 − Xn|Sn] ≥ 0

(Xn)n

⇐⇒ E[Xn+1|Sn] ≤ Xn

⇐⇒ E[Xn+1 − Xn|Sn] ≤ 0

Xn Sn

E[(Xn+1 − Xn)|Sn] = E[Xn+1|Sn] − E[Xn|Sn]
= E[Xn+1|Sn] − Xn

E[Xn+1|Sn] =,≥,≤ Xn

∀k ∈ N : E[Xn+k|Sn] =,≥,≤ Xn

E[Xn+k − Xn|Sn] = E

[
k∑

i=1

(Xn+i − Xn+i−1)

∣∣∣∣∣Sn

]

=
k∑

i=1

E[Xn+i − Xn+i−1|Sn]

=
k∑

i=1

E[E[Xn+i − Xn+i−1|Sn+i−1]︸ ︷︷ ︸
=,≥,≤0

|Sn]

=,≥,≤ 0



X ∈ L1(W, S, P ) (Sn)n

Xn := E[X|Sn]

Xn Sn Xn ∈ L1

E[Xn+1|Sn] = E[E[X|Sn+1]|Sn]
Sn⊂Sn+1= E[X|Sn]

= Xn

a, b ∈ R

⇐⇒
a, b ≥ 0 aX + bY

min(Xn, Yn)

(Xn)n∈N0

∃N ∈ N : E[XN ] ≥ E[X0]

∀0 ≤ n ≤ N : E[XN |Sn] = Xn

(Xn)0≤n≤N

cN → ∞ E[XcN
] ≥ E[X0]

aXn+1 + bYn+1 Sn+1 L1

E[aXn+1 + bYn+1|Sn] = aE[Xn+1|Sn] + bE[Yn+1|Sn]
= aXn + bYn

E[Xn+1|Sn] ≤ Xn ⇐⇒ E[−Xn+1|Sn] ≥ −Xn+1



aXn+1 + bYn+1 ∈ L1 Sn+1

E[aXn+1 + bYn+1|Sn] = aE[Xn+1|Sn] + bE[Yn+1|Sn]
a,b≥0

≤ aXn+1 + bYn+1

|min(Xn, Yn)| ≤ |Xn| + |Yn|
E[|min(Xn, Yn)|] ≤ E[|Xn|] + E[|Yn|] < ∞

min(Xn, Yn) ∈ L1

E[min(Xn+1, Yn+1)|Sn] ≤ E[Xn+1|Sn] ≤ Xn

E[min(Xn+1, Yn+1)|Sn] ≤ E[Yn+1|Sn] ≤ Yn

E[min(Xn+1, Yn+1)|Sn] ≤ min(Xn, Yn)

0 ≤ n ≤ N

0 ≥ E

⎡
⎢⎣E[XN |Sn] − Xn︸ ︷︷ ︸

≤0

⎤
⎥⎦

= E[XN ] − E[Xn]
E[Xn]≤E[X0]≥ E[XN ] − E[X0]

V or≥ 0

E[XN |Sn] − Xn = 0
Xn = E[XN |Sn]

(E[XN |Sn])N
n=0

(Xn)n∈{0,...,N}

limN→∞ cN = ∞
∀n ∈ N : E[Xn+1|Sn] = Xn

(Xn)n



Xn ∈ L1(W, S, P ) Sn

Xn = Mn + An

Sn−1 (An)n

Mn = Xn −
n∑

k=1

E[Xk − Xk−1|Sk−1]

A0 = 0

An =
n∑

k=1

E[Xk − Xk−1|Sk−1]

An−1 Sn−2 − Sn−2⊂Sn−1⇒ An−1 Sn−1 −
(Mn)n

0
Mn = E[Mn − Mn−1|Sn−1]

= E[Xn − Xn−1 − An + An−1|Sn−1]
An Sn−1−= E[Xn − Xn−1|Sn−1] − An + An−1

A0 := 0

An = An−1 + E[Xn − Xn−1|Sn−1]

An =
n∑

k=1

E[Xk − Xk−1|Sk−1]

An, Mn

An =
n∑

k=1

E[Xk − Xk−1|Sk−1] Sn−1

Mn
Xn∈L1

= Xn −
n∑

k=1

E[Xk − Xk−1|Sk−1] ∈ L1 Sn

E[Mn+1 − Mn|Sn] = E[Xn+1 − Xn − E[Xn+1 − Xn|Sn]|Sn]
= E[Xn+1 − Xn|Sn] − E[Xn+1 − Xn|Sn]
= 0



(Xn)n

⇐⇒ (An)n

(Xn)n

⇐⇒ (An)n

E[Xn+1 − Xn|Sn]
= E[Mn+1 − Mn|Sn]︸ ︷︷ ︸

=0

+E[An+1 − An|Sn]

An+1 Sn−
= An+1 − An

E[Xn+1 − Xn|Sn] ≥ 0 ⇐⇒ An ≤ An+1

E[Xn+1 − Xn|Sn] ≤ 0 ⇐⇒ An ≥ An+1

X0 Xk −Xk−1

Vk

Vk Sk−1

X0 +
n∑

k=1

Vk(Xk − Xk−1)

(Xn)n ∀k ∈ N : Vk Sk−1

Vk(Xk − Xk−1) ∈ L1

X0 +
n∑

k=1

Vk(Xk − Xk−1)

L1

X0 +
n∑

k=1

Vk(Xk − Xk−1) ∈ L1



Vk Sk−1 Xk Sk X0 +
∑n

k=1 Vk(Xk −
Xk−1) Sn

E

[
X0 +

n+1∑
k=1

Vk(Xk − Xk−1) − X0 −
n∑

k=1

Vk(Xk − Xk−1)

∣∣∣∣∣Sn

]

Vn+1Sn= E[Vn+1(Xn+1 − Xn)|Sn]
= Vn+1 · E[Xn+1 − Xn|Sn]︸ ︷︷ ︸

=0

= 0

I ⊂ R (Sn)n∈I

T : (W, S, P ) → I ∪ {∞}
⇐⇒

1.) ∀n ∈ I : {T = n} ∈ Sn

2.) ∀n ∈ I : {T ≤ n} ∈ Sn

Sn

⇒
{T ≤ n} =

⋃
m≤n

{T = m}︸ ︷︷ ︸
∈Sm⊂Sn

∈ Sn

⇐
{T = n} = {T ≤ n} ∩ {T ≤ n − 1}C

= {T ≤ n}︸ ︷︷ ︸
∈Sn

∩{T > n − 1}︸ ︷︷ ︸
∈Sn−1⊂Sn

∈ Sn

T1, T2

max(T1, T2) min(T1, T2)
max(T1, n) min(T1, n)

T2 ≥ 0 T1 + T2

T1 + T2 T2

T1 − T2

T1 − T2 T2



{min(T1, T2) ≤ n} = {T1 ≤ n} ∪ {T2 ≤ n} ∈ Sn

{max(T1, T2) ≤ n} = {T1 ≤ n} ∩ {T2 ≤ n} ∈ Sn

{min(T1, n) ≤ n} = {T1 ≤ n} ∪ {n ≤ n}︸ ︷︷ ︸
=W

∈ Sn

{max(T1, n) ≤ n} = {T1 ≤ n} ∩ {n ≤ n}︸ ︷︷ ︸
=W

∈ Sn

{T1 + T2 ≤ n} =
⋃
k≤n

{T1 ≤ n − k}︸ ︷︷ ︸
∈Sn−k⊂Sn

∩{T2 = k}︸ ︷︷ ︸
∈Sk⊂Sn

∈ Sn

T2≥0=
⋃

0≤k≤n

{T1 ≤ n − k}︸ ︷︷ ︸
∈Sn−k⊂Sn

∩{T2 = k}︸ ︷︷ ︸
∈Sk⊂Sn

∈ Sn

{T1 − m ≤ n} = {T1 ≤ n + m} ∈ Sn+m

Sn � Sn+m

{T1 ≤ n + m} �∈ Sn

T1 − T2

Xn Sn A ∈ B

TA(w) =
{

min{n ≥ 0 : Xn(w) ∈ A}
∞

{TA = n} = {Xn ∈ A} ∩ {Xn−1 ∈ AC}︸ ︷︷ ︸
∈Sn−1⊂Sn

∩ . . . ∩ {X0 ∈ AC}︸ ︷︷ ︸
∈S0⊂Sn

∈ Sn

LA(w) =
{

max{n ≥ 0 : Xn(w) ∈ A}
∞



(Xn)n∈N0

Xmin(T,n) = X0 +
min(T,n)∑

k=1

(Xk − Xk−1)

= X0 +
n∑

k=1

1{T≥k}(w)(Xk − Xk−1)(w)

min(T (w), n) = n ⇐⇒ T (w) ≥ n

⇐⇒ ∀ 1 ≤ k ≤ n : T (w) ≥ k

⇐⇒ 1T≥k(w) = 1

1 ≤ r ≤ n

min(T (w), n) = r ⇐⇒ T (w) = r

⇐⇒ ∀ 1 ≤ k ≤ r : T (w) ≥ k

∀ r + 1 ≤ k ≤ n : T (w) < k

⇐⇒ ∀ 1 ≤ k ≤ r : 1T≥k(w) = 1
∀ r + 1 ≤ k ≤ n : 1T≥k(w) = 0

min(T,n)∑
k=1

(Xk − Xk−1) =
n∑

k=1

1{T≥k}(Xk − Xk−1)

{T ≤ k − 1} ∈ Sk−1

1T≥k = 1T>k−1

= 1 − 1T≤k−1 Sk−1

X0 +
n∑

k=1

1{T≥k}(Xk − Xk−1)︸ ︷︷ ︸
∈L1

∈ L1



(Xn)n

XT = X0 +
T∑

k=1

(Xk − Xk−1)

∃N < ∞ : P [T ≤ N ] = 1

E[XT ] = E[X0](
Xmin(T,n)

)
n

P [T < ∞] = 1

E[XT ] = E[X0]

(Xn)n S ≤ T ≤ N ∈
N

E[XS ] ≥ E[XT ]
E[XS ] ≤ E[XT ]

P [T ≤ N ] = 1

XT = Xmin(T,N)

Xmin(T,N)

E[X0] = E[Xmin(T,N)]
XT =Xmin(T,N)= E[XT ]

w ∈ {T < ∞}
T (w)

lim
n→∞Xmin(T,n)(w) = XT (w)

w ∈ {T < ∞} n ∈ N
Xmin(T,n)

∀n ∈ N : E[X0] = E[Xmin(T,n)]

E[X0] = lim
n→∞E[Xmin(T,n)]

= E
[

lim
n→∞Xmin(T,n)

]
limn→∞ Xmin(T,n)=XT

= E[XT ]



XS = X0 +
min(S,N)∑

k=1

(Xk − Xk−1)

XT = X0 +
min(T,N)∑

k=1

(Xk − Xk−1)

E[Xk − Xk−1] ≤ 0
E[Xk − Xk−1] ≥ 0

E[XT − XS ] =
min(T,N)∑

k=min(S,N)

E[Xk − Xk−1]

E[XT − XS ] ≤ 0
E[XT − XS ] ≥ 0



(Sn)n

Xn : (W, S, P ) → (R, B) Sn a, b ∈ R a < b
[a, b] (Xn)n

Q0 = 0
Qk(w) = min{n ≥ Tk−1(w) : Xn(w) ≤ a}

T0 = 0
Tk(w) = min{n ≥ Qk(w) : Xn(w) ≥ b}

Q1

Tk

Qk−1

Qk

Tk−1

(Xn)n Qk Tk [a, b] ⇐⇒

Tk < ∞

[a, b] [0, N ]

UN
a,b(w) = max{k : Tk(w) ≤ N}

[a, b]

Ua,b = lim
N→∞

UN
a,b

Qk, Tk

Tk−1 = ∞ Qk = ∞
Qk = ∞ Tk = ∞

UN
a,b S (

⋃∞
n=1 Sn)

Qk(w) = j ⇐⇒ min{n ≥ Tk−1(w) : Xn(w) ≤ a} = j

⇐⇒ Tk−1(w) = m < j, Xm+1(w) > a

, . . . , Xj−1(w) > a, Xj(w) ≤ a



{Qk = j} = {Tk−1 = m < j}︸ ︷︷ ︸
∈Sm

∩{Xm+1 > a}︸ ︷︷ ︸
∈Sm+1

∩ . . . ∩ {Xj−1 > a}︸ ︷︷ ︸
∈Sj−1

∩{Xj ≤ a}︸ ︷︷ ︸
∈Sj

∈ Sj

Tk(w) = j

⇐⇒ max{n ≥ Qk(w) : Xn(w) ≥ b} = j

⇐⇒ Qk−1(w) = m < j, Xm+1(w) < b, . . . , Xj−1(w) < b, Xj(w) ≥ b

{Tk = j} = {Qk−1 = m < j}︸ ︷︷ ︸
∈Sm

∩{Xm+1 < b}︸ ︷︷ ︸
∈Sm+1

∩ . . . ∩ {Xj−1 < b}︸ ︷︷ ︸
∈Sj−1

∩{Xj ≥ b}︸ ︷︷ ︸
∈Sj

∈ Sj

Tk−1 = ∞
⇒ Qk = inf{n ≥ Tk−1 : Xn ≤ a} = ∞

Qk = ∞
⇒ Tk = inf{n ≥ Qk : Xn ≤ a} = ∞

UN
a,b =

∞∑
k=1

1Tk≤N

UN
a,b S (

⋃∞
n=1 Sn)

(Xn)n

a) E
[
UN

a,b

] ≤ 1
b − a

E[(XN − a)−]

b) E[Ua,b] ≤ 1
b − a

sup
N

E[(XN − a)−]



Z :=
∞∑

k=1

(
Xmin(Tk,N) − Xmin(Qk,N)

)
Tn+1 ≥ N > Tn [a, b] [0, N ] n−1 n

Qn+1 < N

Xmin(Qn+1,N) − Xmin(Tn+1,N) = XQn+1 − XN

≤ a − XN

Qn+1 ≥ N

Xmin(Qn+1,N) − Xmin(Tn+1,N) = XN − XN = 0

Xmin(Qn+1,N) − Xmin(Tn+1,N) ≤ max(0,−(XN − a))

= (XN − a)−

m ≥ 2

Xmin(Qn+m,N) − Xmin(Tn+m,N) = XN − XN = 0

Z n + 1
≥ (b − a)

Z =
∞∑

k=1

(
Xmin(Tk,N) − Xmin(Qk,N)

)

=
n+1∑
k=1

(
Xmin(Tk,N) − Xmin(Qk,N)

)
≥ (b − a) · UN

a,b + Xmin(Tn+1,N) − Xmin(Qn+1,N)

(b − a)UN
a,b ≤ Z + Xmin(Qn+1,N) − Xmin(Tn+1,N)

≤ Z + (XN − a)−

min(Tk, N) ≥ min(Qk, N) (Xn)n

E[Z] =
n+1∑
k=1

(
E[Xmin(Tk,N)] − E[Xmin(Qk,N)]

)︸ ︷︷ ︸
≤0

≤ 0



E
[
UN

a,b

] ≤ E[Z]
b − a︸ ︷︷ ︸
≤0

+
E [(XN − a)−]

b − a

≤ E[(XN − a)−]
b − a

UN
a,b ≥ 0 N

E[Ua,b] = E
[

lim
N→∞

UN
a,b

]
= lim

N→∞
E[UN

a,b]

≤ 1
b − a

sup
N∈N

E[(XN − a)−]

sup
n∈N

E[(Xn − a)−] < ∞ ⇐⇒ sup
n∈N

E[X−
n ] < ∞

⇐⇒ sup
n∈N

E[|Xn|] < ∞

∀a ≥ 0 : max(0,−(Xn − a)) = a + max(−a,−Xn)
≤ a + max(0,−Xn)

∀a < 0 : max(0,−(Xn − a)) = max(0, a − Xn)
≤ max(0,−Xn)

max(0,−(Xn − a)) ≤ max(0,−Xn) + |a|
(Xn − a)− ≤ X−

n + |a|

∀a ≥ 0 : max(0,−Xn) ≤ max(0,−Xn + a)
∀a < 0 : max(0,−Xn) = max(a,−Xn + a) − a

a<0≤ max(0,−Xn + a) + |a|



max(0,−Xn) ≤ max(0,−Xn + a) + |a|
X−

n ≤ (Xn − a)− + |a|
E[|a|] = |a| < ∞

sup
n∈N

E[(Xn − a)−] < ∞ ⇐⇒ sup
n∈N

E[X−
n ] < ∞

E[X+
n ] − E[X−

n ] = E[Xn]
≤ E[X0] =

E[|Xn|] = E[X+
n + X−

n ]
= E[X+

n ] + E[X−
n ]

≤ 2E[X−
n ] + E[X0]

sup
n∈N

E[|Xn|] ≤ sup
n∈N

2E[X−
n ] + E[X0] < ∞

X−
n ≤ |Xn|

sup
n∈N

E[X−
n ] ≤ sup

n∈N

E[|Xn|] < ∞

sup
n∈N

E[X−
n ] < ∞ ⇐⇒ sup

n∈N

E[|Xn|] < ∞

(Xn)n

sup
n∈N

E[X−
n ] < ∞

1.) lim
n→∞Xn

2.) lim
n→∞Xn ∈ L1 S

( ∞⋃
n=1

Sn

)

limn→∞ Xn



E[Ua,b︸︷︷︸
≥0

] ≤ 1
b − a

sup
n∈N

E[(Xn − a)−]

supn∈N
E[X−

n ]<∞
< ∞

P [Ua,b = ∞] = 0

{
lim inf
n→∞ Xn < lim sup

n→∞
Xn

}
⊂

⋃
a,b∈Q,a<b

{Ua,b = ∞}

P

[
lim inf
n→∞ Xn < lim sup

n→∞
Xn

]
≤ P

⎡
⎣ ⋃

a,b∈Q,a<b

{Ua,b = ∞}
⎤
⎦

≤
∑

a,b∈Q,a<b

P [Ua,b = ∞]

= 0

lim
n→∞Xn

E
[∣∣∣ lim

n→∞Xn

∣∣∣] = E
[
lim inf
n→∞ |Xn|

]
≤ lim inf

n→∞ E[|Xn|]
≤ sup

n∈N

E[|Xn|]
supn∈N

E[X−
n ]<∞

< ∞

lim
n→∞Xn ∈ L1

Xn S (
⋃∞

n=1 Sn) S (
⋃∞

n=1 Sn)

(Xn)n



lim
n→∞Xn

lim
n→∞Xn ∈ L1 S

( ∞⋃
n=1

Sn

)
−

lim
n→∞E

[∣∣∣Xn − lim
n→∞Xn

∣∣∣] = 0

E
[

lim
n→∞Xn

]
= lim

n→∞E[Xn]

∀n ∈ N : Xn = E

[
lim

k→∞
Xk

∣∣∣∣Sn

]
(Xn)n

∀n ∈ N : Xn ≥ E

[
lim

k→∞
Xk

∣∣∣∣Sn

]
(Xn)n

sup
n≥0

E[|Xn|] < ∞

(Xn)n

lim
n→∞Xn

lim
n→∞Xn ∈ L1 S

( ∞⋃
n=1

Sn

)
−

Xn

lim
n→∞E

[∣∣∣Xn − lim
n→∞Xn

∣∣∣] = 0

E
[

lim
n→∞Xn

]
= lim

n→∞E[Xn]

(Xn)n limn→∞ Xn

∀A ∈ Sn

(Xn+k1A)k

lim
k→∞

Xn+k1A

(E [Xn+k|Sn] 1A)k

lim
k→∞

E [Xn+k|Sn] 1A



E

[
lim

k→∞
E [Xn+k|Sn] 1A

]
= lim

k→∞
E[E[Xn+k|Sn]1A]

= lim
k→∞

E[Xn+k1A]

= E

[
lim

k→∞
Xn+k1A

]

E

[
lim

k→∞
Xn+k|Sn

]
= lim

k→∞
E [Xn+k|Sn]

E [Xn+1|Sn] ≤ Xn

∀k ∈ N : E [Xn+k|Sn] ≤ Xn

lim
k→∞

E [Xn+k|Sn] ≤ Xn

E

[
lim

k→∞
Xn+k|Sn

]
≤ Xn

E

[
lim

k→∞
Xk|Sn

]
≤ Xn



(Sn)n≤0

. . . ⊂ S−1 ⊂ S0 ⊂ S

(M−n)n∈N0 (S−n)n∈N0 ⇐⇒
∀n ∈ N0 : M−n S−n

∀n ∈ N0 : M−n ∈ L1

∀n ∈ N : E[M−n+1|S−n] = M−n

(M−n)n

a) ∀n ∈ N0 : M−n = E[M0|S−n]
b) (M−n)n

E[M0|S−n] − M−n = E[M0 − M−n|S−n]

= E

[
n−1∑
i=0

(M0−i − M−1−i)

∣∣∣∣∣S−n

]

=
n−1∑
i=0

E [M0−i − M−1−i|S−n]

S−n⊂S−1−i=
n−1∑
i=0

E [E[M0−i − M−1−i|S−1−i]|S−n]

=
n−1∑
i=0

E

⎡
⎣M−1−i − M−1−i︸ ︷︷ ︸

=0

|S−n

⎤
⎦

= 0

(E[M0|S−n])n∈N0

a < b N ∈ N
U−N

a,b (Xn)n [a, b]
−N 0

Ua,b := lim
N→∞

U−N
a,b



(M−n)n∈N0

lim
n→−∞M−n

lim
n→∞E

[∣∣∣M−n − lim
n→∞M−n

∣∣∣] = 0

E
[

lim
n→∞M−n

]
= lim

n→∞E [M−n]

lim
n→∞M−n = E[M0|S−∞] S−∞ =

∞⋂
n=0

S−n

U−N
a,b N

E [Ua,b] = E
[

lim
N→∞

U−N
a,b

]
= lim

N→∞
E
[
U−N

a,b

]
≤ 1

b − a
E[(M0 − a)]− < ∞

P [Ua,b < ∞] = 1

{
lim inf
n→∞ M−n < lim sup

n→∞
M−n

}
⊂

⋃
a,b∈Q,a<b

{Ua,b < ∞}

P

[
lim inf
n→∞ M−n < lim sup

n→∞
M−n

]
≤

∑
a,b∈Q,a<b

P [Ua,b < ∞]

= 0

lim
n→∞M−n

E
[∣∣∣ lim

n→∞M−n

∣∣∣] = E
[∣∣∣lim inf

n→∞ M−n

∣∣∣]
≤ lim inf

n→∞ E [|M−n|]
≤ sup

n∈N

E [|M−n|] < ∞

lim
n→∞Mn ∈ L1



M−n = E[M0|S−n] (M−n)n∈N

limn→∞ Mn ∈ L1

lim
n→∞E

[∣∣∣M−n − lim
n→∞M−n

∣∣∣] = 0

E
[

lim
n→∞M−n

]
= lim

n→∞E [M−n]

A ∈ S∞
∀n ∈ N : A ∈ S−n

E
[

lim
n→∞M−n1A

]
= lim

n→∞E[M−n1A]

= lim
n→∞E[E[M0|S−n]1A]

A∈S−n= lim
n→∞E[E[M01A|S−n]]

= lim
n→∞E[M01A]

= E[M01A]

lim
n→∞M−n = E[M0|S−∞]



S∞ :=
∞⋂

n=1

S (Xn+1, Xn+2, . . .)

Q(n) := {r : N → N : ∀k > n : r(k) = k}
Tr : { } → { }, (xn)n �→ (xr(n))n

Sa,n =
{
A ∈ S ((Xn)n) | ∀r ∈ Q(n) : T−1

r (A) = A
}

Sa =
∞⋂

n=1

Sa,n

a) S∞, Sa,n, Sa

b) Q(n) ⊂ Q(n + 1)
c) Sa,n+1 ⊂ Sa,n

d) S∞ ⊂ Sa

T−1
r (∅) = ∅

T−1
r

(
AC
)

= T−1
r (A)C

T−1
r

( ∞⋃
n=1

An

)
=

∞⋃
n=1

T−1
r (An)

Sa,n

r ∈ Q(n)
⇒ r : N → N ∀k > n : r(k) = k

⇒ r : N → N ∀k > n + 1 : r(k) = k

⇒ r ∈ Q(n + 1)
⇒ Q(n) ⊂ Q(n + 1)

∀A ∈ S(Xn)n ∀r ∈ Q(n + 1) : T−1
r (A) = A

⇒ ∀A ∈ S(Xn)n ∀r ∈ Q(n) : T−1
r (A) = A

⇒ (A ∈ Sa,n+1 ⇒ A ∈ Sa,n)



r ∈ Q(n) n Xi

∀n ∈ N : S(Xn+1, . . .) ⊂ Sa,n

S∞ :=
∞⋂

n=1

S(Xn+1, Xn+2, . . .) ⊂ Sa,n

Y : (W, S((Xn)n)) → (R, B)

Y Sa,n ⇐⇒ ∀r ∈ Q(n) : Y = Y ◦ Tr

Y Sa ⇐⇒ ∀r ∈
∞⋃

n=1

Q(n) : Y = Y ◦ Tr

⇐ r ∈ Q(n) A ∈ B
T−1

r (Y −1(A)) = (Y ◦ Tr)−1(A) Y =Y ◦Tr= Y −1(A) ∈ S((Xn)n)

Y −1(A) ∈ Sa,n

⇒
Y Sa,n −

⇒
{ ∀A ∈ B : Y −1(A) ∈ S((Xn)n)

∀r ∈ Q(n) : T−1
r (Y −1(A)) = Y −1(A)

⇒
{ ∀A ∈ B : Y −1(A) ∈ S((Xn)n)

∀r ∈ Q(n) : (Y ◦ Tr)−1(A) = Y −1(A)
⇒ ∀r ∈ Q(n) : Y ◦ Tr = Y S((Xn)n)

Y Sa ⇐⇒ ∀n ∈ N : Y Sa,n

⇐⇒ ∀n ∈ N ∀r ∈ Q(n) : Y = Y ◦ Tr

⇐⇒ ∀r ∈
∞⋃

n=1

Q(n) : Y = Y ◦ Tr

Xn : (W, S, P ) → (R, B)

∀i, j ∈ N : P [X−1
i (·)] = P [X−1

j (·)]
P =

⊗
n∈N P [X−1

n (·)] (∏
n∈N Wn,⊗n∈NSn

)
∀r ∈

∞⋃
n=1

Q(n) : P [(·)] = P
[
T−1

r (·)]



n ∈ N, r ∈ Q(n) Bi ∈ S(Xi)

P [B1 × . . . × Bn × Wn+1 × . . .]

=
n∏

i=1

P [X−1
i (Bi)]

P [X−1
r(i)(·)]=P [X−1

i (·)]
=

n∏
i=1

P [X−1
i (Br(i))]

= P [Br(1) × . . . × Br(n) × Wn+1 × . . .]

B1 × . . . × Bn

⊗
n∈N

Sn = S

( ∞⋃
n=1

(
n⊗

i=0

Si × Wn+1 × . . .

))

P [(·)] = P
[
T−1

r (·)]

Y ∈ L1(W, S(Xn), P )

∀r ∈
⋃
n∈N

Q(n) : P [(·)] = P
[
T−1

r (·)]

E[Y |Sa,n] =
1
n!

∑
r∈Q(n)

Y ◦ Tr

E[Y |Sa] = lim
n→∞

1
n!

∑
r∈Q(n)

Y ◦ Tr

0 = lim
n→∞E

⎡
⎣
∣∣∣∣∣∣E[Y |Sa] − 1

n!

∑
r∈Q(n)

Y ◦ Tr

∣∣∣∣∣∣
⎤
⎦

q ∈ Q(n)

Hq : Q(n) → Q(n), r �→ r ◦ q

Hq−1 : Q(n) → Q(n), r �→ r ◦ q−1



1
n!

∑
r∈Q(n)

Y ◦ Tr ◦ Tq =
1
n!

∑
r∈Q(n)

Y ◦ Tr◦q

=
1
n!

∑
r◦q∈Q(n)

Y ◦ Tr◦q

=
1
n!

∑
r∈Q(n)

Y ◦ Tr

1
n!

∑
r∈Q(n) Y ◦ Tr Sa,n

Zn ≥ 0 Sa,n

E

⎡
⎣
⎛
⎝ 1

n!

∑
r∈Q(n)

Y ◦ Tr

⎞
⎠Zn

⎤
⎦

Zn Sa,n−
=

1
n!

∑
r∈Q(n)

E [(Y ◦ Tr) Zn ◦ Tr]

=
1
n!

∑
r∈Q(n)

E[(Y · Zn) ◦ Tr]

=
1
n!

∑
r∈Q(n)

∫
(Y · Zn) ◦ TrdP [(·)]

=
1
n!

∑
r∈Q(n)

∫
(Y · Zn)dP [T−1

r (·)]

P [T−1
r (·)]=P [(·)]

=
1
n!

∑
r∈Q(n)

∫
(Y · Zn)dP [(·)]

=
1
n!

∑
r∈Q(n)

E[Y Zn]

= E[Y Zn]

E [Y |Sa,n] =
1
n!

∑
r∈Q(n)

Y ◦ Tr



S−n = Sa,n M−n = E[Y |Sa,n]

E [M−n+1|S−n] = E [E [Y |Sa,n−1] |Sa,n]
Sa,n⊂Sa,n−1= E [Y |Sa,n]

= M−n

(M−n)n∈N S−n

lim
n→∞E[Y |Sa,n] = lim

n→∞
1
n!

∑
r∈Q(n)

Y ◦ Tr

E[Y |Sa] = E

[
Y

∣∣∣∣∣
∞⋂

n=1

Sa,n

]
= lim

n→∞
1
n!

∑
r∈Q(n)

Y ◦ Tr ∈ L1

0 = lim
n→∞E

⎡
⎣
∣∣∣∣∣∣E[Y |Sa] − 1

n!

∑
r∈Q(n)

Y ◦ Tr

∣∣∣∣∣∣
⎤
⎦

Xi : (W, S, P ) → (R, B) Xi ∈ L1 ∀i, j :
P [X−1

i (·)] = P [X−1
j (·)]

Y−n :=
1
n

n∑
i=1

Xi S−n := Sa,n

lim
n→∞

1
n

n∑
i=1

Xi = E[X1|Sa] ∈ L1

lim
n→∞E

[∣∣∣∣∣ 1n
n∑

i=1

Xi − E[X1|Sa]

∣∣∣∣∣
]

= 0

lim
n→∞

1
n

n∑
i=1

Xi = E[X1|S∞]

lim
n→∞

1
n

n∑
i=1

Xi = E[X1]



Y−n ◦ Tr =
1
n

n∑
i=1

Xr(i)

=
1
n

n∑
i=1

Xi

= Y−n

Y−n S−n = Sa,n

ti : N → N,

⎧⎨
⎩

i �→ n
n �→ i
k �→ k k �∈ {i, n}

ti ∈ Q(n)

Hti : Q(n) → Q(n), r �→ r ◦ ti

Ht−1
i

: Q(n) → Q(n), r �→ r ◦ t−1
i

∀1 ≤ i ≤ n :
∑

r∈Q(n)

Xr(n) =
∑

r∈Q(n)

Xr◦ti(n) =
∑

r∈Q(n)

Xr(i)

E
[
Y−(n−1)|S−n

]
= E

[
1

n − 1

n−1∑
i=1

Xi

∣∣∣∣∣Sa,n

]

=
1

n − 1

n−1∑
i=1

E [Xi|Sa,n]

=
1

n − 1

n−1∑
i=1

1
n!

∑
r∈Q(n)

Xi ◦ Tr

=
1

n − 1
1
n!

∑
r∈Q(n)

n−1∑
i=1

Xr(i)



=
1

n − 1
1
n!

∑
r∈Q(n)

n∑
i=1

Xr(i) − 1
n − 1

1
n!

∑
r∈Q(n)

Xr(n)

=
1

n − 1
1
n!

∑
r∈Q(n)

Y−n ◦ Tr − 1
n − 1

1
n!

∑
r∈Q(n)

1
n

n∑
i=1

Xr(i)

=
(

1
n − 1

− 1
n(n − 1)

)
E [Y−n|Sa,n]

Y−n Sa,n−
=

1
n

n∑
i=1

Xi = Y−n

(Y−n)n S−n = Sa,n

lim
n→∞

1
n

n∑
i=1

Xi = E

[
X1

∣∣∣∣∣
∞⋂

n=1

S−n

]
= E[X1|Sa] ∈ L1

lim
n→∞E

[∣∣∣∣∣ 1n
n∑

i=1

Xi − E[X1|Sa]

∣∣∣∣∣
]

= 0

Xn

lim
n→∞

1
n

n∑
i=1

Xi S∞ −

E[E[X1|S∞]] = E[X1]

lim
n→∞

1
n

n∑
i=1

Xi

S∞−= E

[
lim

n→∞
1
n

n∑
i=1

Xi

∣∣∣∣∣S∞

]

= E [E [X1|Sa] |S∞]
S∞⊂Sa= E[X1|S∞]

= E[X1]



T �= ∅ ∀t ∈ T : (Wt, St)

(Wt)t∈T

WT :=
∏
t∈T

Wt = {(wt)t∈T : wt ∈ Wt}

prt : WT → Wt, (wt)t∈T �→ wt

∀K ⊂ T : prK : WT → WK , (wt)t∈T �→ (wt)t∈K

∀K ⊂ L ⊂ T : prL
K : WL → WK , (wt)t∈L �→ (wt)t∈K

J ⊂ K ⊂ L ⊂ T

prJ = prK
J ◦ prK

prL
J = prK

J ◦ prL
K

A ∈ WT

prK(A) = {(wt)t∈K : (wt)t∈T ∈ A}
prK

J ◦ prK(A) = {(wt)t∈J : (wt)t∈K ∈ prK(A)}
= {(wt)t∈J : (wt)t∈T ∈ A}
= prJ(A)

A ∈ WT

prL
K(A) = {(wt)t∈K : (wt)t∈L ∈ A}

prK
J ◦ prL

K(A) =
{
(wt)t∈J : (wt)t∈K ∈ prL

K(A)
}

= {(wt)t∈J : (wt)t∈L ∈ A}
= prL

J (A)



prt

S

(⋃
t∈T

pr−1
t (St)

)
=
⊗
t∈T

St

(
×t∈T Wt,

⊗
t∈T

St

)

⊗
t∈T

St =

{
A ⊂ WT : ∃TA ⊂ T A ∈ pr−1

TA

(⊗
t∈TA

St

)}

⊗
t∈T St

Wt⊗
t∈T St (wt)t∈T⊗

t∈T St

Ŝ =

{
A ⊂ WT

∣∣∣∣∣∃ TA ⊂ T A ∈ pr−1
TA

(⊗
t∈TA

St

)}

Ŝ
t0 ∈ T {t0}

(Wt)t∈T = pr−1
t0 (Wt0) ∈ Ŝ

∅ = pr−1
t0 (∅) ∈ Ŝ

A = pr−1
TA

(A′) ∈ Ŝ

AC = pr−1
TA

(A′)C = pr−1
TA

⎛
⎜⎝ A′C︸︷︷︸

∈N
t∈TA

St

⎞
⎟⎠ ∈ Ŝ



(Ai)i∈N Ŝ
⋃∞

i=1 TAi

∞⋃
i=1

Ai =
∞⋃

i=1

pr−1
TAi

(A′
i)

=
∞⋃

i=1

(
pr

TS∞
i=1 Ai

TAi
◦ prTS∞

i=1 Ai

)−1

(A′
i)

= pr−1
TS∞

i=1 Ai

⎛
⎜⎜⎜⎜⎝

∞⋃
i=1

(
pr

TS∞
i=1 Ai

TAi

)−1

(A′
i)︸ ︷︷ ︸

∈N
t∈S∞

i=1 TAi
St

⎞
⎟⎟⎟⎟⎠

⊂
∀t ∈ T : pr−1

t (St) ⊂ Ŝ⋃
t∈T

pr−1
t (St) ⊂ Ŝ

⊗
t∈T

St = S

(⋃
t∈T

pr−1
t (St)

)
⊂ Ŝ

⊃ A ∈ Ŝ
t ∈ TA At ∈ St

pr−1
t (At) = pr−1

TA

((
prTA

t

)−1

(At)
)

∈ pr−1
TA

(⊗
t∈TA

St

)

⊗
t∈TA

St

⋃
t∈TA

(
prTA

t

)−1

(St)

pr−1
TA

( ⋃
t∈TA

(
prTA

t

)−1

(St)

)

=
⋃

t∈TA

pr−1
t (St)



S

( ⋃
t∈TA

pr−1
t (St)

)
= pr−1

TA

(⊗
t∈TA

St

)

⊗
t∈T

St = S

(⋃
t∈T

pr−1
t (St)

)

⊃ S

( ⋃
t∈TA

pr−1
t (St)

)

= pr−1
TA

(⊗
t∈TA

St

)

A ∈
⊗
t∈T

St

Ŝ ⊂
⊗
t∈T

St

J ⊂ K prJ , prj , prK
J ⊗

t∈J St

(prK
J )−1(A1 × . . . × AJ) = A1 × . . . × AJ × (Wt)t∈K\J

∈
⊗
t∈K

St

pr−1
j (Aj) ∈

⋃
t∈T

pr−1
t (St) ⊂

⊗
t∈T

St

pr−1
J (A1 × . . . × AJ) =

⋂
j∈J

pr−1
j (Aj)

∈ S

(⋃
t∈T

pr−1
t (St)

)

∀0 < |J | < ∞, J ⊂ T PJ(
×t∈JWt,

⊗
t∈J

St

)



{PJ : 0 < |J | < ∞, J ⊂ T}

⇐⇒

∀J ⊂ K, 0 < |J |, |K| < ∞ : PJ [·] = PK

[
(prK

J )−1(·)]
(W, S)

PJ := P
[
pr−1

J (·)]

PJ = P
[
pr−1

J (·)]
= P

[(
prK

J ◦ prK

)−1
(·)
]

= P
[
pr−1

K ◦ (prK
J

)−1
(·)
]

= PK

[
(prK

J )−1(·)]

(Wt, St) = (R, B)

ZJ :=

{
N∑

k=1

(ak, bk]J : ak, bk ∈ R|J|, N ∈ N

}

Z :=
⋃

0<|J|<∞
pr−1

J (ZJ)

WJ WT

S

(⋃
t∈T

pr−1
t (B)

)
= S

⎛
⎝ ⋃

0<|J|<∞
pr−1

J (ZJ)

⎞
⎠

ZJ Bp

pr−1
J (ZJ) pr−1

J



B, C ∈ ⋃0<|J|<∞ pr−1
J (ZJ) J, K ⊂ T B ∈ ZJ , C ∈ ZK

L := K ∪ J

|L| ≤ |K| + |J | < ∞
B, C ∈ ZL

B + C, B\C, B ∩ C ∈ ZL

⊂ pr−1
t

C ,
⋃∞

i=1

pr−1
t (Zt) ∈ S

⎛
⎝ ⋃

0<|J|<∞
pr−1

J (ZJ)

⎞
⎠

pr−1
t (S(Zt)) ∈ S

⎛
⎝ ⋃

0<|J|<∞
pr−1

J (ZJ)

⎞
⎠

S

(⋃
t∈T

pr−1
t (B)

)
⊂ S

⎛
⎝ ⋃

0<|J|<∞
pr−1

J (ZJ)

⎞
⎠

⊃

pr−1
J

(
N∑

k=1

(ak, bk]J

)
=

N∑
k=1

pr−1
J (ak, bk]J

=
N∑

k=1

⋃
j∈J

pr−1
j prJ

j
−1(ak, bk]

∈ S

(⋃
t∈T

pr−1
t (B)

)

pr−1
J (ZJ) ⊂ S

(⋃
t∈T

pr−1
t (B)

)

S

⎛
⎝ ⋃

0<|J|<∞
pr−1

J (ZJ)

⎞
⎠ ⊂ S

(⋃
t∈T

pr−1
t (B)

)

∀J ⊂ T, 0 < |J | < ∞ ∀A ∈
⊗
j∈J

Sj : P
[
pr−1

J (A)
]

= PJ [A]



P0 :
⋃

J⊂T,0<|J|<∞
pr−1

J (ZJ) → R, A ∈ pr−1
J (ZJ) �→ PJ [A]

A ∈ ZJ

B ∈ ZK

pr−1
J (A) = pr−1

K (B)

J ⊂ K

pr−1
K (B) = B × (Wt)t∈T\K

pr−1
J (A) = pr−1

K

((
prK

J

)−1
(A)

)
=

(
prK

J

)−1
(A) × (Wt)t∈T\K

B =
(
prK

J

)−1
(A)

PK [B] = PK

[(
prK

J

)−1
(A)

]
= PJ [A]

J, K ⊂ T

L := J ∪ K

pr−1
K (B) = B × (Wt)t∈J\K × (Wt)t∈T\(K∪J)

pr−1
J (A) = A × (Wt)t∈K\J × (Wt)t∈T\(K∪J)

PJ [A] = PL[C] = PK [B]

P0 Z =
⋃

0<|J|<∞ pr−1
J (ZJ)



P0[∅] = PJ [∅] = 0
P0[WT ] = Pt0 [Wt0 ] = 1
P0[A] = PJ [A] ≥ 0

C1, C2 ∈ Z C1 ∩ C2 = ∅

∃|J | < ∞ : C1 = pr−1
J (A) A ∈ ZJ

∃|K| < ∞ : C2 = pr−1
J (B) B ∈ ZK

C1 + C2 = pr−1
J∪K(A × (Wt)t∈J\K︸ ︷︷ ︸

=A′

) + pr−1
J∪K(B × (Wt)t∈K\J︸ ︷︷ ︸

=B′

)

= pr−1
J∪K(A′ + B′)

P0[C1 + C2] = PJ∪K [A′ + B′]
= PJ∪K [A′] + PJ∪K [B′]
= P0[C1] + P0[C2]

P0 Z =
⋃

0<|J|<∞ pr−1
J (ZJ)

(
pr−1

Jn

(
Nn∑
k=1

(ak, bk]Jn

))
n

Jn ⊂ Jn+1

r := lim
n→∞P0

[
pr−1

Jn

(
Nn∑
k=1

(ak, bk]Jn

)]
> 0

∞⋂
n=1

pr−1
Jn

(
Nn∑
k=1

(ak, bk]Jn

)
�= ∅

PJn

PJn

[
Nn∑
k=1

(ak, bk]Jn

]
= PJn

⎡
⎣ ∞⋃

kJn=1

Nn∑
k=1

[
ak +

1
kJn

, bk

]
Jn

⎤
⎦

= lim
kJn→∞

PJn

[
Nn∑
k=1

[
ak +

1
kJn

, bk

]
Jn

]



lim
k→∞

PJn

[
Nn∑
k=1

(
ak, ak +

1
kJn

)
Jn

]
= 0

∀n ∃kJn
: PJn

[
Nn∑
k=1

(
ak, ak +

1
kJn

)
Jn

]
<

r

2n+1

⎛
⎝ ⋂

1≤i≤n

pr−1
Ji

(
Ni∑

k=1

[
ak +

1
kJi

, bk

]
Ji

)⎞⎠
n

pr−1
Jn

(
Nn∑
k=1

(ak, bk]Jn

)
\
⋂

1≤i≤n

pr−1
Ji

(
Ni∑

k=1

[
ak +

1
kJi

, bk

]
Ji

)

= pr−1
Jn

(
Nn∑
k=1

(ak, bk]Jn

)

∩
⋃

1≤i≤n

⎛
⎝pr−1

Ji

(
Ni∑

k=1

[
ak +

1
kJi

, bk

]
Ji

)C
⎞
⎠

⊂
⋃

1≤i≤n

(
pr−1

Ji

(
Ni∑

k=1

(ak, bk]Ji

)

∩pr−1
Ji

(
Ni∑

k=1

[
ak +

1
kJi

, bk

]
Ji

)C
⎞
⎠

=
⋃

1≤i≤n

pr−1
Ji

(
Ni∑

k=1

(
ak, ak +

1
kJi

))



P0 : Z → R

P0

⎡
⎣pr−1

Jn

(
Nn∑
k=1

(ak, bk]Jn

)
\
⋂

1≤i≤n

pr−1
Ji

(
Ni∑

k=1

[
ak +

1
kJi

, bk

]
Jn

)⎤⎦

≤ P0

⎡
⎣ ⋃

1≤i≤n

pr−1
Ji

(
Ni∑

k=1

(
ak, ak +

1
kJi

))⎤⎦
≤

∑
1≤i≤n

PJi

[
N∑

k=1

(
ak, ak +

1
kJi

)
Ji

]

≤
∑

1≤i≤n

r

2n+1

≤ r

2

A ⊂ B ⇒ A + B\A = B

⇒ P [A] + P [B\A] = P [B]
⇒ P [A] = P [B] − P [B\A]

P

⎡
⎣ ⋂

1≤i≤n

pr−1
Ji

(
Ni∑

k=1

[
ak +

1
kJi

, bk

]
Ji

)⎤⎦
= P0

[
pr−1

Jn

(
Nn∑
k=1

(ak, bk]Jn

)]

−P0

⎡
⎣pr−1

Jn

(
Nn∑
k=1

(ak, bk]Jn

)
\
⋂

1≤i≤n

pr−1
Ji

(
Ni∑

k=1

[
ak +

1
kJi

, bk

]
Jn

)⎤⎦
≥ r − r

2
=

r

2

∀n ∈ N :
⋂

1≤i≤n

pr−1
Ji

(
Ni∑

k=1

[
ak +

1
kJi

, bk

]
Ji

)
�= ∅

∀n ∈ N ∃ Cn ∈ BJn :

⋂
1≤i≤n

pr−1
Ji

(
Ni∑

k=1

[
ak +

1
kJi

, bk

]
Ji

)
= pr−1

Jn
(Cn)



n = 1

C1 =
N1∑
k=1

[
ak +

1
kJ1

, bk

]
J1

n → n + 1 Jn ⊂ Jn+1

prJn
= pr

Jn+1
Jn

◦ prJn+1

⋂
1≤i≤n+1

pr−1
Ji

(
Ni∑

k=1

[
ak +

1
kJi

, bk

]
Jn+1

)

= pr−1
Jn+1

(
Ni∑

k=1

[
ak +

1
kJn+1

, bk

]
Jn+1

)

∩
⋂

1≤i≤n

pr−1
Ji

(
Ni∑

k=1

[
ak +

1
kJi

, bk

]
Jn

)

= pr−1
Jn+1

(Bn+1) ∩ pr−1
Jn

(Cn)

= pr−1
Jn+1

(Bn+1) ∩ pr−1
Jn+1

((
pr

Jn+1
Jn

)−1

(Cn)
)

= pr−1
Jn+1

(
Bn+1 ∩

(
pr

Jn+1
Jn

)−1

(Cn)
)

Cn

pr
Jn+1
Jn

: RJn+1 → RJn

(pr
Jn+1
Jn

)−1(Cn)
Bn+1

Cn+1 := Bn+1︸ ︷︷ ︸ ∩
(
pr

Jn+1
Jn

)−1

(Cn)︸ ︷︷ ︸ ∈ BJn+1

∀n ∈ N : pr−1
Jn

(Cn) =
⋂

1≤i≤n

pr−1
Ji

(
Ni∑

k=1

[
ak +

1
kJi

, bk

]
Ji

)
�= ∅



∀n ∈ N ∃xn ∈ RT : xn ∈
⋂

1≤i≤n

pr−1
Ji

(
Ni∑

k=1

[
ak +

1
kJi

, bk

]
Ji

)

∀n, m ∈ N xn+m ∈
⋂

1≤i≤n+m

pr−1
Ji

(
Ni∑

k=1

[
ak +

1
kJi

, bk

]
Ji

)

⊂
⋂

1≤i≤n

pr−1
Ji

(
Ni∑

k=1

[
ak +

1
kJi

, bk

]
Jn

)

⊂ pr−1
Jn

(Cn)

∀n, m ∈ N : prJn(xn+m) ∈ Cn

C1 (x1+m1,j
)j∈N

(x1+m)m∈N y1 ∈ C1

lim
j→∞

prJ1(x1+m1,j
) = y1

n − 1 → n Cn

(xn+mn,j
)j∈N (xn+mn−1,j

)j∈N yn ∈ Cn

lim
j→∞

prJn
(xn+mn,j

) = yn

∀i ≤ n − 1 (xn+mn,j
)j∈N (xi+mi,j

)j∈N

lim
j→∞

prJi
(xn+mn,j

) = yi

Jn−1 ⊂ Jn prJn

Jn−1

yn−1 = lim
j→∞

prJn−1(xn+mn,j )

= lim
j→∞

prJn

Jn−1
prJn

(xn+mn,j
)

= prJn

Jn−1
lim

j→∞
prJn

(xn+mn,j
)

= prJn

Jn−1
(yn)

(xn+mn,n)n (xn+mn,j )j

∀i ∈ N : lim
n→∞ prJi

(xn+mn,n
) = yi



x ∈ RT

∀t ∈ T : xt :=
{

prt(yi) ∃i ∈ N : t ∈ Ji

prt(y1) t �∈ ⋃∞
i=1 Ji

t ∈ Ji ⊂ Jk prt Ji ⊂ Jk

prt(x)
t∈Ji = prt(yi)

= prt

(
pr

Ji+1
Ji

. . . prJk

Jk−1
(yk)

)
t∈Ji⊂Jk= prt(yk)

t∈Jk = prt(x)

t ∈ Ji

prt (prJn(x)) t∈Jn= prt(x) t∈Jn= prt(yn)

∀n ∈ N : prJn
(x) = yn ∈ Cn

∀n ∈ N : x ∈ pr−1
Jn

(Cn)

x ∈
∞⋂

n=1

pr−1
Jn

(Cn)

x ∈
∞⋂

n=1

⋂
1≤i≤n

pr−1
Ji

(
Ni∑

k=1

[
ak +

1
kJi

, bk

]
Ji

)

⊂
∞⋂

n=1

pr−1
Jn

(
Nn∑
k=1

(ak, bk]

)

∞⋂
n=1

pr−1
Jn

(
Nn∑
k=1

(ak, bk]Jn

)
�= ∅

P
[
pr−1

J ((ak, bk]J)
]

= PJ [(ak, bk]J ]

PJ = P [pr−1
J (·)]



∀J ⊂ T, 0 < |J | < ∞ PJ

(RJ , BJ) (PJ)0<|J|<∞
∃! P (RT , BT )

∀0 < |J | < ∞ : PJ = P
[
pr−1

J (·)]
P0

S(Z) =
⊗

t∈T St



a ∈ Rn C n× n R C = CT

f : Rn → Rn, x �→ exp
(− 1

2 (x − a)T C−1(x − a)
)√

(2π)n|det C|
N(a, C)

C = CT

BCBT = D′ =

⎛
⎜⎝ d1 0

0 dn

⎞
⎟⎠

⇒ C = BT D′−1B

⇒ C−1 = B−1D′−1BT −1

⇒ BC−1BT = D′−1 =

⎛
⎜⎝ d−1

1 0

0 d−1
n

⎞
⎟⎠

di C d−1
i C−1

A : Rn → Rn, x �→ BT (x + a)

A−1 : Rn → Rn, x �→ Bx − a

A(Rn) = Rn

A(x − a) = BT x

DA = BT

1 = det 1n = det BBT = det B det BT

= (detB)2 = (det DA)2

det C = det BT D′B = det BT det D′ det B

=
n∏

i=1

di



∫
Rn

exp
(−(x − a)T C−1(x − a)

2

)
dln

=
∫

Rn

|det DA|︸ ︷︷ ︸
=1

exp
(−(BT x)T C−1BT x

2

)
dln

=
∫

Rn

exp
(−xT D′−1x

2

)
dln

=
∫

Rn

exp
(−∑n

i=1 d−1
i x2

i

2

)
dln

=
∫

R

. . .

∫
R

n∏
i=1

exp
(−d−1

i x2
i

2

)
dx1 . . . dxn

=
n∏

i=1

∫ ∞

−∞
exp

(−d−1
i x2

2

)
dx

=
n∏

i=1

√
di

∫ ∞

−∞
exp

(−x2

2

)
dx

=
√

2π
n

n∏
i=1

√
di

=
√

2π
n√

det C

P [X−1(·)] = N(a, C) n × n
d ∈ Rn

P [(BX + d)−1(·)] = N(Ba + d, BCBT )

Y : Rn → Rn, x �→ Bx + d

Y −1 : Rn → Rn, x �→ B−1(x − d)
DY −1 = B−1

det DY = det B−1 =
1

det B



P [Y −1((−∞, y](n))]

=
∫

Y −1((−∞,y](n))

fXdln

=
∫

(−∞,y](n)

fX ◦ Y −1|det DY |dln

=
∫

(−∞,y](n)

exp
(
− 1

2

(
B−1(x − d) − a

)T
C−1

(
B−1(x − d) − a

))
√

(2π)n det C

1√
det B det BT

dln

=
∫

(−∞,y](n)

exp
(− 1

2 ((x − (Ba + d))T B−1T C−1B−1(x − (Ba + d))
)√

(2π)n det BCBT

dln

X : (W, S, P ) → (Rn, Bn)

Xi : Rn → R, (x1, . . . , xn) → xi

E[|Xi|] =
∫

W

|Xi|dP < ∞

E[Xi] =
∫

W

XidP

Xi

E[Xi]

E[X] := (E[X1], . . . , E[Xn])

X = (X1, . . . , Xn) E[X]
k × n d ∈ Rk

Y = CX + d

E[Y ] = CE[X] + d



Y =

⎛
⎜⎝ C11 · · · C1n

Ck1 · · · Ckn

⎞
⎟⎠
⎛
⎜⎝ X1

Xn

⎞
⎟⎠+

⎛
⎜⎝ d1

dk

⎞
⎟⎠ =

⎛
⎜⎝
∑n

i=1 c1iXi + d1

∑n
i=1 ckiXi + dk

⎞
⎟⎠

E[Y ] = E

⎡
⎢⎣
∑n

i=1 c1iXi + d1

∑n
i=1 ckiXi + dk

⎤
⎥⎦ =

⎛
⎜⎝
∑n

i=1 c1iE[Xi] + d1

∑n
i=1 ckiE[Xi] + dk

⎞
⎟⎠

= CE[X] + d

P [X−1(·)] = N(a, C)

E[X] = a

Xi : Rn → R, (x1, . . . , xn) → xi

A : Rn → Rn, x �→ Bx + a

Xi ◦ A(x) =
n∑

j=1

bijxj + ai



E[Xi] =
∫

Rn

Xifdln

=
1√

(2π)n det C

∫
Rn

|det DA|︸ ︷︷ ︸
=1

(Xi ◦ A)︸ ︷︷ ︸
=

Pn
j=1 bijxj+ai

n∏
k=1

exp
(−dkx2

k

2

)
dln

=
n∑

j=1

bij
1√

(2π)n
∏n

i=1 di

∫
Rn

xj

n∏
k=1

exp
(−dkx2

k

2

)
dln

+ai

n∏
k=1

1√
2πdk

∫ ∞

−∞
exp

(−dkx2
k

2

)
dxk︸ ︷︷ ︸

=1

=
n∑

j=1

bij

∫ ∞

−∞
xj exp

(
−djx

2
j

2

)
︸ ︷︷ ︸

=0

n∏
k=1,k �=j

∫ ∞

−∞
exp

(−dkx2
k

2

)
dxk + ai

= ai

X1, . . . , Xn : (W, S, P ) → (R, B) V arXi

Kov(X) := (Kov[Xi, Xj ])1≤i,j≤n

X = (X1, . . . , Xn)

Kov(X) = E
[
(X − E[X])T (X − E[X])

]
= E[XT X] − E[X]T E[X]

≥ 0
k × n d ∈ Rk

Kov(CX + d) = CKov(X)CT

E[XT X] − E[X]T E[X]
= E [(XiXj)i,j ] − (E[Xi]E[Xj ])i,j

= (E[XiXj ] − E[Xi]E[Xj ])i,j

= E [(Xi − E[Xi]) · (Xj − E[Xj ])]i,j
= E

[
(X − E[X])T (X − E[X])

]



E
[
(X − E[X])T (X − E[X])

]
= E [(Xi − E[Xi]) · (Xj − E[Xj ])]i,j
= (Kov[Xi, Xj ])1≤i,j≤n

= Kov(X)

∀i, j : Kov[Xi, Xj ] = Kov[Xj , Xi]

∀a ∈ Rn

aT Kov(X)a =
n∑

i,j=1

aiajKov(Xi, Xj)

= Kov

⎛
⎝ n∑

i=1

aiXi,

n∑
j=1

ajXj

⎞
⎠

= V ar

(
n∑

i=1

aiXi

)
≥ 0

C = (crs)1≤r≤k,1≤s≤n

(Kov[CX + d])ij

=

(
Kov

(
k∑

r=1

cirXr + di,

k∑
t=1

cjtXt + dj

))
i,j

=

⎛
⎝ ∑

1≤r,t≤n

circjtKov[Xr, Xt]

⎞
⎠

i,j

=

⎛
⎜⎝ C11 · · · C1n

Ck1 · · · Ckn

⎞
⎟⎠
⎛
⎜⎝ Kov(X1, X1) · · · Kov(X1, Xn)

Kov(Xn, X1) · · · Kov(Xn, Xn)

⎞
⎟⎠

⎛
⎜⎝ C11 · · · Ck1

C1n · · · Ckn

⎞
⎟⎠

=
(
CKov(X)CT

)
1≤i,j≤k



X = (X1, . . . , Xn) P [X−1(·)] = N(a, C)

Kov(X) = C

BCBT = D′ =

⎛
⎜⎝ d1 0

0 dn

⎞
⎟⎠

P [(BX − Ba)−1(·)] = N(Ba − Ba, BCBT )
= N(0, D′)

Y := BX − Ba

Kov(Yi, Yj) = E[YiYj ] − E[Yi]︸ ︷︷ ︸
=0

E[Yj ]︸ ︷︷ ︸
=0

=
{ ∫

Yifidl · ∫ Yjfjdl ·∏i �=k �=j

∫
fkdl i �= j∫

Y 2
i fidl ·∏k �=i

∫
fkdl i = j

=

⎧⎨
⎩

E[Yi]︸ ︷︷ ︸
=0

E[Yj ]︸ ︷︷ ︸
=0

∏
i �=k �=j 1 i �= j

E[Y 2
i ]
∏

k �=i 1 i = j

=
{

0 i �= j
di i = j

Kov(Y ) = D′

X = BT Y + a

Kov[X] = BT Kov[Y ]B
= BT D′B
= C

P [(X1, . . . , Xn)−1(·)] = N(a, C)

X1, . . . , Xn ⇐⇒ ∀i �= j : Kov(Xi, Xj) = 0



⇐

C = (Kov(Xi, Xj))i,j =

⎛
⎜⎝ C11 0

0 Cnn

⎞
⎟⎠

C−1 =

⎛
⎜⎝ C−1

11 0

0 C−1
nn

⎞
⎟⎠

f(x) =
1

(2π)n/2

1∏n
j=1

√
Cjj

exp

⎛
⎝−1

2

n∑
j=1

(xj − aj)2

Cjj

⎞
⎠

=
n∏

j=1

1√
2πCjj

exp
(
−1

2
(xj − aj)2

Cjj

)
= f1(x1) . . . fn(xn)

X1, . . . , Xn

⇒ X1, . . . , Xn ∀i �= j : Kov(Xi, Xj) = 0

P [X−1
1 (·)] = N(0, 1)

P [Y = 1] =
1
2

= P [Y = −1]

X2 = Y X1

P [X−1
2 (·)] = N(0, 1)

Kov(X1, X2) = 0

X1, X2 (X1, X2)

P [X1 ∈ (2, 3) ∩ X2 ∈ (0, 1)] = P [∅] = 0
P [X1 ∈ (2, 3)] · P [X2 ∈ (0, 1)] > 0



X1, X2

P [X−1
2 ((−∞, x])]

= P [(Y X1)−1((−∞, x])]
= P [X−1

1 ((−∞, x]) ∩ {Y1 = 1}
+X−1

1 ([−x,∞)) ∩ {Y1 = −1}]
X1,Y

= P [X−1
1 ((−∞, x])] · P [Y1 = 1]

+P [X−1
1 ([−x,∞))] · P [Y1 = −1]

=
1
2

∫ x

−∞

1√
2π

exp
(−y2

2

)
dy +

1
2

∫ ∞

−x

1√
2π

exp
(−y2

2

)
dy

=
∫ x

−∞

1√
2π

exp
(−y2

2

)
dy

= P [X−1
1 ((−∞, x])]

= N(0, 1)[(−∞, x]]

(−∞, x] B

P [X−1
2 (·)] = N(0, 1)

Kov(X1, X2) = E[X1X2] − E[X1]︸ ︷︷ ︸
=0

E[X2]︸ ︷︷ ︸
=0

= E[X2
1Y ]

Y,X1 = E[X2
1 ]E[Y ]

= 1 · 0 = 0



T = [0,∞) ∀t ∈ T : Xt : (W, S, P ) → (R, B)
XT ⇐⇒

(1) X0 = 0
(2) ∀t ∈ T : P [X−1

t (·)] = N(0, t)
(3) ∀0 < t1 < . . . < tn : Xt1 − X0, . . . , Xtn

− Xtn−1

(4) ∀t, h, s, s < t : P
[
(Xt+h − Xs+h)−1(·)] = P

[
(Xt − Xs)−1(·)]

(5) t �→ Xt

⇐⇒
(i) X0 = 0

(ii) ∀n ∈ N ∀0 < t1 < . . . < tn :
P [(Xt1 , . . . , Xtn

)−1(·)] = N(0, min(ti, tj))
(iii) t �→ Xt

⇒

P
[
(Xti − Xti−1)

−1(·)] (4)
= P

[
(Xti−ti−1 − X0)−1(·)]

(1)
= P

[
(Xti−ti−1)

−1(·)]
(2)
= N(0, ti − ti−1)

Xtn
− Xtn−1 , . . . , Xt1 − Xt0

P [(Xt1 − X0, . . . , Xtn
− Xtn−1)

−1(·)] = N

⎛
⎜⎝0,

⎛
⎜⎝ t1 0

0 tn − tn−1

⎞
⎟⎠
⎞
⎟⎠

⎛
⎜⎝ 1 0

1 · · · 1

⎞
⎟⎠

︸ ︷︷ ︸
=A

⎛
⎜⎝ Xt1 − Xt0

Xtn − Xtn−1

⎞
⎟⎠ =

⎛
⎝ Xt1∑i

j=1(Xtj − Xtj−1)∑n
j=1(Xtj

− Xtj−1)

⎞
⎠

=

⎛
⎜⎝ Xt1

Xtn

⎞
⎟⎠



CJ = ADJAT

=

⎛
⎜⎝ 1 0

1 · · · 1

⎞
⎟⎠
⎛
⎜⎜⎜⎝

t1 − t0 t1 − t0 · · · t1 − t0
0 t2 − t1 t2 − t1

0 0 · · · tn − tn−1

⎞
⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎝

t1 − t0 t1 − t0 t1 − t0
t1 − t0

∑2
i=1(ti − ti−1)

∑2
i=1(ti − ti−1)

t1 − t0
∑2

i=1(ti − ti−1)
∑n

i=1(ti − ti−1)

⎞
⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎝

t1 t1 · · · t1
t1 t2 · · · t2

t1 t2 · · · tn

⎞
⎟⎟⎟⎠

= (min(ti, tj))1≤i,j≤n

P [(Xt1−X0, . . . , Xtn
−Xtn−1)

−1(·)] = N

⎛
⎜⎝0,

⎛
⎜⎝ t1 − t0 0

0 tn − tn−1

⎞
⎟⎠
⎞
⎟⎠

P
[
(Xt1 , . . . , Xtn

)−1 (·)
]

= P
[
(A(Xtn

− Xtn−1 , . . . , X1 − X0))−1(·)]
= N

⎛
⎜⎝A0, A

⎛
⎜⎝ t1 − t0 0

0 tn − tn−1

⎞
⎟⎠AT

⎞
⎟⎠

= N(0, min(ti, tj))



⇐

P
[(

Xt1 − Xt0 , . . . , Xtn
− Xtn−1

)−1 (·)
]

= P
[(

A−1(Xt1 , . . . , Xtn

)−1
(·)
]

ii)
= N

(
A−10, A−1 min(ti, tj)

(
A−1

)T)

= N

⎛
⎜⎝0,

⎛
⎜⎝ t1 − t0

tn − tn−1

⎞
⎟⎠
⎞
⎟⎠

Xt1 − Xt0 , . . . , Xtn
− Xtn−1

P
[
(Xti − Xti−1)

−1(·)] = N(0, ti − ti−1)

∀t, h, s, s < t :

P
[
(Xt+h − Xs+h)−1(·)]

= N(0, t + h − (s + h)) = N(0, t − s)
= P

[
(Xt − Xs)−1(·)]

P
[
X−1

t (·)] = P
[
(Xt − X0)−1(·)]

= N(0, t − 0) = N(0, t)

[0,∞)

P

[(
Xt1 − X0, . . . , Xtn

− Xtn−1

)−1
(
pr

{t1,...,tn}
{ti1 ,...,tik

}
)−1

(a, b]{ti1 ,...,tik
}

]

=
∫

(a,b]{ti1
,...,tik

}×(Wt)t∈{t1,...,tn}\{ti1
,...,tik

}

∏n
j=1 exp −x2

j

dj√
(2π)n

∏n
j=1 dj

dx1 . . . dxn

=
∫

(a,b]{ti1
,...,tik

}

∏k
j=1 exp

−x2
ij

dij√
(2π)k

∏k
j=1 dij

dxi1 . . . dxik

= P

[(
Xti1

− X0, . . . , Xtik
− Xtik−1

)−1

(a, b]{ti1 ,...,tik
}

]



(a, b]{ti1 ,...,tik
} B{ti1 ,...,tik

} ∀C ∈
B{ti1 ,...,tik

}

P

[(
Xt1 − X0, . . . , Xtn

− Xtn−1

)−1
(
pr

{t1,...,tn}
{ti1 ,...,tik

}
)−1

(C)
]

= P

[(
Xti1

− X0, . . . , Xtik
− Xtik−1

)−1

(C)
]

P
[(

Xt1 − X0, . . . , Xtn
− Xtn−1

)−1 (·)
]

P
[
(Xt1 , . . . , Xtn

)−1 (·)
]

(0,∞)
δ0 0 P ⊗ δ0 [0,∞)



[0, 1] L2

n ∈ N

b0,0 ≡ 1[0,1)

∀1 ≤ k ≤ 2n : bn,k =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

2n/2 2k − 2
2n+1

≤ t <
2k − 1
2n+1

−2n/2 2k − 1
2n+1

≤ t <
2k

2n+1

0

L2[0, 1]

{t ∈ [0, 1] : bn,k(t) �= 0} ⊂
[
2k − 2
2n+1

,
2k

2n+1

)

∀n ∀k �= j : bn,kbn,j = 0

∀n ∀k �= j :
∫ 1

0

bn,kbn,jdt = 0

∀n > m ∀t ∈
[
2k − 2
2n+1

,
2k

2n+1

)
: bm,j = c =

∀n > m ∀k, j :
∫ 1

0

bn,kbm,jdt

=
∫ 2k

2n+1

2k−2
2n+1

bn,kbm,jdt

= c

∫ 2k−1
2n+1

2k−2
2n+1

bn,k︸︷︷︸
=2n/2

dt + c

∫ 2k

2n+1

2k−1
2n+1

bn,k︸︷︷︸
=−2n/2

dt

= c
1

2n+1
2n/2 − c

1
2n+1

2n/2

= 0



∀n > m ∀k, j :
∫ 1

0

bn,kbn,kdt

=
∫ 2k−1

2n+1

2k−2
2n+1

(
2n/2

)2

dt +
∫ 2k

2n+1

2k−1
2n+1

(
−2n/2

)2

dt

=
2n

2n+1
+

2n

2n+1

= 1

∀n ∀1 ≤ k ≤ 2n : 1[0, k
2n ) ∈ Lin(bn,k)

n = 0
1[0,1) = b0,0 ∈ Lin(bn,k)

n = 1

b0,0 = 1[0,1)

b0,1 =
{

1 0 ≤ t < 1
2−1 1

2 ≤ t < 1

1[0, 1
2 ) =

b0,1 + b0,0

2
n − 1 → n k = 2m[

0,
k

2n

)
=
[
0,

2m

2n

)
=
[
0,

m

2n−1

)
n − 1

1[0, k
2n ) ∈ Lin(bn,k)

k − 1

1[0, k−1
2n ) ∈ Lin(bn,k)



1
2

n
2

bn,k =

⎧⎨
⎩

1 2k−2
2n+1 ≤ t < 2k−1

2n+1

−1 2k−1
2n+1 ≤ t < 2k

2n+1

0

2
1

2
n+1

2

bn+1,2k =

⎧⎨
⎩

2 4k−2
2n+2 ≤ t < 4k−1

2n+2

−2 4k−1
2n+2 ≤ t < 4k

2n+2

0

4
1

2
n+2

2

bn+2,4k =

⎧⎨
⎩

4 8k−2
2n+3 ≤ t < 8k−1

2n+3

−4 8k−1
2n+3 ≤ t < 8k

2n+3

0

1[0, k
2n ) = 1[0, k−1

2n ) +
∞∑

j=0

2j

2(n+j)/2
bn+j,2jk ∈ Lin(bn,k)

x ∈ (0, 1)
(an)n (bn)n

n = 0
a0 = 0, b0 = 1

n → n + 1

∀k ≥ 1 : an+k = an + 1
2n+1 = bn+k x = an + 1

2n+1

an+1 = an, bn+1 = an + 1
2n+1 x ∈ (an, an + 1

2n+1

)
an+1 = an + 1

2n+1 , bn+1 = an x ∈ (an + 1
2n+1 , bn

)
(an)n (bn)n

a b |bn − an| ≤ 2−n

x = lim
n→∞ an = lim

n→∞ bn

∀x ∈ (0, 1) : [0, x) ∈ Lin

{
k

2n
: 1 ≤ k ≤ 2n, n ∈ N

}
∀x ∈ (0, 1) : [0, x) ∈ Lin{bn,k}

S1 = {A ∈ B : 1A ∈ Lin{bn,k}}



∅ ∈ S1

A ∈ S1 ⇒ 1A ∈ Lin{bn,k}
⇒ 1AC = 1 − 1A ∈ Lin{bn,k}
⇒ AC ∈ S1

Ai ∈ S1 ⇒ 1Ai ∈ Lin{bn,k}

⇒ 1P∞
i=1 Ai

=
∞∑

i=1

1Ai
∈ Lin{bn,k}

⇒
∞∑

i=1

Ai ∈ S1

S1

{[0, x) : x ∈ (0, 1)}
B|[0,1] = S1

∀
n∑

i=1

ai1Ai
∈ T :

n∑
i=1

ai1Ai
∈ Lin{bn,k}

∀ Y ≥ 0 : Y ∈ Lin{bn,k}

∀n ∀1 ≤ k ≤ 2n

Bn,k : [0, 1] → [0, 1], t �→
∫ t

0

bn,k(s)ds =
〈
1[0,t], bn,k

〉

{t ∈ [0, 1] : Bn,k(t) �= 0} ⊂
[
2k − 2
2n+1

,
2k

2n+1

)
‖ Bn,k ‖∞ = 2−

n
2 −1

∀k �= l : Bn,kBn,l = 0

ε > 0 δ < ε
2n/2

|Bn,k(t + δ) − Bn,k(t)| =

∣∣∣∣∣
∫ t+δ

0

bn,k(s)ds −
∫ t

0

bn,k(s)ds

∣∣∣∣∣
=

∣∣∣∣∣
∫ t+δ

t

bn,k(s)ds

∣∣∣∣∣
≤ 2n/2δ < ε



∀1 ≤ k ≤ 2n :

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

bn,k > 0
2k − 2
2n+1

≤ t <
2k − 1
2n+1

bn,k < 0
2k − 1
2n+1

≤ t <
2k

2n+1

bn,k = 0

∫ t

0
bn,k(s)ds

2k − 2
2n+1

≤ t <
2k − 1
2n+1∫ t

0
bn,k(s)ds

2k − 1
2n+1

≤ t <
2k

2n+1∫ t

0
bn,k(s)ds

max
t∈[0,1]

Bn,k(t) = Bn,k

(
2k − 1
2n+1

)

=
∫ 2k−1

2n+1

0

bn,k(s)ds

=
∫ 2k−1

2n+1

2k−2
2n+1

2n/2(s)ds

= 2n/2 1
2n+1

= 2−
n
2 −1

∀t ∈
[
0,

2k − 2
2n+1

)
:
∫ t

0

bn,k(s)ds =
∫ t

0

0ds = 0

∀t ∈
[

2k

2n+1
, 1
)

:
∫ t

0

bn,k(s)ds =
∫ 2k−1

2n+1

2k−2
2n+1

2n/2dt +
∫ 2k

2n+1

2k−1
2n+1

−2n/2dt = 0

{t ∈ [0, 1] : Bn,k(t) �= 0} ⊂
[
k − 1
2n

,
k

2n

)

{t ∈ [0, 1] : Bn,l(t) �= 0} ⊂
[
l − 1
2n

,
l

2n

)

∀k �= l ∀t ∈ [0, 1] : Bn,k(t)Bn,l(t) = 0
∀k �= l : Bn,kBn,l = 0



∀1 ≤ k ≤ 2n, n ∈ N : Yn,k : (W, S, P ) → (R, B)
∀n, k : P [Y −1

n,k (·)] = N(0, 1)

Xn(w, t) :=
n∑

m=0

2m∑
k=1

Ym,k(w)Bm,k(t) ∈ L2(W, S, P ) ∩ (C[0, 1], ‖ · ‖∞)

X(w, t) := lim
n→∞Xn(w, t)

X

lim
n→∞ ‖ Xn

t − Xt ‖∞= 0

∀n ≥ 8 :
√

2
n

> n

(
1 +

ln 2
2

)

√
2
8

= 24 = 16

> 8

⎛
⎜⎜⎝1 +

ln 2
2︸︷︷︸

<1

⎞
⎟⎟⎠

n → n + 1
√

2
n+1

=
√

2
√

2
n

≥
√

2 · n
(

1 +
ln 2
2

)

= n

(
1 +

ln 2
2

)
+ (

√
2 − 1) · n︸ ︷︷ ︸

>1 n≥2

(
1 +

ln 2
2

)

> (n + 1)
(

1 +
ln 2
2

)



∀n ≥ 8 :
√

2
n ≥ n

(
1 +

ln 2
2

)
= n +

n

2
ln 2

n>ln n⇒ ∀n ≥ 8 :
√

2
n ≥ lnn +

n

2
ln 2

⇐⇒ ∀n ≥ 8 : 2
n
2 ≥ lnn +

n

2
ln 2

⇐⇒ ∀n ≥ 8 : 2
n
2 +1 ≥ 2 ln n + n ln 2

⇐⇒ ∀n ≥ 8 : −2
n
2 +1 ≤ − ln

(
n22n

)
⇐⇒ ∀n ≥ 8 : exp

(−2
n
2 +1

) ≤ 1
n22n

⇐⇒ ∀n ≥ 8 : 2n exp
(−2

n
2 +1

) ≤ 1
n2

∞∑
n=1

2n exp
(−2

n
2 +1

)

≤
7∑

n=1

2n exp
(−2

n
2 +1

)
+

∞∑
n=8

1
n2

< ∞

‖ Bn,k ‖∞ = 2−
n
2 −1

∀k �= l : Bn,kBn,l = 0

‖ Xn − Xn−1 ‖∞ =

∥∥∥∥∥
2n∑

k=1

Yn,kBn,k

∥∥∥∥∥
∞

= 2−
n
2 −1 max {|Yn,k| : 1 ≤ k ≤ 2n}

‖ Xn − Xn−1 ‖∞> 2−
n
4

⇐⇒ 2−
n
2 −1 max {|Yn,k| : 1 ≤ k ≤ 2n} > 2−

n
4

⇐⇒ max {|Yn,k| : 1 ≤ k ≤ 2n} > 2−
n
4 2

n
2 +1 = 2

n
4 +1



P
[
‖ Xn − Xn−1 ‖∞> 2−n/4

]
s.o.= P

[
2n∑

k=1

{|Yn,k| > 2
n
4 +1

}]

=
2n∑

k=1

P
[|Yn,k| > 2

n
4 +1

]
= 2n 2√

2π

∫ ∞

2
n
4 +1

e−x2/2dx

=
2n+1

√
2π

∫ ∞

0

exp

(
− (y + 2

n
4 +1

)2
2

)
dy

=
2n+1

√
2π

∫ ∞

0

exp
(−y2

2

)
exp

(−2
n
4 +1y

)︸ ︷︷ ︸
≤1

exp
(−2

n
2 +1

)
dy

≤ 2n+1

√
2π

exp
(−2

n
2 +1

) ∫ ∞

0

exp
(−y2

2

)
dy

= 2n exp
(−2

n
2 +1

)

∞∑
n=1

P
[
‖ Xn − Xn−1 ‖∞> 2−n/4

]

≤
∞∑

n=1

2n exp
(−2

n
2 +1

)
0.)
< ∞

P

⎡
⎣ ∞⋃

n=1

⋂
k≥n

{
‖ Xn − Xn−1 ‖∞≤ 2−n/4

}⎤⎦ = 1

∃N ∀k ≥ N : ‖ Xk − Xk−1 ‖∞≤ 2−n/4



m > n ≥ N1 ≥ N

‖ Xm − Xn ‖∞ =

∥∥∥∥∥
m−n∑
i=1

(
Xn+i − Xn+i−1

)∥∥∥∥∥
∞

≤
m−n∑
i=1

∥∥Xn+i − Xn+i−1
∥∥
∞

≤
m−n∑
i=1

2−
n+i
4

≤ 2−
n
4

∞∑
i=1

2−
i
4

≤ 2−
N1
4

1
1 − 2−

1
4

∀ε > 0 ∃N1 > N ∀n, m ≥ N1 : ‖ Xm − Xn ‖∞< ε

(Xn)n (C(0, 1), ‖
· ‖∞)

(Xn)n X ∈ (C(0, 1), ‖ · ‖∞)
Yj,k, Yi,l

E[Yj,k] = 0
E[Y 2

j,k] = 1
i �= j k �= l : E[Yj,kYi,l] = E[Yj,k]E[Yi,l] = 0

bj,k

∞∑
j=1

2j∑
k=1

Bj,k(t)2 =
∞∑

j=1

2j∑
k=1

〈
1[0,t], bj,k

〉2
= ‖ 1[0,t] ‖2

2= t < ∞

∀t ∈ (0, 1] :
n∑

j=1

2j∑
k=1

Bj,k(t)2



n ≥ m

‖Xn
t − Xm

t ‖2
2 = E

[
(Xm

t − Xn
t )2
]

= E

⎡
⎣
⎛
⎝ n∑

j=m+1

2j∑
k=1

Yj,kBj,k

⎞
⎠
⎛
⎝ n∑

i=m+1

2i∑
l=1

Yi,lBi,l

⎞
⎠
⎤
⎦

=
n∑

i,j=m+1

2j∑
k=1

2i∑
l=1

Bj,k(t)Bi,l(t)E [Yj,kYi,l]

=
n∑

j=m+1

2j∑
k=1

Bj,k(t)2

(Xn
t )n L2(W, S, P ) L2

Xt

∀N ∈ N ∀0 < t1 < . . . < tN : lim
n→∞E

[
N∑

i=1

(Xn
ti
− Xti

)2
]

= 0

(Xn
t1 , . . . , X

n
tN

) (Xt1 , . . . , XtN
)

(Yj,k)1≤j≤n,1≤k≤2j

P [(Y1,1, . . . , Yn,2n)−1(·)] = N

⎛
⎜⎝0,

⎛
⎜⎝ 1 0

0 1

⎞
⎟⎠
⎞
⎟⎠

⎛
⎜⎝ Xn

t1

Xn
tN

⎞
⎟⎠ =

⎛
⎜⎝ B1,1(t1) · · · Bn,2n(t1)

B1,1(tN ) · · · Bn,2n(tN )

⎞
⎟⎠

︸ ︷︷ ︸
=B

⎛
⎜⎝ Y1,1

Yn,2n

⎞
⎟⎠



P [(Xn
t1 , . . . , X

n
tN

)−1(·)]
= P

[
B(Y1,1, . . . , Yn,2n)−1(·)]

= N

⎛
⎜⎝0, B

⎛
⎜⎝ 1 0

0 1

⎞
⎟⎠BT

⎞
⎟⎠

= N

⎛
⎝0,

⎛
⎝ n∑

j=1

2j∑
k=1

Bj,k(ti)Bj,k(tl)

⎞
⎠

i,l

⎞
⎠

(Xn
t1 , . . . , X

n
tN

) (Xt1 , . . . , XtN
)

P [(Xt1 , . . . , XtN
)−1(·)] = N

⎛
⎝0,

⎛
⎝ ∞∑

j=1

2j∑
k=1

Bj,k(ti)Bj,k(tl)

⎞
⎠

i,l

⎞
⎠

lim
n→∞E [|Xn

s − Xs|] ≤ lim
n→∞E

[|Xn
s − Xs|2

] 1
2 = 0

(Xn
s − Xs)n

Xs ∈ L1 (Xn
s )n

limn→∞ Xn
t = Xt

E
[

lim
n→∞Xn

t

]
= lim

n→∞E [Xn
t ]︸ ︷︷ ︸

=0

= 0



s, t ∈ [0, 1]

Kov [Xn
s , Xn

t ]

= E

⎡
⎣ n∑

j=1

2j∑
k=1

Yj,kBj,k(s)
n∑

i=1

2i∑
l=1

Yi,lBi,l(t)

⎤
⎦

−E

⎡
⎣ n∑

j=1

2j∑
k=1

Yj,kBj,k(s)

⎤
⎦E

⎡
⎣ n∑

i=1

2i∑
k=1

Yi,lBi,l(t)

⎤
⎦

=
n∑

j=1

2j∑
k=1

n∑
i=1

2i∑
l=1

Bj,k(s)Bi,l(t)E [Yj,kYi,l]

−
n∑

j=1

2j∑
k=1

n∑
i=1

2i∑
l=1

Bj,k(s)Bi,l(t) E [Yj,k]︸ ︷︷ ︸
=0

E [Yi,l]︸ ︷︷ ︸
=0

=
n∑

j=1

2j∑
k=1

Bj,k(s)Bj,k(t)

=
n∑

j=1

2j∑
k=1

〈
1[0,s], bj,k

〉 〈
1[0,t], bj,k

〉

E
[|Xn

t |2
]

=
n∑

j=1

2j∑
k=1

〈
1[0,t], bj,k

〉2

≤
∞∑

j=1

2j∑
k=1

〈
1[0,t], bj,k

〉2
=

∥∥1[0,t]

∥∥2

2
= t

sup
n∈N

‖ Xn
t ‖2

2≤‖ 1[0,t] ‖2
2= t < ∞

0 ≤ lim
n→∞E [|Xn

s Xn
t − XsXt|]

≤ lim
n→∞E [|Xn

s (Xn
t − Xt)|] + lim

n→∞E [|Xn
t (Xn

s − Xs)|]
≤ lim

n→∞E
[|Xn

s |2
]︸ ︷︷ ︸

≤s≤1

E
[|Xn

t − Xt|2
]
+ lim

n→∞E
[|Xt|2

]︸ ︷︷ ︸
≤t≤1

E
[|Xn

s − Xs|2
]

= 0



(Xn
s Xn

t − XsXt)n

XsXt ∈ L1 (Xn
s Xn

t )n

lim
n→∞Xn

t = Xt

lim
n→∞Xn

s = Xs

lim
n→∞Xn

t Xn
s = XtXs

Kov(Xs, Xt) = E[XtXs] − E[Xt]E[Xs]

= E
[

lim
n→∞Xn

t Xn
s

]
− E

[
lim

n→∞Xn
t

]
E
[

lim
n→∞Xn

s

]
= lim

n→∞ (E [Xn
t Xn

s ] − E [Xn
t ] E [Xn

s ])

= lim
n→∞Kov(Xn

s , Xn
t )

= lim
n→∞

n∑
j=1

2j∑
k=1

〈
1[0,s], bj,k

〉 〈
1[0,t], bj,k

〉
=

〈
1[0,s], 1[0,t]

〉
= min(s, t)





217, 368 34
400 233
418 49
376 40
199 408
87 197, 212
434 78
148 38
172, 203 124
239 180
164, 247 277, 415
60 395
98 390
146 390
334 75
145 220
16 152, 232
299 180, 206
191 42
186, 208 250
436 422

LL 35 238
Lp 316 147
L∞ 323 287

25 263
390 66
239 145
152 66
146



38.4
B(1, q), 26.2
B(n, q), 26.2

44
55.4

LL
1
n

∑n
i=1 1Xi≤x, 52.6

19
52.6
55.4
66.12

26.2
59.7
55.5
59.5

10


